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Abstract

This thesis deals with deformations of string sigma models which have the property that
they preserve integrability. This means that starting from an integrable string sigma
model and deforming it one obtains a new integrable model, which reduces to the original
one when the deformation parameter is taken to zero. There are different types of such
deformations but a large class, which we will focus on here, are the so-called Yang-Baxter
deformations. They are defined by a constant matrix R which solves the classical Yang-
Baxter equation. After introducing these deformations in the simplest setting of the
Principal Chiral Model we will describe their close relation to the transformation known
as non-abelian T-duality. In the case of string theory there are additional conditions on
the sigma model. In particular, it must be Weyl invariant. We show that Yang-Baxter
deformations preserve the Weyl invariance to at least two loop order in the sigma model
perturbation theory, provided R satisfies a so-called unimodularity condition. The proof
of this important fact is greatly simplified by working in a formalism with an enlarged
symmetry group, known as Double Field Theory. This also allows us to find the first
quantum (o) correction to these deformed models.
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Chapter 1

Introduction

This thesis summarizes work done over the past five years on the topic of integrable defor-
mations of string sigma models. It consists of nine papers together with an introductory
part explaining some of the important results in those papers and giving important back-
ground. To keep things as simple as possible we focus on the Principal Chiral Model for
introducing the Yang-Baxter deformation and non-abelian T-duality (Chapter 2), and on
the bosonic string when we discuss deformations of string sigma models and Weyl invari-
ance (Chapters 3 & 4). Many extensions of the results, as well as a more complete list of
references, can be found in the papers.

Two-dimensional non-linear sigma models have many applications in physics. Here we
will mainly be interested in the application to string theory where certain two-dimensional
sigma models describe the dynamics of the string itself. The action of the non-linear sigma
model takes the form

5= / € 0,20 3" (G (1) + B (1)) | (1.1)

where the 2d coordinates are £, £ and we have defined the light-cone derivatives 0. =
/0% + 0/9¢. This is a theory of D scalar fields, 2™ = z™(£), m = 0,...,D — 1, from
the 2d point of view. The reason we call them x is that these fields can be interpreted
as coordinates of a D-dimensional space, which we will often refer to as the background
(or target space). The matrices G, () and B,,,(z) are symmetric and anti-symmetric
respectively and the first is required to be non-degenerate and therefore can be interpreted
as a metric on the D-dimensional background. For the applications we have in mind both
the 2d metric and the background metric G,,, will be taken to be Lorentzian. The
simplest example being G, = s = diag(—1,1,...,1), the D-dimensional Minkowski
metric and B,,, = 0. In that case we have a theory of D free scalars which we can easily
solve. However, for general functions G,,,(z) and By, () we don’t know how to solve the
theory, particularly at the quantum level. But it turns out that there exist special choices
of G, and B,,, for which the theory can be essentially solved, in particular the energy
spectrum can be fully determined. This happens when the theory has hidden symmetries
which lead to infinitely many conserved charges. Such theories are called integrable.!

'In general an integrable theory should have as many conservation laws as degrees of freedom. In our
case we are dealing with a field theory which has degrees of freedom living at each point in spacetime so
we need infinitely many conservation laws.



An example where this happens is when G,,, is the metric on a group manifold while
B,.., = 0, as we will see in the next chapter. In this case the model is known as the
Principal Chiral Model (PCM). Such integrable models are very useful since they are
solvable, at least in a certain sense, and therefore one can learn a lot about them and
they can serve as toy models for more complicated systems. However, finding models that
are integrable is very hard. A strategy which has proven very useful is to ask instead the
following question: suppose we have an integrable sigma model such as the PCM, is there
a way to modify it a little bit while still preserving the integrability of the model. This
turns out to be possible in many cases and the resulting model is then called an integrable
deformation of the original model. A large class of such integrable deformations are the
so-called Yang-Baxter (YB) deformations, which we will introduce in the next chapter
and which will be the main topic of this thesis.

The rest of the introductory part of this thesis is organized as follows. In chapter 2
we will introduce the YB deformation of the PCM. Then we will introduce an operation
known as non-abelian T-duality (NATD), which is a certain non-local field redefinition
in the sigma model. Finally we will see how the so-called homogeneous YB deformations
can be constructed using NATD. The PCM is not a string sigma model but it is useful as
a simple toy model to introduce the basic ideas.

In chapter 3 we will introduce the bosonic string and the requirement of Weyl invari-
ance which forces the background fields to solve a generalization of Einstein’s equations.
Then we will generalize the YB deformation to the case of the bosonic string. To verify
that the deformed model solves the Weyl invariance conditions directly turns out to be
very hard. For this reason a reformulation of these conditions, featuring a larger O(D, D)
symmetry, is introduced. This formulation, known as Double Field Theory (DFT), makes
it easy to see that the deformed model solves the correct equations at the classical level.
We then turn to the problem of including quantum corrections in the 2d theory, which
are parametrized by «’, the inverse string tension. At one-loop order one finds that the
deformed background solves the correct equations if a certain algebraic condition, known
as the unimodularity condition, is fulfilled. Finally, in chapter 4 we analyze what hap-
pens at the two-loop order, which corresponds to including the first o/-correction in the
equations for the background. This means that the background should solve Einstein’s
equations with a correction involving the Riemann tensor squared. It turns out to be
possible to incorporate this correction in the DFT description, which makes it possible to
determine what happens to the YB deformation at this order. We will see that a certain
correction to the YB deformation is required to solve the equations at first order in «’.

Finally we end with some conclusions and a list of important further developments.



Chapter 2

Yang-Baxter deformations and
non-abelian T-duality

In this chapter we will introduce the integrable Yang-Baxter deformation [1, 2] in the
setting of the Principal Chiral Model. We will then show that in the homogeneous case,
which we will define, this deformation can be constructed using a transformation known
as non-abelian T-duality [3].

2.1 Yang-Baxter deformations of the
Principal Chiral Model

Consider a 2d sigma model with target space a group manifold. This is known as the
Principal Chiral Model (PCM) and the action is

Spom = / d*¢ tr(g 0,997 '0_g) = / d*¢ tr(0199~'0-gg™ "), (2.1)

for the field ¢g(§) € G valued in (some representation of) the group G. This model has
a global G x G symmetry corresponding to the fact that multiplying g by a constant
element of G from the left or from the right leaves the PCM action invariant. Because of
this the equations of motion of the model take the form of a conservation equation for a
symmetry current

0+j-+0-7+ =0, (2.2)

where we have introduced the right-invariant Maurer-Cartan form valued in the Lie alge-
bra of G

Jjx = 0+g9™". (2.3)
By construction j satisfies a flatness condition
O4j- = 0_jr — [j4,J-] = 0. (2.4)

A very important property of this model is that it is integrable, in particular it possesses
infinitely many conserved quantities. This follows from the fact that the equations of



motion can be expressed as the flatness of a one-parameter family of connections known
as a Lax connection,

8_|_L_ — 3_L+ + [L+, L_] — O, (25)
where .
Li(2) = g0+ (2.6)

as is easily verified using the flatness of j. Here z € C is an auxiliary parameter known
as the spectral parameter. We can now argue that this leads to infinitely many conserved
quantities as follows. For simplicity we take the theory to be defined on a compact spatial
circle. Computing the holonomy of the connection around this circle

M(z) = Pelst €112 (2.7)

one finds that it is conserved. To see this consider deforming the integration contour by
translating it forward in time by a little bit. The change in the holonomy is given by an
integral of the curvature of L, but this vanishes by the flatness condition (2.5). Therefore
the eigenvalues of M (z) are conserved and by Taylor expanding in z we obtain an infinite
set of conserved quantities. This demonstrates the integrability of the model.!

Now consider deforming the PCM action by introducing a constant operator acting
on the second current factor in the PCM Lagrangian in (2.1). Without loss of generality
we can write this operator as (1 + nR)™! where 7 is the deformation parameter. The

deformed action is .
= d*€ t ] | 2.
Sys / § tr (j+1 nRJ > ) ( 8)

where we take R : g — g to be an arbitrary constant linear operator on the Lie algebra of
G. The original PCM is clearly recovered when the deformation is removed, i.e. when we
take n — 0. For a general R this deformation will break the integrability of the model,
leading to a model over which one has much less control. However, it is interesting to
ask whether special choices of R exist which preserve the integrability of the model. To
analyze this question we look at the equations of motion of the deformed model. Let us
first note that the deformation we have introduced generically breaks the left G symmetry
but always preserves the right-acting copy of G since the action is written in terms of the
right-invariant current. Defining the deformed currents?

J_

J, = ——=0,99 " = 0_gg~* 2.9
S RO (2.9)

the equations of motion again take the form of a conservation equation
o J +0_J, =0, (2.10)

where J. = Ad, Jy = g 'Jyg is the Noether current for the right-acting G symmetry.
We now want to ask when this model can be integrable. Let us assume that the Lax
connection can again be expressed in terms of the components of the conserved currents,
so that

Li=a;'Je, (2.11)

1Strictly speaking one should also show that they are independent and mutually Poisson commuting.

This requires a bit more work.
2The transpose of R is defined in the standard way as tr(XR(Y)) = tr(RT(X)Y).
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for some coefficients ay depending on 7 and the spectral parameter z. The flatness
condition for L then reads

a+8+j_ — Cl_a_j+ + [j+, j_} = 0 . (212)
From the flatness condition for j in (2.4) we can find a deformed flatness condition for J

by writing j; = Ad," J, +nR"J, and similarly for j_ but with R instead of RT. One
finds, after multiplying with Ad,,

Oy J —0_J +[Jy,J ] +nAd, ROy J_ —nAd, R'0_J, —n* Ad,[R"J,,RJ_] =0. (2.13)

Using this equation to eliminate the commutator term in (2.12) we find, keeping terms to
first order in 7,

(ay — 1)8+j7 —(a- — 1)87j+ —nAdy RO, j- +nAd, RTO_jy + On*)=0. (2.14)

Noting that ax =1+ 2+ O(n) ? and using the equations of motion (2.10) the vanishing
of the terms linear in 7 implies

(R+R"+ (as +a_)1) [j4+,j-] =0, (2.15)

where (---); denotes the term of first order in 1. This condition says that the symmetric
part of R should be proportional to the identity operator. But it is evident from (2.8)
that a contribution to R proportional to the identity can be absorbed into a redefinition
of  and a rescaling of the action. Doing this we find that R should be anti-symmetric,
RY = —R, and a, + a_ should not have a term linear in 7. At the second order in 7 a
similar calculation gives the condition

[Rju Rj-] = BIRje.j ] = Rl Ri ] = —3(as +a i i ). (210

This requires that R satisfy the (modified) classical Yang-Baxter equation
[RX,RY] — R(|[RX,Y] + [X, RY]) = ¢[X,Y] VX,Y eg, (2.17)
for some constant ¢, and that a; +a_ = 2 — 2cn? + O(®). The homogeneous case

¢ = 0 is the classical Yang-Baxter equation and the inhomogeneous case ¢ # 0 is the
modified classical Yang-Baxter equation. When ¢ # 0 we can rescale R to set ¢ = +£1.
We have found that, at least assuming the Lax connection is expressed in terms of the
components of the conserved Noether current, R must be an anti-symmetric R-matrix
solving the (modified) classical Yang-Baxter equation. In fact these conditions on R are
also sufficient for the deformed model to be integrable, namely it is not hard to see that
flatness of the connection Lt

cn’ o+
L. = 11, . (2.18)
is equivalent to the equations of motion of the deformed model (2.8). The deformed
flatness condition (2.13) is useful when checking this. Using the YB equation it takes the
simpler form

OrJ =0 Jy+ (U + ey, J ] = —nRy (04 +0_Jy), (2.19)

where we have defined R, = AngAdgl. Note that the RHS is proportional to the
equations of motion, (2.10).

3The sign difference compared to (2.6) comes from the fact that for n = 0 the two Lax connections
differ by a gauge transformation.



2.2 Non-abelian T-duality for PCM

There exists a very interesting change of variables that one can perform for sigma models
like the PCM. This change of variables is actually non-local and leads to a model whose
Lagrangian looks completely different, but which is nevertheless (classically) equivalent to
the original model. This change of variables goes under the name of non-abelian T-duality
(NATD). The simplest example of NATD for the PCM goes as follows. We start with the
action for the PCM

S = /d2£ tr(g 0,99 '0_g). (2.20)
But now we rewrite this action in first order form as
Sp = / P (AL A+ vF, (A), (2.21)

where A is a gauge field and F'(A) is its field strength, i.e. Fy_(A) = 0,A_ —0_A, +
[A;, A_]. The field v € g is a Lagrange multiplier enforcing the constraint that the field
strength of A vanish. The general solution to this constraint is that A is pure gauge, i.e.
(locally) Ax = g~'d.g, and plugging this into the action gives back the original action
(2.20). This shows that the two models are equivalent. The remarkable thing is now that
there is another way to get a second order action from (2.21). Noting that the action is
actually quadratic in A we may instead integrate out A. The equations of motion for A
give

Ay FOv+ [y, AL] =0 = AL =x[1xv- )] 0008, (2.22)

where (v- )"y = V' f;," and we have written A = A"T,, v = v"T, with T, generators of g
satisfying [T}, T,] = f,s'T; and tr(T,T,) = k,s with s, non-degenerate but not necessarily
positive(negative) definite. Plugging this solution for A into the action (2.21) we obtain
the NATD action

SNaTD = /d2§ o " <ﬁ) ~ o_v°. (2.23)

Example. The simplest example is when G is abelian (in this case we are really dealing
with abelian T-duality). Let us take it to be two-dimensional with g generated by 7}, T5.
Since the structure constants vanish the duality becomes trivial in this case, taking g =
e” Tr we have

5 _ / R0, 20 2Ky, —  Sxatp = / PEO D1 k. (2.24)

The two models are clearly the same, at least locally. Note that global properties of the
original model are lost under NATD. For example if we started from a torus where x'?
have finite range the duality process does not tell us what the range of 12 is, it could be
taken finite or infinite. The models could only be globally equivalent in the former case.
We can make this example more interesting by noting that we can add a total derivative
term to the original action before dualizing. Following the same steps are before one then
finds

K
S = /dzf a+xra*xs</€rs + Cgrs) . SNATD = /d2§ 8+yr (m)ﬁg o-v°.
(2.25)



We have introduced the parameter ¢ multiplying the total derivative. Taking ¢ — 0 gives
back the previous case. Note that the term we have added is locally a total derivative,
but is only a total derivative globally if the 2! or z2-direction is not compact. The NATD
model simplifies to

SNATD - ﬂ /d2€ a—l—yr@—ys(ﬁrs - Cgrs) ) (226>

det k + (2
which, upon rescaling ", is again locally equivalent to the original model. While this
example is still too trivial to be really interesting it does suggest that including the pos-
sibility of adding total derivatives to the action before dualizing could lead to interesting
effects. We will come back to this after considering more general NATD on a subgroup.

2.3 NATD with respect to a subgroup

We started with a model with a global symmetry group G x G and ended up with a
dual model whose symmetry group has only one factor of G.* In fact NATD typically
breaks some of the global symmetry. What we considered so far is the simplest example
of NATD, but a NATD model can be constructed for any subgroup of the isometry group
G x G. The example we considered above corresponds to dualizing with respect to the
left copy of G C G x G. Let us now describe how to dualize with respect to a subgroup
K of the left copy of G, K C G C G x G.®

We start by writing the group element as g = kf with k € K and f € G so that
g 'dg = Ady(k7'dk) + fdf . (2.27)

To avoid a redundant description we take k to depend on the coordinates we want to
dualize z and f to depend on the remaining ’spectator’ coordinates y. Setting j = df f~1
the first order action (2.21) becomes

Sp = /d% tr((Ay +j) (A + 7))+ vF_(A), Ay et (2.28)

As before, integrating out v implies that A is pure gauge, i.e. A = k~!dk for some k € K,
recovering the original PCM action. Since A € ¢ it follows that v should belong to its
dual (with respect to the metric on g), denoted ¢*. If ¢ is generated by {7} then €* is
generated by {T%} with tr(7=Ts) = 0%. The equations of motion for Ay imply that

A+ = (O_l)T(a-‘rV - PTj+)7 A= 0_1(_8—7/ - PTj—)7 (229)

where

O=P'1—ad,)P. (2.30)

Here P is a projection operator from g down to £. From the definition of the transpose,
tr(XP(Y)) = tr(PT(X)Y), it follows that P' projects on the dual Lie algebra €*. Note

Tt acts as v — Ad,(v) = g~ 'vg with g a constant element of the group G.
®More generally one could consider a subgroup of the full G x G, but this is more conveniently described
using a (G X G)/G coset sigma model.

10



also that the definition of the adjoint action, ad, X = [v, X], implies that ad} = —ad,.
The inverse of O refers to the subspace where it is defined, in particular we have O~'0Q = P
and OO~ = PT. This (partial) inverse must exist for the dual model to be well-defined.
Substituting the solution for A into the Lagrangian gives the NATD model

SNATD = /d2§ tr (j+j— + (04v — j1) O HO_v +j—)) . (2.31)

For K = G the j’s are absent and this reduces to our previous result (2.23).

Now we are ready to generalize this by including total derivative terms before dual-
ization. It might seem that this cannot lead to anything interesting but as we will see,
due to the fact that NATD is a non-local field redefinition, this can lead to dual models
which are different even locally.

2.4 YB deformations from NATD

When we considered the example of abelian T-duality in the previous section we noted
that we could include a total derivative term in the action before dualizing. We will now
analyze this possibility more carefully and see that it leads to a surprising connection to
Yang-Baxter models. We therefore generalize our starting point to

5= [ ¢ (irlg D19 10-) ~ Gty "0.0.970-9)) (2.32)

where ( is a free parameter and w : g & g — R is anti-symmetric and linear in the two
arguments. In order not to change the local physics of the original model we require the
extra term to be a total derivative (locally). Thinking of this term as a two-form the
condition is that it should be closed, i.e.

0= dw(g~'dg, g~'dg) = —2w(g~'dg A g~'dg, g~"dg), (2.33)
which requires that
w(X,Y],2)+w(Y,Z], X)+w(Z, X],Y)=0 VX,Y,Z€g. (2.34)

This is in fact the definition of a Lie algebra 2-cocycle. We therefore learn that it is
possible to modify our starting point in this way whenever such a 2-cocycle exists. We
may write w(7T., Ts) = w,s and in terms of these components the 2-cocycle condition reads

wT[sftu]r =0. (2.35)

Suppose we have a subgroup K C G which admits a 2-cocycle w. We can then add the
term

—¢ / w(k'dk, k~'dk) | (2.36)

to the PCM action, or, equivalently, the term

— C/w(A’A) = —C/CL)TSAT /\AS, (237>
11



to the first order action (2.28). We can now perform the NATD on K following the same
steps as in section 2.3. The result is the “Deformed T-Dual” (DTD) action

Sptp = /d2§ tr (joj + (O4v — j ) O (O_v +4_)) , (2.38)

where now®

O = PY(1 - ad, +Cw)P. (2.39)

Setting the parameter ¢ to zero we recover the NATD action (2.31). We have therefore
constructed a deformation of the NATD action controlled by the deformation parameter
(. However, it may happen that this is not an actual deformation but just a rewriting
of the NATD action. This happens if it is possible to absorb the (w piece into ad, by a
shift in v. This in turn is possible precisely if w takes the form w,; = X, f,, for some X,
i.e. if the 2-cocycle w is exact. Therefore the non-trivial deformations are characterized
by 2-cocycles modulo exact ones, i.e. by elements of the second Lie algebra cohomology
group H?(€). A standard result in Lie algebra theory is that elements of H?(£) classify
non-trivial central extensions of €. Indeed, an equivalent way of arriving at (2.38) is to
perform NATD on a central extension of £, characterized by w, as originally suggested in
[4]. Let us also note that since we started from the PCM, which is integrable, the model in
(2.38) will also be integrable. This follows from the fact that adding the cocycle (closed B-
field) term does not affect the local physics of the model, while the NATD transformation
is a canonical transformation [5] and so must preserve the property of integrability.

So far this DTD model looks nothing like the YB deformation in (2.8). However, if
w is mon-degenerate they are essentially the same, as we will now show. A Lie algebra
admitting a non-degenerate 2-cocycle is called quasi-Frobenius (or symplectic). Therefore
we will now consider the case where g has a quasi-Frobenius subalgebra £ C g generated
by {T,} with 2-cocycle w. In this case w,, is invertible as a matrix and we set R = w™'.
By multiplying the free indices of the 2-cocycle condition (2.35) by R’s we find that R
satisfies the equation

Rl Rslel 6 — (2.40)

This is nothing but the component form of the classical Yang-Baxter equation (2.17)
with zero RHS (¢ = 0). Furthermore, R trivially extends from the subalgebra ¢ to all
of g by taking its remaining components to vanish. Therefore we have learned that non-
degenerate 2-cocycles on a Lie algebra are in one-to-one correspondence with R-matrices
solving the (non-modified) classical Yang-Baxter equation. This observation suggests a
possible connection between the DTD model (2.38) and the YB deformation of the PCM
(2.8). However, it is not straightforward to identify them as the former involves fields
[ € G (the spectators) and v € €* while the latter involves only g € G. To relate them we
need to somehow re-express the Lie algebra valued field v in terms of a group valued field
h and then identify g with hf. It is not too hard to find a map that does the job working
to the first few orders in v. With a bit of work one finds that the correct all order map

6Note that we are thinking here of w as a map from the Lie algebra & to its dual £ by setting
tr(Yw(X)) =w(X,Y) VX,Y € t.

12



is essentially given by the derivative of the exponential map, namely

v= — CPTﬁw(log h) = —CPT%W(X) (2.41)
= —(P" (w(X) = X, wX)] + X, [X,w(X))] +...) ,

where we have written h = eX and expanded in powers of X € &.

We will now show that performing this field redefinition in the DTD action (2.38)
indeed leads to the YB action (2.8). The first step is to understand how dyv and ad,
transform. To do this we note that the 2-cocycle condition on w : € — £* implies that”

w(X,Y]) = PTw(X), Y]+ PTX,w(Y)], X,Yc¢t. (2.42)

Up to the projection by PT this says that w acts as a derivation with respect to the Lie
bracket. If we formally extend the action of w to act as a derivation also on the universal
enveloping algebra, not just the Lie algebra, we may write (2.41) more simply as®

v=—CPt (e w(eY)) = P (hw(h)), (2.43)

which is not hard to verify for the first few terms in the expansion of the exponential
using the cocycle condition on w. Using this expression we find

dv =CPY(h~'dhh~'w(h)) — CPT(h 'w(dh)) = —Cw(h'dh) + (PT[h " dh, h  w(h)]
=(PT - 0)(h~'dh). (2.44)
Furthermore we have for Y € ¢
PTad, Y = —CPT[PT(h'w(h)),Y] = —CPT[h'w(h),Y] = (P (w, —w)Y, (2.45)
where wy, = Ad, w Ad,;l. Using this we can write

o= [PT<1 + nRh)th]’l = nRh[PT(l + URh)]il = T]Rh(l + TIRh>71 =1- (1 + T]Rh)il ,

(2.46)
where n = (!, R, : € — £ is the inverse of w;, and we used the fact that R, (1 — PT) = 0.
Using these facts we find that the DTD Lagrangian in (2.38) becomes

tr (R '03h+ j3)(L+nRy) " (R'O_h+ j_) — Ch 'O hwy (R O_h))

=tr <8+gg_1 8_gg_1) + 0 tw(@yhh ™ 0_hRTY) (2.47)

1+nR

"This follows from the fact that for any Z € £ we have

tr(w([X,Y])2) =w([X,Y], 2) = —w([Y, Z], X) - w([Z, X],Y) = — tr(w([Y, Z) X) — tr(w([Z, X])Y)
= (Y, ZJw (X)) + tr([Z, X]w(Y)) = = tr(Z]Y, w(X)]) + tr(Z[X, w(Y)]) .

8This works in spite of the extra PT on the RHS of (2.42) because of the fact that PT[PX, (1-PT)Y] =
0 for all X,Y € g. This in turn follows by noting that for any Z € g we have

tr(ZPT[PX, (1 - PT)Y)) = tr([PZ, PX](1 — P")Y) = tr((1 — P)[PZ, PX]Y) =0,

since P(g) = ¢ is a subalgebra.
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where g = hf. The first term on the RHS is precisely the Lagrangian of the YB model
(2.8). The second term represents a closed B-field. Since this term is locally a total
derivative it does not affect the local physics and can be dropped for most purposes.
Therefore we have shown that

Spent — C/w(k‘ldk,k‘ldk) NATDon kg +n‘1/w(dhh‘1,dhh‘1),
(2.48)
with the parameters related by ¢ = n~!. Since the local physics is independent of the extra
w terms we have shown that homogeneous YB deformations, i.e. those with R matrix
solving the classical YB equation (2.17) with ¢ = 0, can be constructed as a NATD of the

PCM. This observation has some important consequences, in particular

e Integrability of the YB deformation is now obvious since NATD preserves integra-
bility.

e Since NATD can be performed for general 2d sigma models with isometries we can
use it to give a more general definition of homogeneous YB deformations.

e We can classify the possible deformations by classifying quasi-Frobenius subalgebras
of the isometry algebra.

Regarding the last point of classification there are several useful mathematical results. In
particular a standard result is that a quasi-Frobenius subalgebra of a compact Lie algebra
must be abelian. In this case, when the subalgebra that is dualized is abelian, one can
show that the YB deformation coincides with another deformation that has been studied a
lot in the string theory literature and that goes by the name of T-duality—shift—T-duality
(TsT) [6]. Therefore another way of thinking about (homogeneous) YB deformations is
as a non-abelian generalization of TsT transformations.
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Chapter 3

String sigma model and Weyl
invariance conditions

So far we have dealt with the PCM because it offers a simple setting to introduce the
ideas of NATD and YB deformations. But as we have emphasized this is only a toy
model. The PCM does not represent a consistent string sigma model since it fails to be
conformal invariant at the quantum level. In string theory we start from a general model
of 2d scalars coupled to 2d gravity! of the form (for simplicity we will consider only the
bosonic string here)

§=-1— / 6/ =G ™ 0y (67 G + 9 B (3.1)
T
where Gy, = G and By, = — By, are functions of 2™ while g;;(€) is the 2d worldsheet

metric. The factor in front of the action T' = —— is the string tension. This action
is manifestly invariant under 2d diffeomorphisms. This gauge invariance can be used to
eliminate two of the three components of the worldsheet metric g;;. A very important
fact about the above action is that it has another gauge symmetry which can eliminate
also the last component of g;;, so that the worldsheet metric is not dynamical. This is
the invariance under Weyl transformations

9ij — 6)‘9@‘ ; (3.2)

with A an arbitrary function of the worldsheet coordinates . A cosmological constant
term in the action would break this symmetry, which is why we did not add such a term
in (3.1). The crucial point is that for the action (3.1) to make sense also at the quantum
level we must make sure that the quantum theory remains invariant under the Weyl
transformation (3.2). Using the diffeomorphisms to gauge fix g;; = €”n;;, with 7;; the 2d
Minkowski metric, this turns into conformal symmetry of the 2d theory. In particular this
implies that the theory looks the same on all length (or energy) scales. This requirement
is very restrictive. Taylor expanding the functions G,,, and B,,, we have a Lagrangian
with infinitely many couplings, corresponding to the coefficients in the Taylor expansion.
But in a quantum field theory all couplings will typically depend on the energy scale at
which we probe the theory. This running of the couplings is captured by their so-called

IThe usual Einstein-Hilbert term is a total derivative in two dimensions so we don’t include it.
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[-functions. But, since energy scale is inversely related to distance scale, having couplings
that depend on the energy scale is not consistent with conformal symmetry. Therefore in
a conformal theory all the g-functions must vanish, which in our case leads to infinitely
many constraints — one for each coefficient in the Taylor expansion of G,,, and B,,,.
These conditions can be summarized as differential equations that G,,, and B,,, must
satisfy. In fact, this turns out to not quite be enough. One must also modify the original
action by a quantum counter term involving a new (scalar) function of x — the dilaton
®. The quantum corrected action takes the form

1

4o

S:

/d2§\/—g (aimmaj:l:”(giijn + €Y By) + a’R(Q)(I)) , (3.3)

where R® is the Ricci scalar of the worldsheet metric gi;- Note that the term we added is
not Weyl invariant (unless ® is a constant). It is precisely its non-zero Weyl transformation
that compensates the non-invariance of the first term at the quantum level. A reflection
of this is that the dilaton term comes with an extra factor of o, the quantum mechanical
expansion parameter in this model. A quantum mechanical calculation, e.g. [7], shows
that this model preserves Weyl invariance at the quantum level provided that the following
[B-function equations are satisfied

1

0= Rmn + ZVmVn(I) - ZHmopHnop + O(O/) y (34)

0=V"Hyno—2V"®H,, + O(), (3.5)
1

0=V?® -2V, oV"d + EHmnon”" +0(d), (3.6)

where H is the field strength of B, i.e. Hy0 = 30, Bno) and Ry, is the Ricci tensor con-
structed from the metric G,,,,,. In addition one finds that the dimension of spacetime must
take the precise value D = 26, referred to as the critical dimension of the bosonic string.
Remarkably, we recognize the first equation to be Einstein’s equation (with particular
matter sources given by ® and B,,,). Therefore string theory contains Einstein’s gen-
eral relativity in a quantum mechanically consistent framework. The presence of higher
quantum corrections, the O(a’) terms, shows that string theory gives Einstein’s theory
plus corrections. These o’-corrections will be important for us later. These S-function
equations provide the dynamical equations of motion for the background fields G,,,, Byn
and . They can be summarized in an action for the spacetime fields which takes the
form

1 1
S = ﬁ/d%iflf —G€_2q> (R - EHmnonnO + 4amq)amq) + O(Oé,)) : (37>
0

This is the low-energy effective action for the bosonic string. In fact, the more realistic
supersymmetric string theories have the same terms in their low-energy effective actions
(although in that case the spacetime dimension is D = 10), plus additional terms involving
other fields not present for the bosonic string. In addition to the o'-corrections there are
also string loop corrections organized in powers of e®. We will not have anything to say
about those here.
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3.1 Homogeneous Yang-Baxter deformations

We have seen in the previous chapter how, in the case of the PCM, homogeneous YB
deformations can be constructed using non-abelian T-duality. But NATD can be carried
out for a general 2d sigma model with isometries and therefore this construction is not
limited to the PCM. At the classical level NATD can be shown to act as a canonical
transformation, which means that it gives rise to a classically equivalent model. Adding
the closed B-field term represented by the 2-cocycle on the subalgebra of the isometry
algebra we are dualizing we obtain a YB deformed model. Applying this procedure to the
classical bosonic string action (3.1) we obtain a new, classically equivalent model, which
is a deformation of the one we started with. Let us call the new metric and B-field G and
B. With a little bit of work one finds that they are related to the original ones by the
equation o

G+B=(G+B)(1+n0(G+B)™", (3.8)

where we are suppressing the indices m,n and we have introduced the object
0" =E"kIR"™, (3.9)

where k" are the components of the Killing vectors corresponding to the isometries du-
alized. As before R™ is the R-matrix satisfying the CYBE, (2.17) with ¢ = 0, and 7 is
the deformation parameter. Let us show that this reproduces what we found in the case
of the PCM. Writing the principal chiral model action in terms of G and B we read off

Gn = tr(g ' 0mgg '0ng) By, =0. (3.10)

The isometries we are dualizing are of the form g — hg for a constant h € K C G. The
corresponding Killing vectors are read off from

g '0g=g"eg=Ad,e=62""g 'Ong, dx™ =€k, (3.11)

and we find that
k™ (Omgg™ ") = 62 (3.12)

r

Using this fact (3.8) becomes

(G + B)yn = t1(g ' 0mgg ' 0ng) — ntr(g0ngg ' 00g)O% tr(g 0,99 0ng) + . ..
= t1(97 " Ongg ' 0ng) — nt1(Omgg "ROngg™") + ...

= t1(Ongg " 99 "), (3.13)

1
1+nR
in agreement with (2.8).

So far we considered only what happens at the level of the classical sigma model.
In order to define the YB deformation in string theory we have to understand it at the
quantum level. It is important to note first of all that, while at the classical level NATD
is a symmetry of the theory, this can no longer be the case at the quantum level. At best
NATD can be a map between in-equivalent string CFTs [8]. If this is the case NATD
or YB deformations constructed from it would map solutions of the g-function equations
(3.4)—(3.6) to new solutions. In particular we must be able to find also a formula for the
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dilaton ® such that the fields of the deformed background solve the same equations. As a
first step we will neglect the O(a/) terms, which corresponds to working to one loop order
in sigma model perturbation theory. The most straightforward approach would be to
simply plug our expressions for the deformed metric and B-field in (3.8) into (3.4)—(3.6)
and try to find a ® such that they are satisfied. However, this is very difficult to do in
practice due to the non-linearity of the map in (3.8). Just trying to compute the Riemann
tensor from G is quite a bit of work. Of course one can work out the first few orders in
the n-expansion, but this is not very satisfactory. It turns out that a much more efficient
way to address these questions is to use a reformulation of the string low-energy effective
action which linearizes the map (3.8).

3.2 O(D,D) invariant formulation of string effective
action

The YB map (3.8) is complicated and non-linear which makes it hard to work with for

the purposes we are interested in. Let us see if we can use different variables to make the

map simpler. To simplify things we will start by assuming that B = 0. In the following

we will also absorb the deformation parameter 7 into the definition of ©. Separating (3.8)
into the symmetric and anti-symmetric part we then have

G=G(1-0°G)"', B=-GG(1-e’aG)™", (3.14)
where ©2 = ©GO. From these expressions we see that
Gl=G"'-0?, G- BG'B=aG, BG™!'=—-GO. (3.15)
These expressions look much more promising. Allowing for non-zero B they become

Gl'=G'4+G'BO+OBG-0(G-BG'B)O, G- BG'B=G - BG'B,
BG™' = BG™' - (G- BG'B)6. (3.16)
From this we conclude that if we could use instead of G’ and B two of the variables G™1,

G — BG'B and BG™! the map (3.8) would become linear. We can group these variables
into a symmetric 20D X 2D-matrix

wn _ [ (G—=BG'B), (BG™),"
H _( G Gy ) (3.17)

in terms of which the YB deformation (3.8) becomes simply

HMN = OpMONHT?,  OuY = ( 58 %n > . (3.18)

In fact the matrix Oy, belongs to the group O(D, D) since it preserves the split signature
metric

0 o
NN = ( gn 8 ) ) OMPONQUPQ =TMN - (3'19)
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In fact it is easy to see that HMY (or rather HM y = HMPppy) itself belongs to O(D, D)!
Therefore there is a natural action of O(D, D) when we group the metric and B-field into
the ”generalized metric” H given by

H—O"HO 0<cO(D,D). (3.20)

We see that if we could reformulate the low-energy effective action (3.7) for the string in
terms of H, rather that G and B, it would be much simpler to check that the equations of
motion are preserved by the YB map (3.18). Remarkably it turns out that this is indeed
possible.

To explain this we must go back to the notion of (abelian) T-duality. When string
theory is compactified on an n-dimensional torus, 7", T-dualities on the torus directions
lead to an O(n, n; Z) symmetry group (e.g. [7]). If we restrict our attention to the massless
fields, as in the low-energy effective action, this becomes and O(n,n;R) symmetry [9].
This symmetry is there in tree-level string theory (i.e. ignoring string loop corrections)
but to all orders in the inverse string tension o’ [10]. It has been suggested that if one
could formulate a theory in D dimensions (recall that D = 26 for the bosonic string) with
O(D, D) symmetry its compactification on 7" would automatically have the T-duality
symmetry. In this way the T-duality symmetry of string theory would be made manifest.
This idea goes by the name of Double Field Theory (DFT) [11, 12, 13]. The reason for
the name is that to have manifest O(D, D) symmetry one must double the number of
spacetime dimensions, replacing 2™ by an O(D, D) vector XM = (z,,, ™). However, the
physical spacetime is still supposed to be D-dimensional and this is ensured by imposing
the O(D, D) invariant section condition (a.k.a. strong constraint)

oYMz =0, 0y0MZ =0, (3.21)

for all Y, Z built out of fields of the theory. Note that doubled indices M, N, ... are raised
and lowered with the O(D, D) metric n (3.19). The standard solution to this constraint
is to simply set Z,, = 0 so that effectively dy; = (0, 0,,). In DFT the metric and B-field
are combined precisely as we argued above into the generalized metric HM¥ (3.17). This
is quite natural since as we saw O(D, D) acts in a natural way on this object. In the
low energy description of string theory there is also the dilaton and in DFT it appears
combined with the determinant of the metric as the generalized dilaton d (c.f. (3.7))

e M =/ —Ge . (3.22)

The string low energy effective Lagrangian (3.7), at lowest order in o, can be written in
terms of these fields as
L=¢e%R, (3.23)

where the generalized Ricci scalar is defined as
R =400 (HMN Ond) — OpONHMY — AHMN 9y dONd + é’HMNaM’HKLaNHKL
— %HMN(?M’HKL@KHLN. (3.24)
Imposing the standard solution to the section condition dy; = (0, 0,,) this reduces to

1
L=v—Ge™® (R — Hp H™ 4 4amq>amc1>) + 40, (x/—Ge—Q‘I’am@ . (3.25)

12
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which, upon dropping the total derivative term, reproduces precisely the Lagrangian in
(3.7). The fact that the low energy dynamics of the bosonic string can be cast in the form
of (3.23) is remarkable — the global O(D, D) symmetry is completely unexpected. This
symmetry acts as

XM XM = XNouM o HMN(X) = OpMONHT(X),  d(X) — d(X),
(3.26)
for Oy a constant element of O(D, D). Of course this is in the doubled space, before
solving the section condition. But even after solving the section condition there is still an
extra global symmetry that remains, namely the transformations above which preserve
the choice X = (0, z™). These transformations are of the form

( : ) ) , (3.27)

i.e. of the same form as we found for YB in (3.18), but now with © an arbitrary constant
anti-symmetric matrix. Note that this implies a very non-obvious symmetry of the low-
energy effective action (3.7), namely that it is invariant under the YB map (3.8) (plus
transformation of the dilaton read off from the fact that d = ® — L log+/—G is invariant)
but with © any constant anti-symmetric matrix.

This formulation has already taught us something interesting, but to understand how
YB deformations preserve the -function equations we must do a little more work. The
reason is that for YB deformations © is not constant, so they are not simply a global
O(D, D) transformation. In fact © is constructed out of Killing vectors of the background
in question and so depends on the background we are deforming. For this reason it cannot
be a symmetry of the action. Instead it should map solutions of the equations of motion
(B-function equations) into new solutions. To see how this happens, and also to address
what happens when o'-corrections are included, it turns out to be convenient to work
with a generalized vielbein rather than a generalized metric. We will now introduce this
“frame-like” formulation of DFT.

3.3 Frame-like formulation of DFT

We are familiar with the fact that we can formulate ordinary Riemannian geometry either
in terms of the metric or in terms of the vielbein. The fact that the vielbein contains
more degrees of freedom than the metric is compensated by an extra gauge invariance,
invariance under local Lorentz transformations with gauge group O(D — 1,1). In analogy
with this we introduce a generalized vielbein for the generalized metric

HMN = B MERNHAB (3.28)

The “flat” metric HAP is the analog of the Minkowski metric in the ordinary Riemannian
case and since we are just doubling the dimension we take it to have the form

1l 0
0 77ab ( )
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where 7 = diag(—1,1,...,1) is the D-dimensional Minkowski metric. But we must re-
member that we also have another metric, namely the constant O(D, D) metric n™¥
(mawv) in (3.19). We will demand that

—ab
0
nap = EAMEgNnyn = ( 170 _ ) : (3.30)
—Nab
The point of this constraint is that the analog of the local Lorentz symmetry in the
standard case is E4™ — A,PEgM where A4 must preserve both HAZ in (3.29) and n4?
in (3.30) which means that it reduces to two copies of the Lorentz group, i.e.

(+))a
AAB = ( (A—g) ’ (A((_)))ab ) ) (331)

with A two independent D-dimensional Lorentz transformations. It is now easy to see
that we may take the generalized vielbein to have the form

1 /[ ea  _ o Hang  p(+)am
M m nm
E Y = ﬁ ( _61(1;1) B e((l_)anm o(Im ) (3.32)

Here the two sets of vielbeins e™®), with egi)mel()i)nnab = G™", transform under the two
copies of the Lorentz group as e((li)m — A((li)bel(,i)m. We can use the double Lorentz
symmetry to fix the gauge e*) = e(=) = e. With this gauge fixing only the diagonal
of the double Lorentz group, At = A®) = A, survives and becomes the usual Lorentz
group. This gauge fixing is needed whenever we want to make contact with the usual

gravity description which has only a single copy of the Lorentz group.

In ordinary Riemannian geometry the vielbein transforms under both diffeomorphisms
and local Lorentz transformations. But we are familiar with the fact that we can work with
objects which transform as scalars under diffeomorphisms, but transform non-trivially
under local Lorentz transformations, namely the spin connection components w.*® =
e wm® and derivatives with "flat’ indices 9, = e,™0,,. In fact, the spin connection is the
only diffeomorphism scalar that can be constructed from the derivative of the vielbein.?
In the present case we have a similar situation. The generalized vielbein transforms under
both generalized diffeomorphisms and double Lorentz transformations. The generalized
diffeomorphisms act on a doubled vector field by the generalized Lie derivative

VM o L VM = Nop VM 4 (0Mey — OneM )V (3.33)

Looking at the transformation of the generalized vielbein one sees that (with the standard
solution of the section condition) €™ is identified with the diffeomorphism and ¢, with the
B-field gauge parameters, d B,,,, = 20,¢,). The analog of the spin connection in this case
would be the objects constructed from the derivative of the generalized vielbein which are
generalized diffeomorphism scalars. It is not hard to see that the only combination that
is a generalized diffeomorphism scalar is

Fapc = 30uEs" Ecyu (3.34)

ZSince e, (z) = em®(x + €) — Ome™e,® under an infinitesimal diffeomorphism the requirement that
cee, ey D, e, ¢ transform as a scalar becomes ¢, %e, e, 9, 0mer e, = 0 which requires ¢.*’ = ¢
leading to the spin connection.
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where we have defined 94 = E4™0,;. Note that Fypc is also manifestly invariant under
O(D, D), since it just rotates the M-indices by a constant O(D, D) matrix. Of course we
also have the generalized dilaton, which is not a scalar due to the v/—G in (3.22), but its
derivative can be combined with the derivative of the generalized vielbein to produce a
second generalized diffeomorphism scalar

Fuy=0PEgME A +204d. (3.35)

The objects Fapc and F4 are usually referred to as generalized fluxes, and this formulation
of DFT is referred to as the flux formulation [14]. The advantage of working with the
generalized fluxes is that both diffeomorphisms and B-field gauge transformations as well
as global O(D, D) symmetry is now manifest. The price we pay for this is that the
double Lorentz transformations are not manifest. Instead the generalized fluxes transform
similarly to connections as

§Fapc = 30aXse) + 3M\a” Feepp, 0Fy = 0"Apa+ A" Fp, (3.36)

under an infinitesimal transformation dE4™ = A\sPEgM. In the usual Riemannian case we
would deal with this by constructing the gauge covariant curvature of the spin connection,
i.e. the Riemann tensor, and writing actions in terms of that. In that way all the
symmetries can be made manifest. This is not possible in the present case. The reason is
that there is no analog of the Riemann tensor. For example, looking at the transformations
it seems that one should consider the field strength 40,4 F'scp), which is invariant to leading
order in fields. However, from the definition of F4gc in terms of the generalized vielbein
we have the Bianchi identity

404 Fpcp) = 3Fap " Fopip , (3.37)
so this would-be field strength is not an independent field. Similarly we have
20uFp = —(0° — FO)Fupc,  2040p = Fapcd© . (3.38)

The absence of a Riemann tensor makes it more difficult to construct an action (and
especially higher derivative corrections [15]). However, we will see that an action can
nevertheless be constructed without too much effort. Before we do this we need one more
fact. The presence of the constant O(D, D) metric n*f in (3.30) as well as the doubled
metric HAZ in (3.29), which both square to one, means that we can construct constant
projection operators
1
(PL)AB = 5(77 + H)AEB. (3.39)
This means that we have a canonical splitting of the index A = (@, a), where the D-
dimensional index a@(a) corresponds to Py (P-) projection. This means that the two
generalized fluxes really contain six fields
Fe F

abc ) abc

FE@? Fabca Fa, Fg‘ (340)

Their double Lorentz transformations are

0 Faps =301ahig + 3Ma"Figa 8 Fype =30 s + 3Na%Fhda » (3.41)
O F 5 =0u Mg + Ao Fype + ZA[EEF@E] , 6Fame =0ahne + A" Fape + 2\ Flagq
SF; =0\ + A F 0Fy =0"Npa + Aa"F
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where A\-+(\y) are the non-zero components A (A7) of A45. The only two-derivative
action we can construct using the fields in (3.40) consists of their squares plus the total
derivative terms 0" Fz and 0%F,. It is not hard to check that the only combination invariant
under the double Lorentz transformations is®
R = 40°F; — 2F°Fy + F™F o+ Lo p . (3.42)
With a bit of work one can rewrite this in terms of the generalized metric and dilaton
and show that it coincides with our previous expression for the generalized Ricci scalar
(3.24). Therefore the Lagrangian
L=e¢%R, (3.43)

reproduces again (after solving the section condition in the standard way and fixing the
gauge e(t) = e(_)) the low energy effective Lagrangian of the bosonic string in (3.7). The
equations of motion following from this action are easily derived using the variation of
the generalized fluxes

0Fapc = 3040Epc) + 30E " Fpeip  0Fa = 0P0Epa + 6EA"Fp +2046d,  (3.44)
where we have defined §E 5 = 0EAM Epy = 0E|4p) and one finds
R=0 and  Rg =0, (3.45)
where the generalized Ricci tensor is given by*

Rap = Ok + (8¢ — FO) Fpy — Fo-F, . (3.46)

cda

These equations are equivalent to the string beta function equations (3.4)—(3.6) to lowest
order in o/ when we plug in the form of the generalized vielbein (3.32) and gauge fix the
double Lorentz transformations by setting e(*) = e(~). However, this rewriting is much
more convenient for discussing generalizations of T-duality and in particular Yang-Baxter
deformations, as we will now see.

3.4 Omne-loop Weyl invariance and unimodularity
condition

Recall that our motivation for introducing the O(D, D) covariant formalism in the pre-
vious section was to make it easier to understand YB deformations. Indeed we saw that
the generalized metric transforms as in (3.18) which means that the generalized vielbein
transforms as

EM=ENONM, O™ =6 + oM = ( 56“ %m ) : (3.47)

This is a very simple linear transformation compared to the original non-linear transfor-
mation (3.8). While O € O(D, D) it is, in general, not constant. In fact © is constructed

3Tt can also be written as minus the same thing with the projections reversed.
4We can also define R .3 by reversing the projections. Then R ; = R;,, due to the Bianchi identities.

ba’
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in terms of Killing vectors of the background (3.9) and these are in general not constant.’
Since the generalized fluxes are only guaranteed to be invariant under constant O(D, D)
transformations we need to check how they transform under this transformation. From
the definition in (3.34) we find

Fapo = 30 Ep™ Ecjayr = Fape + 3Eu" Oy 0k E™ Eoiar + 38[A9N|MEBNEC]<M : |

3.48

Let us look at the terms involving © on the RHS. First we note that since the only

non-zero component of O, is ©™", the contraction (with the O(D, D) metric) of two

©’s will vanish. Therefore we may replace Ecys in the last term with Ecps. Using

5,4 = 04 + EaAMO,NOn are left with terms linear and quadratic in ©. Let us look first
at the linear terms

3EL"NOIN" Ok Es™ Ecyur + 3040w Eg™ Ecy - (3.49)

These terms actually cancel. To see this we recall that © is built from Killing vectors and
the fact that G and B are invariant translates to the generalized Lie derivative (3.33) of
E 4™ along these being zero

0= Ly, EAM = ENONEAM + (0Mk,n — OnKMYELY KN = (0,k7). (3.50)
Using this the first term becomes

3EANON" Ok Es™ Ecjnr = =3RSk, n(0V ks — Oxck) ) Ea™ Es™ Ecyu
= —30kOunNELNER" Eqy™ = —=30.0\n" Es" Ecyu (3.51)

completing the proof. This leaves only the term quadratic in ©. However, this terms also
vanishes due to the YB equation (2.40). Indeed we have

3EA"ER" EcMOx" 0108y = 6Eu" Ep™ Ecy™ R™ R™k, ek O kynkunt
= 6E[AKEBNEC]MRrthuerkuMkfgalkt]N = 3B " Eg" Ec/™ R R" kyrckunt fst kun
=3E " Es" Ec)Mkrxckunikon R R™ " = 0. (3.52)

In the third step we used the commutation relation of the Killing vectors Qkfralk;? =

frs'k™. We have learned the remarkable fact that despite the O(D, D) transformation
involved being non-constant the generalized flux Fypc is still invariant. What about the
flux F47 We have

FA :5BE~BMEAM + ZéAd = —8MEAM + 25Ad
=Fy — O ENONM — ExN0y0NM +2E,N08M0yd . (3.53)
Note that we have assumed that the generalized dilaton does not transform, d= d, which

is natural since this is what happens for ordinary T-duality. Using the invariance of E4™
under the isometries involved in © the first term involving © becomes

%RrsfrstktMEAM - RrskrNaAkév = %RrsfrstktMEAMa (354)

SIf all the Killing vectors involved commute we can pick coordinates where they are constant. In this
case the YB deformation becomes equivalent to a so-called TsT transformation.
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since kM = (0,k™). Using the fact that the generalized dilaton transforms as a scalar
density, kNOnd = %81\;]{,],\[ , the last term cancels against a piece of the second term and
the result is

Fy=Fa+ E\Mkp R f, 0 (3.55)

Unlike Fypc we find that Fy is in general shifted by something proportional to the
contraction of the R-matrix with the structure constants. Conversely, this extra term will
vanish leaving also F4 invariant if the algebraic condition

R ft =0 (3.56)

is satisfied. We call this the unimodularity condition because it is equivalent to the
structure constants of the algebra of the Killing vectors involved in © having vanishing
trace, f,.s* = 0. To see this one contracts the YB equation (2.40) with w,s = (R™1),s
leading to

Ruvfuvt = _Rtufuss . (357)

If the unimodularity condition is satisfied we have seen that both generalized fluxes are
unchanged by the YB deformation

Fapc = Fape . Fy=Fy. (3.58)

This is quite remarkable when contrasted with the complicated transformation of the
metric and B-field in (3.8). But not only are the fluxes invariant, their derivatives are as
well. For example we have

OuFg = 0aF5 = OuF5 + EsMOyNONFg = 04F5, (3.59)

where we used the fact that kM0 F4 = 0 since kM generate isometries of the original
background. Clearly this observation extends to any number of derivatives of the fluxes.
But this observation means that the equations of motion (3.45), (3.42) and (3.46) are
invariant under the YB deformation. Therefore, if we start from a solution of these
equations and apply a unimodular YB deformation we obtain another solution. Since we
have seen that these equations coincide with the string [-function equations to lowest
order in o/ we find that the YB deformation maps consistent string backgrounds to other
consistent backgrounds, at least to leading order in the o/ expansion (corresponding to
one loop order in sigma model perturbation theory).

What about non-unimodular deformations? In this case F includes the extra shift in
(3.55) so that the generalized fluxes are not invariant. In fact this extra shift proportional
to the trace of the structure constants fits with what is known about non-abelian T-duality
at one loop. In that case there is an anomaly which spoils the one-loop Weyl-invariance
for non-unimodular groups [16, 17]. This fact would suggest that the non-unimodular YB
models will not solve the one-loop [-function equations. However, a direct calculation,
plugging in Fupc = Fape and Fy into the equations (3.45), shows that it can nevertheless
happen that the extra terms coming from the shift in /4 can decouple, giving again an
admissible string background. This can happen in particular if G + B is a degenerate
matrix, and several examples are known. These examples are very special however and
typically non-unimodular deformations fail to lead to admissible backgrounds at one-loop
order.
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Before we go on to consider what happens at two loops let us note an important fact.
Starting from some admissible string background we construct the YB deformation in the
doubled language by transforming the generalized vielbein (3.32) according to (3.47). But
if we start with a generalized vielbein with e(*) = e(=) = ¢, which we need to do to connect
to the standard gravity description, we obtain a deformed one with é*) # (=), Therefore,
to read off the deformed background we should perform one more step — a double Lorentz
transformation which sets é+) = (=) = &. Assuming we start from et) = (=) = e one
finds that after the transformation (3.47) the required double Lorentz transformation may
be taken as

AP =1, (A=A =ee [14+(G-B)O)(1—(G+B)©)™'] ", (3.60)
corresponding to picking the deformed vielbein to be
eMm=e"(14+(G-B)O),". (3.61)

Of course, this extra double Lorentz transformation can be ignored at this stage since it
is a symmetry of the theory. However, it will play an important role in the next section.
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Chapter 4

Two-loop Weyl invariance and
a’-correction

So far we have seen that the YB deformation maps solutions of the S-function equations
for the bosonic string (3.4)—(3.6) to new solutions when o/-corrections are ignored. What
happens when we take o'-corrections into account? We will now answer this question
for the first o/-correction, ignoring O(a/?)-terms. The first correction to the S-function
equations for the bosonic string arises from a correction to the effective action involving
the square of the Riemann tensor

S = SQ + O/Sl + O(CY/2) (41)
where Sy was given in (3.7) and [18]

1
22

Sl / d%I _Ge—Zfb (iRmnOpRmnop o %RmnopHmanopq

+ A Hypo H™  H™WHOO, — 3%(1{2)%(1{2)"%”) . (4.2)

Checking directly that the YB map (3.8) maps solutions of the equations of motion
corresponding to this corrected action to new solutions seems hopelessly complicated.
But if we are again able to rewrite things in a manifestly O(D, D) covariant form the
proof becomes trivial. Remarkably, the o/-corrected action can again be written in an
O(D, D) invariant form. This is quite surprising given the fact that there is no O(D, D)
covariant analog of the Riemann tensor [19].! Instead this correction appears through a
modification of the double Lorentz transformations [22]. To see why this happens it is
instructive to consider first the case of the heterotic string.

4.1 o'-correction to double Lorentz transformation

In addition to the fields of the bosonic string the heterotic string also has gauge fields and
fermions. We will set these to zero here for simplicity. Then the lowest order effective

"However, it can be understood from the fact that the correction can be generated [20] using a trick
originally due to Bergshoeff and de Roo [21].
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action is the same as for the bosonic string (3.7). However, the o/-corrections differ. In
particular, a famous fact is that the Bianchi identity for the NSNS three-form dH = 0 is
corrected in the heterotic string to (e.g. [23])

/

dH = O‘Z tr(RAR). (4.3)

This correction is required by the Green-Schwarz anomaly cancellation mechanism [24].
We may solve this condition by taking

/
H=dB+ %93 . dQs =tr(RAR), (4.4)

where Q3 = tr(wAdw)+ 2 tr(w AwAw) is a gravitational Chern-Simons three-form. But
is by definition invariant under Lorentz transformations while {23 is not, and this requires
a non-standard transformation for B. From the transformation of the spin connection,

w— w =A"tdA + AtwA, we find

/

/
dB — dB' = H — %Qg = dB + O‘Z [dtr(dAA"" Aw) + Ltr(dAA~" A AN~ A dAAY)] |

(4.5)
or ,
B =B+ %[tr(dAAfl Aw) + BYVEV(A)] (4.6)
where
dBV"W(A) = Ltr(dAAT" AdAATT AAAATY). (4.7)

This modification of the gauge-transformations of B is not part of the O(D, D) covariant
formalism described in the previous section. Therefore it is clear that the transforma-
tions need to be modified to account for the first o/-correction to the heterotic string in
that formalism. To see how we should modify the transformations let us consider the
infinitesimal version (A = 1+ \) of the above transformation which reads

/
o
0B = T tr(dA Aw). (4.8)
To generalize this to the O(D, D) covariant form we note that a change in the transfor-
mation of B under Lorentz transformations implies a change in the transformation of the
generalized vielbein under double Lorentz transformations

SEAMEgy = Mg + Aap (4.9)

where )\ is of order o/. Since the lowest order transformatlon parameters A p have non-
zero components Ay and Ay, any non-zero )\ 5 OF )\ab can be absorbed into these. We may
therefore take the components of A to have only mixed projections )\ab = )\Qa- Looking
at (4.8) we see that A should involve a derivative of Ag; or A and the doubled analog of
the spin connection. In fact the closest analog of the spin connection is F ;. and Fg., as

is easily seen from the first term in the transformations in (3.41). This suggests that we
should take

Aap = — g = %GQA@F@ + S%A“FM - —g tr(OpN T Fy) — gtr(c‘%A(“Fb) . (4.10)
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for some a,b of order o’. Note that we suppressed the contracted indices in the last
expression. Of course, for this to make sense, the corrected transformations (4.9) must
close (to first order in o’ ) We find

(6, 0] Es™ By = Mg\l — Ao c)\cb + )\ac)\’cb — X A%+ 5’)\f — 5)\’ +O(a’?) (4.11)
and plugging in the expression for \ we find
[0, 01 Ez" Eynr =
g [tr(OpN TN T)) — tr (AT 9N ) + (9N TN, Fy)) — tr(9,A D [N, Fy))]

- g [tr(0aA DN ) — tr (BN D AD) + tr(9A D ND), ) — tr(0:N D), F)]
+ O(a'?)
= 2B M BN O Yy — gtr(f)b[/\(_), NONF,) — gtr((%[)\(”, NOR) + 0% (4.12)

with ;
Yy = 5 tr(ADayND) = St (Ao X ). (4.13)

The first term is a generalized diffeomorphism with parameter Yy and the second is pre-
cisely of the form of the corrected Lorentz transformation with parameter [\, \']. Therefore
the transformations indeed close to the required order in «/'.

We have found that it is possible to correct the double Lorentz transformations at order
o’. The correction depends on two parameters, a and b. How does this correction compare
to the one required for the heterotic string, (4.8)? Fixing the gauge ¢*) = () = ¢ in
(3.32) one finds from the definition of the generalized fluxes (3.34) that

1 1
Wihbe Py = ey @b, ab g g ab (4.14)

\/_ a m

and using these in the transformation (4.9) one finds?

Fabc —

_ b
G =~ 0O s~ LN, (115
0B = — ga[m)\( )n]cd + a[m)\f;| fj_)Cd. (4.16)
Of course only the transformations with A(*) = A=) = —\ preserve our gauge choice

et) = ¢(=) and reduce to the usual Lorentz transformations,® but the more general case
will be needed below. Note that we have denoted the fields G, B with a bar. The reason
is that these fields, which are natural from the O(D, D) covariant formulation, are not the
ones we would usually consider since they are not Lorentz invariant. But we can define
new fields

Gmn - Gmn -

_ b _ b
Z ir:)der(Lcd) - Zwﬁ)(zdwr(;—d) ) an - an + al_ W[mCdHn}cd, (417)

2Note that the components of F' and ) are expressed relative to their defining index structures, Fapc
and )\AB.
3The sign of \ is fixed by requiring the usual lowest order transformation dw® = d\®.
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which transform as

a—>b

5Gmn =0 ) 5an - a[’rrz>\6d("~]7z]cd ) (418)
under local Lorentz transformations. We see that taking a = —a’/ and b = 0 we reproduce
the correct heterotic string transformation (4.8), while taking a = b we get the correct
transformation for the bosonic string where B does not transform.

4.2 o'-corrected DFT action

We have seen that there is freedom to modify the double Lorentz transformations at order
o/ by adding the terms in (4.10). The correction has two free parameters, a and b, and to
match the correction to the heterotic string we need to set one of them to zero while for the
bosonic string we must set them equal. Modifying the double Lorentz transformations the
lowest order action given by (3.43), (3.42) is no longer invariant, since its transformation
will produce terms of order /. However, one can show that the terms of order o/ can be
canceled by adding certain terms of order o to the lowest order action [22]. The resulting
DFET action to order o’ takes the form

S = / dX e (R +aR7) +bRM) (4.19)

where we have defined
RO = — (07 = P [0 = 1) (i)~ Y Rage R4 PP Bl (420)
+ FOCF o9y, — 2P Pl LRyt 4 (FQEF@ - %FWF@) Frop P,
where the first term is a total derivative and in the second we have introduced the object
Riaped = 2050 — Fr FCg — 2Fg1e/ Feq » (4.21)

which may be considered a doubled analog of the Riemann tensor? (although it is non-
covariant under double Lorentz transformations). The expression for R(*) is simply ob-
tained by exchanging over- and underlined indices in R(~). This o/-corrected DFT action
can be shown to reproduce (after suitable field redefinitions) the first o’-correction to the
bosonic string effective action (4.2) upon setting a = b = —a’. Setting a = —a/ and b = 0
it also reproduces the correction to the heterotic string effective action [22]. Note that for
this to work one has to take into account the o/ terms in the relation between G, B, the
natural fields from the DFT point of view, and G, B, the usual Lorentz invariant fields
in (4.17).

4Indeed, solving the section condition and fixing the gauge e(*) = (=) one finds that its components
are

1 _
R4 = 3 (R(i)abcd + w(”e“bwicd)) )
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4.3 o'-correction to YB deformations

The existence of this a/-corrected DFT action has interesting consequences for Yang-
Baxter deformations of strings. Because the action (4.19) is expressed in terms of the
generalized fluxes it follows that the equations of motion following from this action are
also expressed in terms of these. But we have seen that (unimodular) Yang-Baxter defor-
mations leave the generalized fluxes invariant and so it follows that the YB deformation
maps solutions of the DFT equations to solutions, at least up to and including order o’.?
It would seem therefore that the YB deformed background should solve the p-function
equations also at order o/ without any need of modifying it by terms of order o/. This is
not correct however, in general the background will receive a correction of order /. The
reason is that while this correction is not needed in the DFT language the natural fields of
that formulation, which we denoted G and B, are not the usual Lorentz covariant G' and
B but rather related to these by (4.17). In addition we have seen that to go to the usual
fields from the doubled formulation we must set the two vielbeins e(*) and e(=) equal, but
since the YB deformation does not preserve this relation a compensating double Lorentz
transformation (3.60) is needed. Since the fields do not transform covariantly under dou-
ble Lorentz transformations this induces an o’-correction for G and B. In fact we can
easily write down the explicit form of this correction as follows.

From (4.16) we see that setting A(¥) = 0 we have

6Chun = =50 A ) 6B = =50 A T (4.22)
Of course this is the correction one gets if one starts from the gauge (™) = (=), But in
our case we have e(™) # e(=) and we want to perform the double Lorentz transformation
which sets them equal. But if we think of it the other Way around this is precisely the
inverse of the transformation needed to go from e(*) = e(=) to the e*) £ (=) we started
from. Therefore the transformation we are looking for is as above but with the sign of
the RHS changed. In order to find the finite transformation rather than the infinitesimal
one we first note that (cf. (4.17))

5 (G = G000 =0, 8 (B + G Hujea) = = 50X s (4.23)

4 m ncd

The last transformation is now of the form (4.8), for which the finite transformation is
given by (4.6). Therefore we find the finite transformation to be

e a — —-)\—1jc [« —
§Gln = — 5[8““/\( ATy, — (a A9, Ay, (4.24)
_ a . . c
6B = — 5[0 AT (M) )+ 4B,Y¥5W<A< ), (4.25)
where
dBVAW(A) = Ltr(dAA™T A dAATY AdAATY). (4.26)

To find the o/-correction to YB deformations all we need to do is take A = A, defined
n (3.60), and recall that we are performing the transformation in the opposite direction,

5The same conclusion can be shown to apply to non-abelian T-duality and its generalization known
as Poisson-Lie T-duality [25, 26, 27].
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going from e() # (=) to e*) = e() rather than the other way around, so the sign of the
RHS is opposite. In addition we must take into account the relation between the barred
fields and the usual unbarred ones (4.17). The correction then takes the form

/ / /

(G = B = el (wh) + AR ]ea) + OnA 0N+ TNV (R), (427)
where we have set a = b = —a’ as appropriate for the bosonic string (for the heterotic
string the correction vanishes) and also included a redefinition of the metric G — G —
%’HmCdand to go to the scheme of [28]. Finally, the correction to the dilaton is derived
from the fact that the generalized dilaton d defined in (3.22) is uncorrected, since it does
not transform under double Lorentz transformations. Therefore & = %Gm”(SGmn (in a
suitable scheme). Note that we must of course also take into account any possible o
corrections to the undeformed background, which have to be determined by other means.
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Chapter 5

Conclusions & further developments

We introduced the Yang-Baxter deformations in the simple case of the PCM and showed
that they preserve the integrabilty of the model. In the homogeneous case, when the
R matrix involved solves the classical rather than the modified classical Yang-Baxter
equation, we showed that the deformation can be constructed using non-abelian T-duality.
Since the notion of NATD exists for more general 2d sigma models this allowed us to define
a notion of YB deformation for bosonic strings in general (in backgrounds with isometries).
We saw that these deformations indeed make sense in string theory, at least when R is
unimodular, since they preserve the one-loop Weyl invariance. This was made possible by
working in the O(D, D) invariant formalism of DFT where the YB deformation greatly
simplifies. Finally, we saw that these observations extend to first order in o', where one
however finds that the YB deformation must be corrected in a particular way. Again this
result relied crucially on the existence of an O(D, D) invariant formalism.

There are many important developments in this subject which we did not have time
to mention here. We end by listing some of these:

e We have considered mainly the homogeneous YB deformations here. The inhomo-
geneous ones are also interesting and were in fact the first to be considered. In that
case there is a connection [29], via a generalization of T-duality known as Poisson-
Lie T-duality [30], to another integrable deformation known as the A-deformation
[31].

e We have considered only the bosonic string here, but for applications in string
theory the superstring is more relevant. Yang-Baxter deformations of the AdSs x S°
superstring were introduced in [32, 33] and a general definition for homogeneous
deformations was given in [34]. The original inhomogeneous deformation violated
unimodularity, but later it was realized how to construct unimodular examples [35].

e [t appears to be possible to use DFT to describe also the correction at the next
order in o, i.e. o/ [20, 36]. However, recently we showed that the DFT description
breaks down at order o/ [15]. How to deal with Yang-Baxter deformations at that
order is an open problem.

e It has been argued that in the context of the AdS/CFT holographic duality YB
deformations should correspond to non-commutative deformations of the dual field
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theory [37, 38], though no precise checks of this idea have been made.

e Recently these deformations have also been embedded in the general language of
affine Gaudin models [39] and holomorphic 4d Chern-Simons theory [40].
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1 Introduction

Yang-Baxter (YB) deformations of 2D o-models were introduced by Kliméik in [1]. The
name comes from the fact that the deformation is constructed using an R-matrix which
solves the (modified) classical Yang-Baxter equation. It was later realized that these defor-
mations preserve the classical integrability of the o-model [2]. Delduc, Magro and Vicedo
constructed the YB deformation for symmetric spaces in [3], and then for the AdSs x S°
superstring in [4], based on the Drinfeld-Jimbo R-matrix solving the modified classical
YB equation. Shortly thereafter it was shown in [5] that essentially the same construc-
tion works also for R-matrices solving the ordinary (non-modified) classical YB equation.
The latter are often referred to as homogenous YB deformations and have an interesting
realization in terms of non-abelian T-duality [6-8].

Surprisingly it was found, starting with the paper [9], that the backgrounds correspond-
ing to these deformed string o-models did not always satisfy the equations of supergravity,
but a certain generalization of these [10, 11]. When this is the case the deformed o-model
is only scale invariant, but not Weyl invariant, at one loop and cannot be interpreted as
a consistent string. For supercoset models such as the AdSs x S° superstring a condition
was found on the R-matrix that leads to a viable, i.e. one-loop Weyl invariant, deformed
string o-model. The R-matrix should be unimodular, i.e. its trace with the Lie algebra
structure constants should vanish, R" f,.s* = 0 [12].

Subsequently, using the realization via non-abelian T-duality, homogeneous YB de-
formations were defined for a general Green-Schwarz superstring with isometries [13].!
Interestingly, examples were found where a non-unimodular R-matrix nevertheless gave

In the abelian case these deformations are equivalent to so-called TsT-transformations, consisting of
T-duality, a coordinate shift and a T-duality back [14].



rise to a good (super)gravity background [15, 16]. Therefore, while the unimodularity con-
dition is sufficient, it is not necessary to solve the one-loop Weyl invariance conditions, i.e.
the background (super)gravity equations.

Here we will determine the precise conditions for (bosonic) YB deformations to respect
one-loop Weyl-invariance. We find that, at least for deformations of symmetric spaces,
the only exceptions to the unimodularity condition occur when the matrix (G + B)mn,
where G, B are the metric and B-field of the undeformed background, is degenerate.?3 In
that case, the unimodularity condition is no longer necessary and is replaced by weaker
conditions which we give. This is consistent with the examples found in [15, 16] since the
AdS3 x 83 background considered there has degenerate G + B.

We then go on to analyze what happens at two loops, i.e. when we include the first
a/-correction to the (super)gravity equations. We find that the conditions at two loops are
weaker and only a subset of the one-loop conditions are needed.

These calculations are simplified enormously by working with the O(D, D)-covariant
formulation known as Double Field Theory (DFT). In DFT a manifestly O(D, D)-covariant
formulation is achieved by doubling the coordinates to X = (&,,,2™). One then imposes
a “section condition” which effectively removes half of them, leaving the right number of
physical coordinates. Here we will work only with the standard choice of section, XM =
(0,2™) or Oy = (0,0y,), and therefore the coordinates are not doubled. However, the
tangent space is effectively doubled and there are two copies of the Lorentz group. Therefore
there are two sets of vielbeins () and e(~) which transform independently under each
Lorentz group factor. Fixing the gauge e(f) = e(-) = ¢ breaks the doubled Lorentz
group down to its diagonal, which becomes the standard Lorentz group. With this gauge
fixing the action and equations of motion of the doubled formulation reduce to those of
standard (super)gravity. The reason the doubled formulation is useful is that the YB
deformation becomes equivalent to a coordinate dependent O(D, D)-transformation which
is easy to analyze. In fact the so-called generalized fluxes, the basic fields of the so-called
flux formulation we are using [18], transform very simply under the YB deformation. The 3-
form flux is invariant while the 1-form acquires a shift. This shift vanishes in the unimodular
case and the generalized fluxes are simply invariant, from which one can immediately
conclude that such YB deformations preserve Weyl invariance at least to two loops [19]. In
the present case, we are interested in non-unimodular R-matrices and we have to take the
shift into account. Provided that this shift satisfies certain conditions, which we determine,
the Weyl-invariance is preserved at least up to two loops. It is interesting that it is possible
to shift the 1-form generalized flux in certain ways and still preserve the equations of the
doubled formulation including the first o’/-correction. This should have an interpretation
in gauged DFT [20], but we will not pursue this here.

In [19] the doubled formulation was used to determine the first o/-correction to the

2In the homogeneous case we prove this only for rank R < 8 for technical reasons.

3 Gauge-transformations of B, which could affect this, are severely restricted by the fact that B is required
to be invariant under the isometries involved in the deformation. This is required in the homogeneous
case [13]. In the inhomogeneous case with a WZ-term [17] it is not required and our analysis is incomplete
in that case.



deformed background for unimodular R. This correction arises because the fields of the
doubled formulation are not Lorentz-covariant once o/-corrections are included and a dou-
ble Lorentz transformation is needed to go to the gauge e(*) = e(=) = ¢ and reduce to
the standard (super)gravity fields, thus leading to a correction to the background.* Our
analysis here shows that no additional corrections are needed in the non-unimodular case,
so the correction to the deformed background is still given by the expressions found in [19].

The outline of this paper is as follows. First we review the elements we need of the
flux formulation of DFT and how the o’-correction to the double Lorentz transformations
determine the action to the first order in /. In section 3 we derive the conditions for a YB
deformation to lead to a (super)gravity background, i.e. the conditions needed for one-loop
Weyl-invariance. The situation at two loops is analyzed in section 4 where we find weaker
conditions than at one loop. We end with some conclusions.

2 Doubled (flux) formulation

The O(D, D)-covariant formulation of (super)gravity used in DFT [22-24] turns out to be
very powerful for the kinds of questions we are interested in here. In particular we will
work with a frame-like formulation of DFT [25-27] where the structure group consists of
two copies of the Lorentz group O(1, D—1) x O(D—1,1). In particular we use the so-called
flux formulation of [18, 28] where the first /-correction to the bosonic and heterotic string
can also be nicely incorporated. We will always assume that the section condition is solved
in the standard way dy; = (0,0,,) so that we are really just working with a rewriting of
(super)gravity.
The starting point is to introduce a generalized (inverse) vielbein parametrized as

e(Ha _(Banp  o(+am

m

M _
e V2 el el By el

(2.1)

Here () are two sets of vielbeins for the metric Gy, which transform independently as
AFeF) under the two Lorentz-group factors. To go to the standard supergravity picture
one fixes a gauge e(t) = e(-) = ¢, leaving only one copy of the Lorentz-group. The dilaton
® is encoded in the generalized dilaton d defined as

e 2 =22/ @ (2.2)

There are two constant metrics, the O(D, D)-metric 74P and the generalized metric HAP
which take the form

70 70
B =nap = T nAB = (17 ) (2.3)
0 -7 07

where 7 = (—1,1,...,1) is the usual Minkowski metric. The flat tangent space indices
A, B,... are raised and lowered with n4%, n45. The generalized vielbein is used to convert

4The correction agrees with what is found by a much more involved calculation using standard (su-
per)gravity [21].



between these indices and coordinate indices M, N,.... In particular we have the usual
expressions for the O(D, D)-metric and the generalized metric in a coordinate basis

MN _ p M ABp N _ 0 om" 2.4

e =LA BY =\ sm g ; (2.4)
Gmn - BmkalBln Bmkan

HMN — g MyABp N _ ( _gmkp, n ) (2.5)

We also define
Oy = EAMaM , (2.6)

where 0y = (0, 0y,) is the ordinary derivative.
The basic fields of the flux formulation are the generalized fluxes. These are constructed
from the generalized vielbein as

Fapc = 33[AEBMEC}M , Fa=0PEgME p +204d. (2.7)

The importance of these objects comes from the fact that they transform as scalars under
generalized diffeomorphisms implemented by the generalized Lie derivative defined as

LxvM = XNoNyM + (0M Xy — o X MYV (2:8)

The generalized diffeomorphisms contain the usual diffeomorphisms and B-field gauge-
transformations. The generalized fluxes satisfy the following Bianchi identities

404 Fpop) = 3Fap Fopip,  20aFp = —(0° — FO) Fapc . (2.9)
Note also that
[04,08] = Fapc 0° . (2.10)

The bosonic/heterotic® string low-energy effective action can be cast in doubled form as
S = /dXeQdR, (2.11)
where the generalized Ricci scalar is defined as®

R = —40*F) 4 27 AF ) — F o FOABC — _Fl L F(ABe, (2.12)

1
3
Here we have defined certain projections of the generalized fluxes using the natural projec-
tion operators

P.— % (n+H), (2.13)

5Setting the gauge fields and fermions of the heterotic string to zero.
5The last two terms are often written instead as i}'ACD}—BCDHAB — %fABCfDEFHADHBEHCF —

LFaBcF ABC Tn terms of the generalized metric we have instead
R =40 (H" N ond) — O OnHM™ — aHMN Oy dond

1 1
+ gHMNaMHKLaNHKL — §HMN8A[HKL6KHLN .



as follows

Fi) = (P2)APFs. (2.14)
and
Fipo = (Pr)a”(P2)p"(Ps)c" F Fipo = (P2)a"(P2)sP(P2)c" .
ABC F/A +/B +)C DEF ABC +)A +)B +)C Y DEF -
(2.15)

Setting e(*) = (=) = ¢ in the generalized vielbein (2.1) this can be shown to reduce to the
correct low-energy effective (super)gravity action.

We will be interested in whether certain transformations of the generalized fluxes map
a solution to another solution, so we will need the equations of motion following from the
action (2.11). These can be easily found using the variations of the generalized fluxes with
respect to the generalized vielbein and dilaton

SeFapc = 3040 Epc) + 36 Eu” Fpoyp, 0pFa =0"6Epa+0EAPFg, 64Fa=2046d,
(2.16)
where 6Eap = 6EAMEpg); is anti-symmetric by construction. The equations of motion

become
R=0, OVFS) + 0 - FOF o — FipF P =0. (2.17)
Here we have defined the projected derivatives 81(4i) = (P1)AP0p. The second equation

of motion can equivalently be written with the opposite projections by exchanging + and
— superscripts. Setting e =) =¢ they reduce to correct (super)gravity equations
of motion.

The action (2.11) is invariant under three important symmetries. The first is gener-
alized diffeomorphisms, which encode regular diffeomorphisms and B-field gauge transfor-
mations. In the flux formulation we are working with here the generalized diffeomorphism
invariance is manifest since the fluxes and the derivative 94 transform as scalars. The
second symmetry is that of global O(D, D)-transformations

XM 5 XNppM o By 5 EANyM with hyN € O(D, D) (2.18)

and hyV constant. Again the action is manifestly invariant under these transformations
since the fluxes are invariant. In our case we are always imposing the standard section
condition Oy = (0, 0y,) so this symmetry is (partially) broken.

Finally, the most important symmetry for us will be the invariance under double
Lorentz transformations

SEAMEpy = 0Eap = Aap  with  (PO)A%(P.)gPAcp =0. (2.19)

The parameters of the infinitesimal double Lorentz transformation A4p commute with the
projectors Py so their non-trivial components are )\E4+3) and /\(_1527 corresponding to the
two copies of the Lorentz group. These two copies rotate the two vielbeins e®) in (2.1)

independently. The (double) Lorentz invariance of the action (2.11) is not manifest. It can



be verified with a bit of algebra using the variations of the fluxes (2.16). In particular it
follows from these expressions that under a double Lorentz transformation

+ +) D (+ +
F e = NP Fhpe + 2/\EB)D}_\(A1))\C] + 057252, (2.20)

which, except for the projections, is precisely the transformation of a connection. Indeed,
suppressing the last two indices we have”

SFD = oPN®) 4 @) 7B (2.21)

so that F ](Wi ) behave very much like connections. In fact, fixing the double Lorentz trans-
formations by setting e(*) = (=) = ¢ the non-zero components of F*) are [2§]

mn, ,(+)ab mn, (=)
(+)ab _ 1 G Wn (=) _ 1 G Wrab
P 2 (s | 0 T M =3 o) @2
—(1 — BG)mnwn (1 + BG)m Wnab
where wﬁ,jf Jed _ W + %Hm“i. These expressions will be useful later.

A very important point is that the double Lorentz transformations receive o/-
corrections. In fact, this is a good thing since it allows us to derive the first o’-correction
to the action (2.11) from the knowledge of the correction to the Lorentz transformations.
We will now see how this works.

2.1 The first o’-correction

At the first order in o/ the double Lorentz transformations get corrected to [28]

0Bap = Aap +atr (0 \FG) = btr (90 AFG) (2.23)

where a = b = —a’ for the bosonic string and a = —a’, b = 0 for the heterotic string (a =
b = 0 for type II). The correction involves the connection-like objects .7-"1(4 B)C (note the trace
over the last two indices) and is therefore of the form of a Green-Schwarz transformation.

The knowledge of the correction to the Lorentz transformation can be used to find the
o/-correction to the action [28], as we will now review. For simplicity we will set b = 0 in
the derivation and restore b at the end. The variation (2.23) is then of the form § = §° +ad?
and a short calculation gives for the projections of the generalized fluxes appearing in the
lowest order action (2.11), (2.12)

FF) =L@ - PP (0AFS)) (2.24)
—— 3
O Flipd =5t (0 AFOP)FL L (2.25)

and

(=) £(=)DY\ =(+)
(B AF) )‘FC’}AD‘

(2.26)

_ 1
8 Fipe = (PO tr (95 ARG)) + ftr (F&9PN) Frpe + 5t (0

"We will try to be clear about when we suppress the last two indices to avoid possible confusion with
the generalized flux with one index Fa.



In the last expression we have defined the ‘curvature’ of the ‘connection’ F (79)0 as (sup-

pressing the last two indices which are projected by P_)
Rbp =20, FS) — (PP FappFOF — [F), Fy) 2.27
AB [A Y B] ( +)[B A|DE [ A Y B ] . ( . )

This object will be useful later. In particular when we project the indices A and B with Py

we have, writing 7_3(_3) = (Py)A%(P)BP R(_l%, (again the last two indices are suppressed)

SR) = 2Afj>c7ifg|)31 + O R + FLL0%A) — gl A FS) (2.28)

which apart from the last two terms is the expected transformation of a curvature.
At lowest order in o the action is Lorentz invariant. At the next order we find

SR = — 40" = FHSF) =208 FA o (0 AFS )

5 - _
B g]:(**)Achff(;Bc? B 2]_—(7)ABC(51]_—1(43)C ‘ (2.29)

Using the expressions for the §'-variations (2.24), (2.25) and (2.26) as well as the Bianchi
identity for F4 (2.9), (2.10) and the section condition this becomes

6'R =" (=007 = FP) b (FF)] + (04 = FAFP o (PO FS)])
— FABC 1 (9405 AFS)) + FABC 1 (9000 FS ) — 2FABC tr (9 A0 Fy )
+ 2FOABC 4 (9pARS)) + FABCacAap tr (FOPFS)
+ 0PN, tr (FGFS ) + FABC Fpop tr (9PAF))
— FEOABCEC) tr (0aAF D) — FOABCEC) o (9PAF()
— FOABCEN i (9pAF L) . (2.30)

We must now find terms of order o whose lowest order Lorentz transformation cancels the
terms on the r.h.s. . The first term on the second line must be canceled by the variation
of a term of the form FABC tr (8,4.7:}%7)]:(7)) and we find

6'R =00 (~0* (07 — FPyu (FOFS)] + (0% - FYH[FP e (P 7))
= 80 | FAPC i (0,7 F) | = FAPC 1 (05 AR) + 09N o (FERG)
+209€MEB oo (FUOFGFS)) + 27480 o (FU FS 057
+ FUHOONME o (FSIFOP) 4 2FABEgpacqtr (FOICFS))
+ FAPC Fppo tr (0HPAF)) = FOABCED) b (9PAFS)) (2.31)

where we used the definition of the ‘curvature’ in (2.27). Using (2.28) we see that the
last two terms on the second line come from the variation of tr (7_3(_)‘437?54};) and the



remaining terms are also easy to write as the variation of something. When the dust has
settled one finds, reinstating b, that the corrected action

S = / dX e~ (R +aR) + bR<+>) (2.32)

is invariant under Lorentz transformations up to and including order o/ where
RO =0 (0% - FPyu (FOFD) | = 0% - 72 [Fro (PO FD)
- %tr (ROMBRED) + %IABCCQQC . (2.33)
In the last term we have introduced the ‘Chern-Simons’ form

Cihe = 6tr (F 0pFe))) + 3(Fpphp — Fpup) tr (Foy FOP) — 4w (FUFGFS))
(2.34)
The expression for R(*) is obtained by reversing the projections in an obvious way. These
expressions agree with the ones written in [29] but are much more compact.

3 Yang-Baxter deformations and one-loop Weyl invariance

Yang-Baxter deformations are closely related to a generalization of T-duality known as
Poisson-Lie (PL) T-duality. In particular homogeneous YB deformations can be con-
structed using non-abelian T-duality [6, 7]. It is therefore not surprising that they have a
natural formulation in terms of DFT. In the flux formulation we are working with they are
described as a coordinate dependent O(D, D)-transformation [13, 30, 31]

EM o ExM =B N1+ 0)uM. (3.1)

The only non-zero components of @y are ©™" = k™k" R™ where k™ are Killing vectors
belonging to some Lie algebra g indexed by (r, s,t,...) and R™ is a constant anti-symmetric
matrix satisfying, in the homogeneous case, the classical YB equation

[RX,RY] - R([RX,Y]+[X,RY]) =0, VX,Y e€g, (3.2)
which implies the ‘Jacobi identity’ for ©8
oNEogyelM = ¢, (3.3)

If we start from a symmetric space o-model we can also define the inhomogeneous defor-
mation [3] where R satisfies the modified classical YB equation

[RX,RY] — R(IRX,Y]+[X,RY]) = [X,Y], VX,Y €g. (3.4)

8Conversely, if we don’t impose any condition on R, this condition follows by requiring that we get a
(super)gravity solution [32].



The canonical solution is the Drinfeld-Jimbo R-matrix defined to annihilate elements of the
Cartan subalgebra and to multiply generators corresponding to positive(negative) roots by
+i(—4). We can define again ©™" = kK" R"® which also satisfies (3.3).”

Note that letting R be multiplied by a small parameter, usually called 1, these become
deformations of the original background. It is not hard to show, using the definitions (2.7),
that these deformations preserve the form of the generalized fluxes up to a shift of F4 [19]

Fapc = Fapc Fa=Fa—2K4. (3.5)

In addition derivatives of F4pc are invariant, e.g. 5AfBCD = 0aFBcp. Because of the
shift this is in general not true for F4, instead

OaFp = OaFp — 204K — 2EANONM 0N K . (3.6)

The shift of F4 is given by a certain distinguished Killing vector namely KM = (0, K™)
with
K™ =V,0™" =V, kI"kIR"™ = LR f, k", (3.7)

where the third step involves using the algebra of the Killing vectors. This shift vanishes
precisely when R is unimodular, i.e. when R" f,;* = 0.1 In this case the generalized fluxes
and their derivatives are invariant under the deformation and this directly implies that the
deformation preserves Weyl-invariance at least up to order o’ (2 loops) [19]. If we drop the
unimodularity condition we will generically get a scale-invariant but not Weyl-invariant o-
model at one loop. This is reflected in the background solving the generalized supergravity
equations [10, 11] instead of the usual ones, the extra Killing vector appearing in these
equations being given by K™.

Here we want to ask what happens if you don’t require unimodularity but still require
the deformed model to preserve one-loop Weyl invariance.!! We will argue that, at least
in the case of symmetric spaces, it is possible to find such non-unimodular R-matrices (at
least of low enough rank to be interesting) only if the combination of metric and B-field
of the original model G + B is a degenerate matrix. An example where this happens is
for AdS3 x S3 and indeed in that case several non-unimodular R-matrices that lead to
(super)gravity solutions have been found [15, 16].

The requirement that the equations of motion (2.17) remain invariant under the de-
formation, which is equivalent to preservation of one-loop Weyl-invariance, becomes, us-

9This was first noted in special examples in [33]. We thank S. van Tongeren for pointing this out to
us. The fact that the r.h.s. in the modified YB equation does not contribute can be seen as follows. For
a symmetric space g is generated by P, Ma, with commutators of the form [P, P] ~ M, [M,P] ~ P and
[M,M] ~ M. The Killing vectors are given by k.™ = £,™(PAdy)%, (see for example [13]), where £,™
are inverse vielbeins of the left-invariant one-forms and P projects on the Lie algebra generators P,. Now
since the structure constants are Ad-invariant and since they have no component corresponding to three
P, generators it follows that the r.h.s. in the modified YB equation does not contribute.

107t is easy to see that the Drinfeld-Jimbo R-matrix of the inhomogeneous deformation is not unimodular.

1This corresponds to having a solution of the generalized supergravity equations which also solves the
standard supergravity equations. Such ‘trivial’ solutions were analyzed in [34].



ing (3.5) and (3.6)

O\ KS) + (POACEN Oy oK) — KCF ). =0, (3.8)
K + BEaNoNMay KO — KAF) + KAK) —o0. (3.9)

Since we should think of © as being multiplied by a small deformation parameter these
equations contain terms of first and second order in this parameter (note that K (3.7) is
of first order). These contributions then need to vanish separately.

3.1 First order terms

At the lowest order in the deformation we find the conditions
oK) —KCF ) =0, oK) -KAF) =0, (3.10)

Using the form of the generalized vielbein (2.1) with e(*) = e(=) = e, the fact that K™ =
(0, K™) and the form of ]-"EJB)C in (2.22) the first equation becomes

1
Val(1+ B)y Ke] — 5 Hane(1 + B KY=0. (3.11)

Symmetrizing in a,b and using the fact that K is Killing we find that K = igB is also a
Killing vector. Anti-symmetrizing we find, using Lx B = 0, that

dK +izH =0. (3.12)

This equation implies that H is invariant under K since £ iH =digH = —ddK = 0. We
also have the same equation with K and K exchanged since dK = di kB = —igH from
the invariance of the B-field under isometries, which we have assumed here.'? From the
dilaton equation we get, using the fact that K and K are Killing vectors, the condition

K™3,® =0, (3.13)

i.e. the dilaton is invariant under the isometry generated by K. To summarize, the condi-
tions we find at this order are that K = ix B generates isometries of the background fields
G, H,® and satisfies (3.12).

For our later discussion of two-loop conformal invariance it will be useful to express
these conditions in terms of the generalized fluxes. The fact that K and K generate
symmetries of the original background implies that under YB deformations

F ,Exi)éA(Something invariant) = Eli)aA

(something invariant) . (3.14)

In addition we have

By mbe

- 1 ~ -
KAFi g = 5 (K™ + K™)w, 666

1 ~ 1 -
— 5 (VoK + Vi K.)8%0¢ — JE™+ K™)H,ppe 0% 05,
=0, (3.15)

12This seems to be required in the construction of the general homogeneous deformations [13]. In the
inhomogeneous case this should be relaxed [17], but we will not try to do this here since it would take us
too far afield.
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where we used invariance of the vielbein under K, K which implies igwq, = —VKp and
similarly for K as well as the equation (3.12) and the same with K and K exchanged. The
same is true with the opposite projection and therefore we have

FAFE = FAFG.. (3.16)
3.2 Second order terms
At second order in the deformation the conditions (3.8) and (3.9) read
(POACENON Mo ES) =0, EaNoyMou KO+ KAK) =0, (3.17)
We need to evaluate

EAN@NMaMKB = EANEBL@NMQMKL + EAN@NMaMEBLKL
=R"EANEgMk,n (kX0 Ky — K" 0rkont) (3.18)

where we used the fact that ©™" = K"k’ R"™® and the isometry of the generalized vielbein,
i.e. its generalized Lie derivative (2.8) along k, vanishes, in the second step. Now we use
the form of K™ in (3.7) and the algebra of the Killing vectors to reduce this to

1
EANQNMaMKB = _ikrAkaRrsfsvatuftuv- (319)

Using the Jacobi identity and the (modified) classical YB equation this expression can be
seen to be symmetric in the indices A and B. The second order conditions now become

(G = B)ank (G + Bpmki R fo " R f1," =0, K+ K?=0. (3.20)
The first condition can be expressed as
ki RS fo " R )V = v} + 0™ (3.21)

where vy are zero-eigenvectors of G + B, i.e. (G £ B)vy: = 0. When G + B is degenerate
precisely one such vector vy exists (up to rescaling). When G + B is non-degenerate, for
example if B vanishes, then the r.h.s. is zero and we get the condition

E'EI R fo " R™ £, = 0. (3.22)

This condition is very strong and in fact it seems to imply the unimodularity condition,
at least for deformations of symmetric spaces. In that case the condition becomes (see
footnote 9)

(PAdy)® (PAdy) W R™ fo " R™ fr,V = 0, (3.23)

and taking g = e““f= and expanding in € this leads to
R™ "R f1,° = 0. (3.24)

It is easy to see from the form of the Drinfeld-Jimbo R-matrix that this rules out the
inhomogeneous deformations. For the homogeneous deformations R is invertible on the
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subalgebra where it is defined and this condition is equivalent to the condition that the
distinguished Lie algebra element R™ f,.,/T; must lie in the center of the algebra.'® While
we have not found a general proof that this implies unimodularity one can easily verify
that this is true for R-matrices of rank< 8. In the rank 2 case this is trivial to see.
For rank 4 the relevant algebras are classified in [36] and it is easy to check that only
unimodular examples satisfy the condition. For rank 6 the relevant algebras are classified
in [37] (nilpotent algebras are automatically unimodular) and again only unimodular ones
satisfy the condition. In addition we note that for AdSs, corresponding to the isometry
group SO(2,4), the maximum rank of R is 8 [12], however it is easy to see that the 8-
dimensional algebras in question have a trivial center and can therefore not lead to any
exception to the unimodularity condition. This rules out non-unimodular deformations of
AdS,, with n <5 if G + B is invertible.

Therefore we conclude that for deformations of symmetric spaces non-unimodular R-
matrices can lead to one-loop Weyl invariant o-models only if G + B of the undeformed
model is degenerate (with the caveat that we checked this only up to rank 6). In that
case they must satisfy (3.20) as well as the conditions we found at first order, namely
that K = ixB generates isometries of G, H,® and equation (3.12).'* Examples of such
backgrounds were found in [15, 16].

We will now turn to the question of what happens at two loops, i.e. including the first
o/-correction to the (super)gravity equations of motion. We will find that the conditions
at two loops as actually weaker. We will only need to satisfy the conditions we found at
first order in the deformation to solve also the two-loop equations.

4 Two-loop Weyl invariance

Here we will show that the o/-correction to the equations of motion can be cast in a form
that is manifestly invariant under non-unimodular YB deformations satisfying the one-loop
Weyl invariance conditions of the previous section. In fact our calculation will be more
general. We will assume only that the following remain invariant under the transformation
in question

FABC 04, - - - 04, (anything invariant) ,
F Affgc ; ]-"f) 9" (anything invariant) . (4.1)

However, F4 and its derivatives need not be invariant. As we have seen this is true for
any YB deformation that is one-loop Weyl invariant (3.14), (3.16) (it is trivially true for
unimodular deformations since in that case also F4 is invariant under the deformation).

131t also implies that the algebra can be constructed as a so-called symplectic double extension of a
lower-dimensional symplectic, or quasi-Frobenius, Lie algebra [35]. The question is then if the symplectic
double extension of a unimodular Lie algebra is always unimodular, in which case this condition would
imply unimodularity.

MFor general inhomogeneous deformations with WZ-term a more careful analysis, where the condition
of invariance of B is dropped, is required.

- 12 —



To get the equations of motion at order o/ we must vary the corrected action (2.32)
using the expressions for the variations of the fluxes in (2.16). The variation with respect
to the generalized dilaton is easy and gives just the vanishing of the Lagrangian itself

R +aR) +RM =0, (4.2)

In the following we will set b = 0 to simplify the calculations. In the end our results will
apply also for b # 0. Displaying only the order o/-terms that are not trivially invariant
under the YB deformation we have from (2.33)

RO = —20% [ FP o (FIOFG)) | + FAF o (FOFS) + (4.3)

where the ellipsis denotes terms involving only F4pc, which are trivially invariant. Using
the invariance of the expressions in (4.1) we see that the r.h.s. is invariant. Therefore the
dilaton equation remains satisfied to order o’ for such deformations.

Varying the action (2.32) with respect to the generalized vielbein using (2.16) the terms
involving F 4, i.e. the first two terms, in R(~) (2.33) give the following contributions to the
equations of motion

20 = FO) [(0PF S + 05D F)FL | = (00 = Fo) [(0PFDC + o0 FP) |
+ (O FC 0 F ) (FOFS)) - (0°F T + 0V FO) e (FSIFS )
+20°FP + 0P FO) FHE W F ) — (A B) + ..., (4.4)

where we suppress terms that are manifestly invariant, i.e. constructed form the invariant
combinations in (4.1). The variation of the R? g-term in (2.33) gives rise to the terms

10° |0 FPFGL 4| +4FC(@0P = FPYRG hos — 407 | FPFLHIF O

+20 0 FC tr (FOFS ) — a0 FPFHE L FU)

+2FCF ) e (FOPFS ) 4 dFe FUHDCEF D 7O

_ 2]_—0]_—(++)DEA7—QS%CB _ 4‘/—_-C‘T_~(7)DEB7§’(*D)EC

+AFoFOPEOR) o — (A B)+..., (4.5)
where we have noted that using the definition (2.27) we have

FARDep =0 FAF ), — FAFSHFOE o+ (4.6)
Finally the variation of the C4pc-term in (2.33) gives
94 FC tr (}"j(g_)f(_)) _ Jré-l-)]:CDER(—J%AB _ 2;0;(++)DEB7‘2(D—E)CA
_ 4]:Cf(+)DEBRg,%CA — 0 [‘FD]:(—F—%-)CDE]_—E*XB

+2(0% = FO) |[FpFOOPE FL | + 2FcdP Fi p FOEC,
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+ 2F P FSFOEC  — FDopFOPEF )y — FoFpFHOPEFS)

A POy 2P e (FOVFY) 4+ FOR e (P
— FOFED e (FOPFS D) 4 2Fc FEDOPEF, FFL).

+ FeFOPFOF) FOD 4 2FCF FHBFDEC)

— (Ao B)+.... (4.7)

Now we need to add together these three potentially non-invariant contributions to the
equations of motion.

Using the Bianchi identity for F4 (2.9) and noting also that the second term in (4.4)
can be written

2057 (0 FPIFL )

=00 (FPFGoAF O  ap = 200 FPF g ) + 2FC0cFPF i + .

=00 (FPIFGpD + 2F el F O  ap) + 2FC0cFPF Jp + .. (48)
we find, after a bit of algebra, that all terms involving only }'Xr) can be eliminated leaving
the terms

SFCOPO Ffy Ly — AFOOP L) - PP,

C(+)ED() C DE()() DEC 5(+) (=)
—AFCF L FOP Fdy — 8FCF PP p0 ) e + 8FcFOPECO D F

+AFCOP [ F O  op) = SFOFPOV FL L — aFC0) FPFL
—AFOFPFG) FOE pp 4 AFCFPF B FL )y + AFc FpF ) FOCPE

- 8]:0]:(_)DEC}-/(1D )F}—IE:E)B - 8-7:0]:(_)DEC]:,(4_E)F]:(D_F)B

AT PO F)FO R P, PO 4, 7 T

—2F¢c (8(7)0}"”)1) + (0p — Fp)FHEPE _ pl= )EFC.F(+)D> ]:l()A)B

+2 (00D F) = FEFG ) o (F FO) — (A B + .. (4.9)

The last two terms drop out using the lowest order equations of motion (2.17). We now
rewrite the first term as

SfDaCa[(‘)fﬁ) ~8FP (97 FE b + 05 Fihe)
SJ:-Da[(D) (8( s )]_-(+) (8¢ - ]:C)J,—_—( V)‘C ]_'E(?})Bf(Jr)FEA) _ 4]_—D]_~J(B*Z;E)8E]:1(4+)
—AFPFL R0 D 4 8SFPF) 0 F OO —sFCFPO VG
+AFpF 08 FOED 4 s Fp FOEIPYO FL L aFP FLOPoC L
—4FPFOE LaCFG)  _8FP(9C — FC) (8[“ Fohp + 0 >fg+]gc)
—8FeFOPE (o DFGhp + 05 Fithe) + - (4.10)

— 14 —



The first term vanishes by the lowest order equations of motion (2.17). In the last two
terms we can use the Bianchi identity for Fapc (2.9), which implies in particular that

+ —
T e

~FREFD L FEPERC) L FWE, FOS)  (411)

2004 Foypp + 20

After a bit of algebra we are left with

[DIA]| ] BICE

_4fD}-é;)E <6§E*)fg ) 4 (8¢ - }-C)]_—](M)C ]:é;)E]:(—‘r)FCA)

SFPFSC (05 FS) + (07 = FEVFG Ly — FOP 7))

_ 4]_—E]_—(—)CDE (f,gl_D)Ffé‘})B _ _7:(+)FF](3}20 + ‘7:(++)F'7:1(?_1:23 + F(+)FAC‘F(B_D_F)'>
SEP RO, (o 4 0l P ) + AP R,

— AFOF e FhdpF ORI + aFCFOPE (o) — 05 Fidp + 00 F iy )
—aFCFC) L FS) FOPEE (A By ... (4.12)

The first two terms vanish by the lowest order equations of motion and the remaining terms
cancel using the Bianchi identity for F4pc. This completes the proof that the o/-correction
to the equations of motion can be cast in a manifestly invariant form provided that the
expressions in (4.1) are invariant. In particular this implies that if a YB deformation
preserves Weyl invariance at one-loop it also preserves it at two loops.

5 Conclusions

We have analyzed the conditions for a YB deformation of the bosonic/heterotic string
sigma-model to be Weyl-invariant at one loop, i.e. for the corresponding background to be
a (super)gravity solution. When (G + B),, of the undeformed background is invertible
one finds no solution in the inhomogeneous case (although our analysis for the YB model
with WZ-term is not quite complete). For a homogeneous deformation of a symmetric
space one finds that the distinguished Lie algebra element R™ f,.,'T; must belong to the
center of the algebra. We showed that, at least for rank R < 8, this in fact implies the
usual unimodularity condition R" f,s' = 0 of [12]. When (G + B),;, of the undeformed
background is non-invertible instead the unimodularity condition is replaced by the weaker
conditions (3.12), (3.20) together with the condition that K = ix B generate isometries of
the undeformed background G, H, ®. This is consistent with what has been seen in specific
examples [15, 16] and the conditions we find agree with those coming from an analysis of
generalized supergravity, see appendix E of [16], when specifying to YB deformations. We
have also seen that when these conditions are satisfied the deformation in fact preserves
Weyl-invariance at least to two loops, i.e. the background solves the low-energy effective
string equations including the first o/-correction.

Interestingly, while in the case of unimodular deformations the fact that the two-loop
equations are satisfied is trivial in the doubled formulation we are using, this is not the
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case for non-unimodular ones due to the shift of F4 by the generalized Killing vector K 4.
In fact it took quite a bit of work to show that the equations of motion can be cast in
a form where it is easy to see that they are invariant under the deformation. It would
be interesting to understand if one can improve the formulation so that the invariance is
manifest also in the non-unimodular case and, if so, what this implies for the structure of
higher-derivative corrections. Perhaps the natural starting point to analyzing this question
is the gauged version of DFT [20].

For unimodular YB deformations the first o/-correction to the deformed background
was derived in [19], also by using the doubled formulation. The same correction is valid
also for the non-unimodular examples discussed here.

It would be interesting to extend our analysis to the general case of inhomogeneous
YB deformation with WZ-term by relaxing the requirement that B is invariant under the
isometries. The conditions must become essentially the same in that case since they are
mostly fixed by the generalized supergravity analysis. It would be interesting to understand
if there exist any non-unimodular Weyl-invariant examples in that case. It seems unlikely
to be the case since R is much more constrained than in the homogeneous case.

Finally, it would be interesting to extend the present analysis to the case of Poisson-Lie
T-duality, for which the first o/-correction was recently found [38-40] using essentially the
same approach as for YB.
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Poisson-Lie duality is a generalization of Abelian and non-Abelian 7" duality, and it can be viewed as a
map between solutions of the low-energy effective equations of string theory, i.e., at the (super) gravity
level. We show that this fact extends to the next order in @ (two loops in 6-model perturbation theory)
provided that the map is corrected. The o« correction to the map is induced by the anomalous Lorentz
transformations of the fields that are necessary to go from a doubled O(D, D)-covariant formulation to the

usual (super)gravity description.

DOI: 10.1103/PhysRevLett.125.201603

Introduction.—The notion of T duality [1,2] is central in
string theory. It says that a closed string on a background
with Abelian isometries has another description as a string
on a dual background. In the simplest case of 7" duality on a
circle, the duality acts by inverting the radius of the circle.
More generally, backgrounds may have non-Abelian isom-
etry groups, and at least at the classical level there is indeed
a generalization to a non-Abelian version of T duality [3].
Unlike in the Abelian case, non-Abelian 7" duality (NATD)
does not generically preserve the isometries of the back-
ground, and it is therefore not obvious how to invert the
transformation. This problem was overcome by Klimcik
and Severa in [4,5]. They realized that the map can be made
invertible by relaxing the notion of isometry. One requires
the background to have instead so-called Poisson-Lie (PL)
symmetry, namely to possess vector fields wv;, with
[v;,v;] = —f:j*vs, under which the metric and B field of
the o-model transform as

El/‘,'an = _}‘jkivjpvqumqun’ (1)

where M,,, = G,,, — B,,, and f/*; are structure constants
of a dual Lie algebra. This more general notion of
symmetry allows to define a dual background (see below).
This construction became known as “Poisson-Lie T dual-
ity” since the group structure underlying it is that of a PL
group. The o models on the original and dual backgrounds
are classically equivalent being related by a canonical
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transformation [6]. When the dual structure constants f
vanish, »; generate standard isometries, and one recovers
(N)ATD.

At the world sheet quantum level, i.e., including string o
corrections, things are more subtle. While Abelian T
duality remains a symmetry of the world sheet conformal
field theory to all orders in o/, it was quickly realized that
NATD cannot be a symmetry at the quantum level [7]. At
best it can map one world sheet conformal field theory to
another—inequivalent—one. It can therefore be used to
generate new string backgrounds from old ones. Except for
an anomaly when dualizing nonunimodular groups [8,9],
this has been shown to work to zeroth order in ¢, i.e., at the
low-energy (supergravity) level of the string effective
equations, which corresponds to one loop order in o-model
perturbation theory. Similar results are known for PL
duality, see, e.g., [10,11]. It has been a long-standing
problem whether PL. and NATD can be extended beyond
this lowest order.

Here, we show that PL duality can be extended to order
a, ie., two loops in the o-model perturbation theory,
provided that the map is corrected. A special case of our
results gives the corrections to NATD. When specifying to
the Abelian case we recover the results of [12].

To find this correction we exploit a powerful formulation
of the string effective equations inspired from double field
theory (DFT). It has long been known that the bosonic
string compactified on a d torus has an O(d, d) T duality
symmetry [13]. DFT is a field theory where this symmetry
is made manifest form the start [14—18] and is therefore
well suited to working with 7" duality. This is achieved by
doubling the dimension of the physical manifold, and by
imposing a “section condition” which effectively elimi-
nates the dependence on half of the coordinates, giving the
correct dimension in the end (D = 26 for the bosonic string

Published by the American Physical Society
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and D = 10 for the superstring). Here, we always work
with the standard choice of section, so that the background
depends only on the physical coordinates. In this formu-
lation it is rather the dimension of the tangent space that is
doubled, and we have two copies of the Lorentz group
instead of one [19]. The standard Lorentz group is the
diagonal of the doubled one, and under this breaking the
equations of DFT reduce to the standard string effective
equations, at lowest order in . A crucial point is that at the
quantum level it is impossible to preserve both the O(D, D)
and the Lorentz covariance of the fields [20-23]. If we
insist on fields which transform nicely under 7" duality and
O(D,D), they must transform noncovariantly under
Lorentz transformations [24] (see [25] for another mani-
festation of this fact). The fact that the Lorentz trans-
formation of the fields receives corrections at order o
makes the discussion of the Lorentz invariance of the
theory nontrivial. But this can be turned into a virtue rather
than a shortcoming. In fact the & correction to the Lorentz
transformation fixes the correction to the DFT action [24].
Remarkably, this «-corrected O(D, D)-covariant action
correctly reproduces the @ corrections to the bosonic
and heterotic string effective actions [24].

Our strategy is to use the rewriting of PL duality in the
doubled language, where it takes a natural form, see, e.g.,
[26-30]. The basic fields of the formulation we use, the
“generalized fluxes,” turn out to be invariant under PL
duality. Since the string effective equations, including the
first o correction, can be written in terms of the generalized
fluxes [24,31], at least to this order PL duality maps
solutions of the doubled equations to solutions. At the
standard (super)gravity level there are in fact explicit
corrections to the PL duality rules. They arise from the
noncovariance of the doubled fields under the double
Lorentz transformation needed to gauge fix down to the
diagonal subgroup and to go to the standard (nondoubled)
description. See Fig. 1 for a summary. This strategy was
used in [32] to find the & correction to the “homogeneous
Yang-Baxter deformations” (related to NATD [33,34]) and

Double PL map

E.d E.d
A(M:Al JA(H:[\
E.d E.d
gauge ﬁxl lgauge fix
G.B.® w5

FIG. 1. Starting with the PL duality map for the doubled fields
(E, d), the map for the standard (super)gravity fields (G, B, @) is
obtained after a double Lorentz transformation (A*), A7) =
(A, 1) to set el*) = e(), thus breaking the double Lorentz group
down to its diagonal subgroup. The o corrections to the PL
duality map follow from the anomalous Lorentz transformations
of the fields.

it works for any O(D,D) transformation leaving the
generalized fluxes invariant.

Poisson-Lie duality.—In PL duality, f;;* and f", are
interpreted as structure constants of Lie groups denoted by
G and G. These are combined into a “Drinfel’d double” D
whose Lie algebra is generated by T, = (T;, T"), where T
are generators of Lie(G), and T’ of Lie(G). Obviously
Lie(G) and Lie(G) are subalgebras of D but there are also
mixed commutation relations

[T:.T;] = f;* T [T, T7) = f7, T*,
[Ti, Tj] = fjkiTk - fiijk' (2)

Importantly, D is endowed with the invariant symmetric
bilinear form (T, T;) defined by
(1.7))=(T".T) =0, (T.T)=5. (3)
Having introduced D we can now present PL duality as
an invertible map between an “original” background
(specified by a metric G,,,, a Kalb-Ramond field B,,,,
and a dilaton @) and another “dual” background (with
fields G,,,. B,y,, and ®). We split the coordinates of the
original background as x™ = (y°, x*), where y” are coor-
dinates on the group G to be dualized, and x* are
coordinates that play the role of spectators under the
dualization. Similarly, for the dual background we have
" = (§°,x*) with §° coordinates on G. The y and j
dependence is in fact encoded in the group elements g(y) €
G and §(y) € G featuring below. To present the map
between the original and dual backgrounds we first need
the fact that the condition (1) implies that M,,, = G,,, —
B,,, is of the form

M =UM(1 +1M)~'U7, (4)

where we suppressed matrix indices for readability. The
matrix U,," depends only on y and it is of block form with
nonvanishing components U,* = §,* and U,' = u,’, the
latter being the components of the Maurer-Cartan form u =
g 'vg = g 'dg = dy°u,'T; [35]. The matrix IT"* depends
only on y and its only nontrivial components are

IV = (Ad;'oPoAd,T', T7), (5)

where Ad,X = gXg~' and P is the projector on Lie(G).
Notice that in general IT # O thanks to the mixed commu-
tation relation of D if ¥/, # 0. The map between M, and
M,,, is achieved by relating both of them to M 15> @ Matrix
depending only on spectators x* and on which no other
condition is imposed [36]. The dual background M,,, is
obtained by [37]

M= U[(M+1T)P+ P\ (M P+P)T", (6)
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where U, = 5,*, U, = ii,;8'" and P, P project on indices
i, j and U, U, respectlvely As previously it = g 1dg =
dy°i, T is a Maurer-Cartan _form, and now Hlj =
<Adg‘ oPoAdgTi,T]), where P projects on Lie(G).
Finally, the dilatons of the two backgrounds are related
by [38]

(det G)!/?

(det G)!/?
detu '

—20
exp(=2®) det

= exp(—2®)

Taking G Abelian (f/, = 0) implies IT = 0 and Eq. (4)
simplifies to M = UMU T, encoding the usual conse-
quences of having isometries for M. Then parametrizing
the Abelian group as §= exp(le’) with §; = 5°5,; i
follows that ii,; = &,;, I1;; i = Yk fi* ;"> and from (6) and (7)
we recover the rules of NATD in the presence of spectators
[39]. Even simpler is the case when also G is Abelian
(f ijk =0) so that M is invariant under dim(G) U(1)
isometries. Then also IT = 0 and Eq. (6) implements dim
(G) factorized T dualities, reducing to the celebrated
Buscher rules when only one isometry is dualized.

Double formulation.—The nonlinear maps in (4) and (6)
admit a much simpler and linear formulation in the doubled
language, where one works with matrices O,," of dimen-
sion 2D x 2D. These are elements of the group O(D, D),
meaning that O, Oy2npy = nyy where

_( 0 5’”,,) (8)
NMun = 5.1 0 )

In fact let us construct the (inverse) “generalized vielbein”
which we parametrize as

1 e(Jr)anMnm e(+)um
— 7 ©)
V2 —e,(;)nMnm eﬁ,‘”"

where A is a flat index and M curved. We use similar
parametrizations for E,™ and E,*, adding tildes and dots.
Above, ¢*) are two possible vielbeins for the metric G,,,.
They are not necessarily equal and in general they are
related by a nontrivial Lorentz transformation. Each of
them transform under only one of the two copies of the
Lorentz group [distinguished by the (4) and (—)] arising in
the doubled formulation. The generalized vielbein is one of
the main ingredients of the “framelike formulation” of
DFT, and it will be important for our derivation of the
“unimodularity condition” (18) and the & corrections to PL
duality. It is straightforward to check that the relations (4)
and (6) are equivalent to the relations

EAM -

—E(1+ImU, E=EQ+IDU  (10)

where we suppressed indices. In our notation all dotted
quantities only depend on x*. The nonvanishing

components of I1zS and I1;" are agaln only IT¥ and H
and the antisymmetry properties IV = —IV" and H

I1;; imply that (1 +IT), (1 + IT) are elements of O(D, D)
The matrices U, are also elements of O(D,D) with
U =u’ LU =ut U =i, U, o = Ui, U, =U!", =
Z/{ V=11, = = 6,”. We are using a notation so that u? and
ﬁ"’ are the inverses of u,' and i1,;, respectively. To match
(4) and (6) with (10) one finds that the (4+) and (-)
vielbeins must transform differently

egli)m = égi)so(i)sr<U_l)rm’

Eg:t)m _ egi)sb(i)sr(f]—l)rm’ (11)
where
0(+)=1+MH, O(+)=P+(ﬁ+M)P,

Oy =1-MT,  O_=P+@-MP. (12

In both cases the (4+) and (—) vielbeins are then related by

(=)m

Lorentz transformations as e )" = AL egf) " and e, " =
A hNEf) where
A=etoorle,  A=ée"0,00e (13)

if we fix ¢ = ¢(+)
translated into

= o). Finally, the transformation (7) is

d+%logdetu:c'l:c~l+%logdetﬁ, (14)
where d, ii,Zi are called “generalized dilatons” and are
parametrized as in d = ® — %log detG [41].

PL duality as a map between string backgrounds.—The
double formulation is very useful because in this language
it is very simple to prove that the PL duality trans-
formation is a solution generating technique in string
theory, at least to leading and subleading order in the o
expansion. From E,M and d one can construct the
generalized fluxes

.FABC — 3E 3MEB Ec]

FA - EBMaMEBNEAN + 2EAM8Md, (15)
that are the dynamical fields of the framelike formulation
of DFT. In fact the DFT equations of motion can be written
only in terms of the above fluxes and their flat derivatives
0, F = E,M0,,F, both at leading and subleading order in

the o expansion [31]. Under the transformation (10) we
have

Fape = 3E,10,E" Ecy
+ 3E[AiEBjEC]kfijk + SE[AiEBjEC]k}jkiv (16)
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Fp=EPr0,EgNEqy +2E40,d
+Ey il = Eai(F7; + f 5 TVF). (17)

For the reader’s convenience we give the details of the
computation in the Supplemental Material [37]. The
results for the dual background are analogous upon
exchanging tilded and untilded quantities, and appropri-
ately raising or lowering i, j, k indices. Because of the
symmetry of (16) under this transformation, it immedi-
ately follows that F g = F 45c. Equation (17) instead is
not symmetric under this transformation, but it becomes
symmetric if we impose the tracelessness of the structure
constants

fif =0 Ji; =0, (18)
as detailed in the Supplemental Material. When this
“unimodularity condition” holds we have simply

Fo= E%0,ENEgy +2E00,d, (19)

and F,=F, immediately follows. Notice that not
only both fluxes but also their flat derivatives are
invariant under the PL transformation. In fact, since
they only depend on spectators x* it follows
that EAMaM‘F - EA”@,}— - EA”aﬂﬁ - EAMan:

If we start from a string background, or in other words
given a model with E,™ and d of the PL form (10) and (14)
that satisfies the doubled equations of motion to zeroth and
first order in o', we conclude that the dual model given by
E M and d also satisfies the same equations, at least when
(18) holds. This observation extends to higher orders under
the assumption that there exists a formulation of the string
effective action in terms of the generalized fluxes and their
flat derivatives [31] also at higher orders in ¢. This in turn
should be true as long as it is possible to make diffeo-
morphisms, B-field gauge transformations, and O(D, D)
symmetry manifest.

This is a proof that PL duality is a solution generating
technique in string theory at least when both structure
constants are traceless, as found already to lowest order in
[42]. When G is Abelian this condition reduces to the
unimodularity condition for NATD [8,9].

o corrections.—So far, we have shown that in the
doubled formulation the PL duality transformation works
and remains uncorrected at least to order o’. Note that the
assumption is that the DFT equations are satisfied without
the need of correcting the O(D, D) form (10) of the PL
transformation, and therefore only M and d in (10) and (14)
can depend on «'.

The description of the two models in terms of standard
(i.e., nondoubled) fields (G, B, ®) and (G, B, ®) is differ-
ent, and the PL duality transformation between these does
receive @ corrections. The reason is that when going from a

doubled to a standard (super)gravity formulation we must
first perform a double Lorentz transformation to set the two
vielbeins e(*) and e(~) equal [24]. At order o' the fields of
the doubled formulation transform noncovariantly under
local Lorentz transformations, and this induces extra o
corrections also for the standard fields. The situation is
illustrated in Fig. 1. Because of the noncovariance even
under the diagonal of the double Lorentz group, we say that
the reduction from the doubled to the standard formulation
picks a specific noncovariant “scheme,” which we call the
scheme of DFT. To translate our results into the covariant
schemes of [43—46] one must implement ' -dependent field
redefinitions. We provide a dictionary [47] in the
Supplemental Material [37].

The first & correction to M,,, induced by the compen-
sating double Lorentz transformation with A(*) and A
is [48]

-) 5 4(DFT DET
ab M + oAl M, (20)
where a = b = —d for the bosonic string and a = —a, b =

0 for the heterotic string (and a = b = 0 for type II). The
finite form of the anomalous transformations is [37]

1
AL M = (9, AN w0y = B
1
+ (0NN D, AN, 1)
where 02" = w,, > + 1H,,,” and w is the spin connection

for the vielbein e after the diagonal gauge fixing. The
WZW-like contribution to B is defined by

1
dBWVIW-(N) = —Etr(dAA‘ldAA‘ldAA‘l). (22)

The o corrections to the on'ginal model can be obtained,
for example, after choosing ¢ = ¢(~) and doing the double
Lorentz transformation on e¢(*) to achieve the diagonal
gauge with (A(H), A(2)) = (A, 1) and A given in (13) [49].
Then the correction is

= bA MOFT)
+dU(1 +MI)'AM(1 +TIM)'UT,  (23)

A M (DFT)

where the second term comes when expanding (4) with the
o corrections M — M + o/ AM. Notice that for the heter-
otic string (b = 0) the PL map is uncorrected in the DFT
scheme in the gauge ¢ = ¢(~) [50]. For the dual background
the same reasoning applies, and choosing & = ()
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AMDFT) — p ACH) jp(DFT)
A
+dU(MP+T1+P)"'AM(—PU~'M + PU").
(24)

The transformation of the dilatons follows from the fact
that the generalized dilaton (14) is not anomalous under
Lorentz [24] and that the parametrization in terms of
standard metric and dilaton holds to o order. Then

A®DOFD) — o/ Ad + %Gm"AGS,,DnFT),

) N
AP = o/ Ad + L G AG ", (25)

where we allowed an o correction d — d + o Ad.

We refer to the Supplemental Material for an example of
a computation of such o' corrections, and for Refs. [51,52].
When specifying the map to a single U(1) T duality,
Egs. (24) and (25) reproduce the rules written in [12] by
Kaloper and Meissner, as proved in [32].

Conclusions.—In this Letter, we employed the framelike
formulation of DFT to show that [when the conditions in
(18) hold] PL duality is a map between solutions of the low-
energy effective string equations at least to first order in
and quite possibly to all orders. We did this for a two-
parameter family of theories interpolating between the
bosonic and the heterotic string (when the gauge fields
and fermions of the latter are set to zero). It would be
interesting to generalize these results to the case in which
G, for example, is replaced by the coset G/H.

The importance of Egs. (23), (24), and (25) is twofold.
First, they provide the necessary quantum corrections to the
PL duality transformation rules in order to extend the map
to order . Second, they imply that the form of the o
corrections of backgrounds admitting PL symmetry is
strongly constrained by the PL symmetry itself [53]. In
particular, Egs. (23) and (25) can be interpreted as an
efficient way to compute o’ corrections for PL symmetric
backgrounds, since the only unknowns are AM and Ad,
and they can be found by imposing the order o' equations of
motion. This is much simpler than trying to compute the
corrections directly for M and ®. It would be interesting to
see if, when considering nonconformal ¢ models, the o
corrections that we find preserve the form of the g
functions.
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1 Introduction

Yang-Baxter deformations were originally constructed as deformations of the Principal Chi-
ral Model and (super)coset sigma models with the interesting property that they preserve
integrability [1-4]. The deformations are built using an R-matrix which solves the classical
Yang-Baxter equation (CYBE)

[RX,RY] — R([RX,Y]+[X,RY]) =*[X,Y], VX, Yeg, (1.1)

where ¢ = 0 gives the standard CYBE equation and ¢ # 0 corresponds to the modified
CYBE. We will consider only the ¢ = 0 case here, for which the deformed models are often
called homogeneous YB models. It was shown in [5, 6] that homogeneous deformations
can be generated using non-abelian T-duality. One simply adds a closed, non-degenerate,
B-field defined on a subalgebra of the isometry algebra and dualizes on that subalgebra.!
This construction means that these deformations can be defined for a general sigma model
as long as it admits isometries that can be dualized. In particular the YB deformation of
the Green-Schwarz superstring was constructed in [7]. A special case of this deformation

'From this construction one obtains a deformation of non-abelian T-duality, but it is possible to show
that a local field redefinition (i.e. a diffeomorphism in target space) plus a shift of the B-field permit to
rewrite the result as a homogeneous YB deformation. See [5, 6] for more details.



is when the isometries are abelian and in that case the deformed model is simply a T-
duality-shift-T-duality (TsT) transformation [8], which are usually called S-shifts or S-
transformations in the context of O(d,d).

Just as in non-abelian T-duality [9, 10], these models may in principle have a Weyl
anomaly. When the anomaly is present the target space fields do not solve the standard
supergravity equations but a generalization of these [11, 12]. Similar to the non-abelian T-
duality case this anomaly is absent if one requires the R-matrix to satisfy a unimodularity
condition [13]. This is the case we consider here although unimodularity is not a necessary
condition to avoid a Weyl anomaly [14-16].

The realization of homogeneous YB models using T-duality makes it natural to try to
describe these models using the O(d, d)-covariant language of Double Field Theory (DFT),
as was done starting with the work of [17]. In fact the YB deformations take the form
of a so-called f-transformation [14, 18] in O(d, d) language. This language is particularly
useful since, as we will show in this paper, unimodular homogeneous YB deformations leave
the generalized fluxes — the basic building blocks in the O(d, d)-covariant formalism —
invariant (see also [18, 19]). With this observation it becomes very simple to prove that the
deformed model solves the low-energy field equations, since those have an O(d, d)-covariant
formulation in terms of the generalized fluxes. In fact the same is true for the first o'-
correction to these equations as shown in [20]. Therefore it is also straightforward to argue
that YB-deformed bosonic strings® are Weyl invariant at least up to two loops. The fact
that all higher derivative corrections should respect the O(d, d) structure suggest that this
should even be true to all orders in o/, although a complete proof that the string effective
action can be written only in terms of generalized fluxes is not known to the authors.

Naively this argument may seem to suggest that the YB-deformed backgrounds should
not receive any o'-corrections beyond those coming from the intrinsic o’-dependence of
the original (i.e. undeformed) background. But this is at odds with the results of [21],
where non-trivial corrections were found working to second order in the expansion in the
deformation parameter. When focusing on the class of TsT transformations, it is also at
odds with the fact that abelian T-duality is known to receive o’-corrections, as was shown
in various works starting from [22-28], which would be expected to lead to corrections to
TsT. As we will explain in more detail in the rest of the paper, the resolution is that while
in the doubled formalism there is indeed no correction, corrections appear when one wants
to go from the doubled formalism to a standard (super)gravity formulation. In order to do
that one has to fix the double Lorentz gauge-invariance in such a way that the two vielbeins
that naturally exist in the doubled formulation are set equal. This requires a certain double
Lorentz transformation and — given that the fields of the doubled formulation have an
anomalous transformation® under double Lorentz transformations [33] — this induces an

2Note that while here we consider only the bosonic string for definiteness, very similar results hold for
the heterotic string. In fact they can both be treated at the same time by introducing parameters that
interpolate between the two as in for example [20]. Note that the relevant equations for the target space
fields for the bosonic string are the type II supergravity equations with RR fields set to zero. Therefore we
will often loosely refer to them as the (super)gravity equations.

3The fact that manifest O(d, d) symmetry requires the fields to transform non-covariantly was clarified
in the works [29-32].



extra o/-correction to the deformed background whose form we determine. A special case
of our formula gives the o’-correction to TsT transformations.

This discussion naturally connects also to the identification of o/-corrections to abelian
T-duality transformations, as mentioned above. We will discuss also this and comment on
the comparison to the results of [26]. Starting from the corrections to T-duality we will
be able to provide an independent way to obtain o/-corrections to TsT transformations,
which does not make use of the double O(d, d) formulation.

The outline of the paper is as follows. First we give a very brief introduction to the
concepts needed from the O(d, d)-covariant formulation as used in DFT. In section 3 we
describe what Yang-Baxter deformations are in this language and show that they leave
the generalized fluxes invariant. The o/-correction to these deformations induced by the
compensating anomalous Lorentz transformation is described in section 4. Section 5 focuses
on abelian T-duality and TsT transformations and we show that the results agree with those
obtained using the O(d, d)-covariant formulation. We end with some concluding comments.

2 O(d,d) covariant formulation of supergravity

We will take inspiration from DFT and use the O(d,d) covariant formulation of (su-
per)gravity. In particular we will work with the so-called frame-like formulation of DFT [34—
36] where the structure group is taken as two copies of the Lorentz group O(1,d — 1) x
O(d — 1,1). More details and references can be found in the reviews [37-39]. However,
unlike in DFT, we will always assume that the section condition is solved in the standard
way Oy = (0,0,,) so that we are really just working with a rewriting of supergravity. Here
we will actually consider only the NSNS sector as appropriate for the bosonic string.
In the frame-like formulation one writes the generalized metric in terms of generalized
(inverse) vielbeins
HMN = B, MHABERN (2.1)
n=(-1,1,...,1) in each
block. Coordinate indices are raised and lowered with the O(d, d) metric

™M =y = (01>, (2.2)

where HAP is block diagonal with the usual Minkowski metric

10

and flat indices with the metric

i 0
P =nap = <n _> . (2.3)
0 —n

The generalized metric can be parameterized in the form

Grn — BmkG*' By, B GF"
MN mn mk in Pmk
H :< g o ) (2.4)

in terms of the usual metric G and B-field. We take the generalized (inverse) vielbein to be

1 e(+)am — e(+)aanm e(+)am
Ba™ = ( (=) (“)m (2:5)

—€am — e(_)anm €a



()

Here e®) are two sets of vielbeins which transform independently as A& e() under the

two Lorentz-group factors. To go to the standard supergravity picture one fixes a gauge
e(t) = ¢(=) = ¢ leaving only one copy of the Lorentz-group.

An important object is the so-called generalized Weitzenbock connection, defined in
terms of the generalized vielbeins as

Qapc = EaMOomENEon . (2.6)
From this the generalized fluxes are constructed as
Fapc =3Qapc),  Fa=0Ppa+2B4M0nd, (2.7)

where d is the generalized dilaton related to the standard one as e=2d = 20 v—G. The
importance of these objects comes from the fact that the generalized fluxes are scalars under
generalized diffeomorphisms. This follows from the fact that a generalized diffeomorphism
is implemented by the generalized Lie derivative which acts on a vector field as

LxYM = XNoyyM (oM Xy — on XYV, (2.8)

The NSNS sector supergravity equations, or bosonic string low-energy effective equations,
can be expressed in terms of the generalized fluxes only. To do this we first introduce the
projectors

Py = % (mtH). (2.9)
Defining the following projections of the generalized fluxes
};%B)C = (P:F)AD(Pﬁ:)BE(P:I:)CF]:DEF, J:S[) = (P)APFg, (2.10)
they take the form*
(P1)a%(P-)s" 3()-7:D—(fE—aE)J:(_[;E—I—iFCEF.FDEF—%(]—"2)(;1) =0, (2.11)

1 1 1
R=—49, F Ao F  FOAL ZfACD}_BCDHAB - ﬁ]ﬂ - ngBC]'—ABC =0, (2.12)

where (F2)ap = FacpHOPHPY Fppr and F? = HAB(F?)4p. The last line defines the
generalized Ricci scalar and these equations of motion can be derived from the action

S = /dX e 2R . (2.13)

Let us emphasize again that for us this is just a convenient rewriting of the usual bosonic
string effective action and equations of motion at lowest order in /.

“Note that eq. (3.78) in [37] is not correct, since for example the Py P} projection does not vanish.



3 Yang-Baxter deformations in O(d, d) language

We first need to show how to write YB deformations in O(d, d) language at leading order in
o/, which will be needed later when discussing their o/-corrections. Under a YB deformation
we have (e.g. [7, 40])°

G-B—-G-B=(G-B)(1+06(G-B))" . (3.1)

The transformation of the dilaton is such that the generalized dilaton d is invariant. The
transformation of G and B is equivalent to the following transformation of the generalized
metric (2.4)

H—-H=0THL, by =0y +0u"Y, (3.2)
where
on’ = (8 @0 ) ;o O =ETEIR™, (3-3)

where k™ are Killing vectors of the undeformed background® and R" is a constant anti-
symmetric matrix satisfying (1.1) with ¢ = 0 (r,s are Lie algebra indices). Later we
will show that if we just impose that R is constant and anti-symmetric, the additional
property of satisfying the CYBE (1.1) will have a natural interpretation. The generalized
vielbein (2.5) then transforms as

EAM — EAM = EANhNM. (3.4)
Note that the two sets of vielbeins in (2.5) transform differently, namely

B = eI (571 = (B F GO (3.5)

This means that if we start from an undeformed background in a gauge such that e(t) =
e(=) = ¢, we will need to accompany the YB deformation by a generalized double Lorentz
transformation. We will keep &) invariant and transform &= by

(A=A =[1+(G-B)OL (1 - (B+G)O] )., (3.6)

in order to preserve the gauge é&(*) = &(=). At the (super)gravity level this is of no
concern since all objects transform covariantly, but when one considers o/-corrections this
transformation becomes important due to anomalous transformations of the fields, as we
will discuss in the next section.

Note that this is a reformulation of YB deformations in the form of an O(d,d) trans-
formation, in fact h has the form of a so-called -transformation or $-shift. It is not a
standard O(d, d) transformation, such as the ones under which the DFT action is invariant,

5We use a tilde to denote quantities after doing the deformation. We absorb the deformation parameter
(usually denoted by 1) into © to simplify the expressions.

5The assumption is that the Lie derivatives along k™ of the metric, the B-field and the dilaton of the
original background vanish. One could in principle relax the isometry condition on B by demanding only
that the Lie derivative of H vanishes, but we will not consider this generalization here.



though. This is first of all because ©™" is (in general) not constant and second, and more
importantly, because ©™" depends on the background itself since it is constructed using
Killing vectors. This is therefore not a symmetry but a map of a background to another
background, which is in fact a deformation of the first if we take © to be multiplied by a
small parameter.

It follows from the transformation of the generalized vielbein that the generalized
Weitzenbock connection (2.6) transforms as

Qape = Ea"hpMom Es" Eon + Ea"hp™ oph™ (W )" Es™ Ecp
= Qupc + EA"OLM0MEpN Eon + EA"hi M 0nOkNEB"EC™,  (3.7)
where we used the fact that any expression with two ©’s contracted (with ny/n) vanishes.

Now we use the fact that k, generate isometries, i.e. the generalized Lie derivative of E4M
and d along k, vanish”

A~ 1
kLo EAM + (0Mk,p — 0L kMYEAL =0,  kEogd= iaka . (3.8)

Using this fact one finds that the change of the generalized flux F4pc is proportional to
the YB equation for R in the form

oMK 90N = 0. (3.9)
Therefore Fapc is invariant under a YB deformation (see also [18, 19]8). For F4 we find
.7},4 =Fa— @LKGKEAL — aK@LKEAL + 2EAN@NM6MCL (3.10)

and using (3.8) we find

(3.11)

B —2V,@mn
Fa=Fa+EMAFy, AFy = ( VO@ > .

Therefore F4 is invariant precisely when the R-matrix is unimodular, since V,0""
fL.R™, and fL.R™ = 0 is the unimodularity condition of [13].

We have therefore shown that the generalized fluxes are invariant under unimodular
YB deformations. In fact their derivatives are also invariant since for example

OaFp = EaMOmTp — 0aFp — EANONM 00 Fp = 0aF5, (3.12)

because k:fn‘/fc?M.FB = Ly, Fp = 0 by isometry.
Since the (NSNS sector) supergravity equations of motion can be cast in terms of the
generalized fluxes and their derivatives, this is enough to conclude that they are invariant

"Recall that d is a density rather than a scalar, hence the non-zero r.h.s. in the second equation. Note
also that we are assuming the vielbeins and not just the metric to be invariant. This assumption was also
made in [7], whose derivation we rely on, but it should be possible to relax it. We comment more on this
in the next section.

8This is however at odds with [41].



under unimodular YB deformations. In other words such YB deformations map SUGRA
solutions to SUGRA solutions. Moreover, also the first o/-correction to the bosonic string
equations can be cast in terms of the generalized fluxes and their derivatives, and therefore
our argument shows that in fact the YB deformation preserves Weyl invariance at least
to two loops.? In fact one would expect that all a’-corrections to the equations can be
expressed in O(d,d) covariant form, which probably means they can be written only in
terms of the generalized fluxes and their derivatives. If this is the case then our argument
implies that YB deformations of the bosonic string preserve Weyl-invariance to all loops, i.e.
they map a consistent bosonic string to another consistent bosonic string to all orders in o’.

4 The o’-correction to YB deformations

Our general argument above has shown that YB deformations preserve two-loop Weyl in-
variance for the bosonic string. In fact they seem to require no additional o’-corrections to
the background besides those that are induced from the corrections to the original back-
ground. Here we want to understand how this fits with the results of [21] where additional
o/-corrections were found for YB deformations. The resolution is that the additional o'-
corrections are indeed absent in the O(d, d) covariant approach, but when one goes down to
a standard supergravity formulation one has to fix the double Lorentz symmetry by fixing
e(t) = ¢(=) = ¢. The double Lorentz transformation required to do this induces, via the
anomalous transformation of the generalized vielbein at order o/, additional o’-corrections
to the YB deformed model. Let us now see how this works.

It was shown in [33] that at order o/ the generalized vielbein acquires an anomalous
transformation under (double) Lorentz transformations. The transformation of the vielbein
is given by!"

OEAM = - AP Ep™ + o/ 5BsM, BN = (0P FL)C — o AP FC) BFM
(4.1)

where A\c? are parameters of an infinitesimal double Lorentz transformation and the second

) =

(P1)aB0p. After fixing the gauge e(*) = e(=) = ¢ the non-zero components of F(*) are [33]

term is the anomalous piece. Note that we have defined the projected derivatives Gj(f

mn, ,(+)ab mn, \—
]:(-i-)ab — 1 G w’fl ) f(_) — 1 G wfmg (4'2)
M 2\ —(1-BG), ) Mab =2\ (14 BG)w' ) |7
where wﬁ,jf Jed _ Wi + %HmCd, and the spin-connection is related to the vielbein and the

Christoffel symbols I'},, as

d

_,n d
Wime" = €' Omen

— TP el (4.3)

9The action was written in terms of the fluxes in [20]. But the variation of the generalized fluxes are again
expressed in terms of the generalized fluxes which shows that the equations of motion are also expressed in
this way, which is all we need.

1%We are specifying here to the case of the bosonic string by setting a = b = —a’ in the formulas of [33].



This leads to the anomalous infinitesimal transformations!!

"= 1 1

_ cd, (+) —ed, ()
6Gon = —58<mA(” Wnyod ~ ia(mx ) Wpyed (4.4)
N5, 1 cd, (+) 1 —ed, (=)
O Brnn = 50[m/\(+) “nled ~ ia[m)\( : “njed (45)
Of course, after fixing the gauge et) = e(-) = ¢ only the transformations with

A+ = A(5) = X remain and the anomalous Lorentz transformations of the fields become
Sémn = _8(mAden)cd7 (4.6)

OByn = %a[mAcdHn]cd. (4.7)

We see from these expressions that we can define new fields that transform non-anomalously
by12

~ 1 3

G%T) = Gmn + o <2wmcdwn0d + 8Hmlenkl> s (4.8)
— a/

pMT) _ B 4 = Hedfmton ed (4.9)

The explicit non-covariant terms are constructed such as to cancel the anomalous Lorentz
transformations. Notice that the above redefinitions also fix the finite form of the anoma-
lous Lorentz transformations of G, B.

4.1 Compensating anomalous transformation

When we are dealing with the YB deformation it is crucial to remember the compensating
double Lorentz transformation needed to make ét) = &(=) given by (3.6). Setting A =0
and A(=) = X in (4.5) we find that this induces an extra transformation of the fields at

order o given by'3

] 1. cop (o . 1, ~edge(-

0Gum = —50mABY )y OBun =~ 0m A (4.10)
We now need the finite form of the transformation since we are doing a finite transformation
A = e given by (3.6). To find it we use the same strategy as above. We redefine G' and
B by terms involving the spin connection in such a way that the new fields do not have

" The bar on the fields is to emphasize that these are the fields coming from the doubled formulation
and which have an anomalous Lorentz transformation. Below we will define unbarred fields that transform
covariantly.

12We have included an extra shift of Gy, by HZ, to go to the scheme of Metsaev and Tseytlin (MT),
see [33] and appendix A.

13n (4.5) we assumed e = (=) = ¢ and we were doing a double Lorentz transformation from that
(+)

starting point. Here we can use the same logic, assuming that we start from the gauge '™/ = é=) = ¢ for

a YB deformation and go back to the situation where &) = & and é7) = AT¢ as in (3.5). In this way we
construct the inverse of the anomalous transformation we want. We remind that wi)® = w,,° & %Hm“l,
so that the (£) on the torsionful spin-connection should not be confused with the (£) on the two vielbeins

coming from DFT. Setting A(t) = 0 means that for the deformed model we take & = &),



any anomalous transformation. From this one can then read off the finite form of the

transformation.

For G,y this is easily done by noting that G, + %@ﬁ; )Cdcbﬁ;% is invariant under the

above transformation and so the finite transformation for G is'*

- 1, < ed o~ (— 1 s, Tredri o
ScompChn = —5[A0n A" 1ol + 180, AT 180,87 . (4.11)
For B,,, things are more subtle because a similar term %LD[(”:)Cchi}_C)d vanishes by anti-

symmetry. The part involving H in w(~) can be integrated as before, while the part
involving w can be found by the following trick. Consider the anomalous transformation
of H = dB instead. One finds that H transforms like the Chern-Simons form for w

6H = —iéCS(w) = —iétr <wdw + gwww) . (4.12)
The finite transformation of the CS form is
5CS(w) = d(AdATw) — %tr([\Td]\f\Td]\ATdf\) . (4.13)
This implies that the transformation of B can be taken to be

Scomp Bmn = —%[Aa[mAT]defﬂ*C )+ BWVIW (4.14)

where BWZW is defined by
1 o e
dBVEW — — —_tr(ATdAATdAAT dA) . (4.15)
12

Now that we have found the pieces induced by the compensating double Lorentz transfor-
mation we are ready to write the a/-correction to the YB-transformed metric and B-field.
4.2 The correction to Yang-Baxter deformations

Putting everything together the o'-correction to the YB-deformed background in the
scheme of Hull and Townsend is'?

§(G — B)WTD) = %a;;c; (@gﬂcd - [AanAT]Cd> + %amﬁcdan[xcd — BYW 4 §(G — By,
(4.16)

SH(HT) — %éklaékl + %(Eﬂ _HY). (4.17)

The correction to the dilaton follows from the fact that in the HT scheme when
¢ = MHT) _ ﬁa’ H? the combination e 2%y/=@ is invariant under YB deformations, up

1Recall that we are computing minus the anomalous transformation we are after.
158ee appendix A for the field redefinitions connecting all schemes. Here we set the parameter ¢ of Hull
and Townsend to zero.



to order o/ included'® [21]. The term ¢'(G' — B) takes into account the scheme-change of
the undeformed background!”

m ned

5(G = B)yn = —%w(_)“le ) (4.18)

needed to relate the HT scheme to the O(d,d) covariant scheme (see appendix A) and it
takes the form

§'(G = B = [1+(G—-B)©)'6(G - B)(1+06(G - B)™ '] (4.19)

mn
Note that in addition to this, one has the o/-corrections to the original background, which
will need to be included in (3.1) and will therefore induce a term of the same form — where
now 0(G — B) is the correction to the original background.

It is important to stress that our derivation assumes that the B-field and vielbein of the
undeformed background are invariant under the isometries generated by the Killing vectors
entering ©. When there is no gauge where this is possible, equations (4.16) and (4.17) do
not necessarily lead to a background solving the o/-corrected supergravity equations. See
however the next subsection.

The spin connection for the YB deformed background entering these expressions is
computed using the vielbein é = &) defined in (3.5) and is given by

O (EH)) = WP+ [(BFG)O) 9 (1 — (BFG)0) 1), —e®alkleg®big, &), . (4.20)

To see that (4.16) and (4.17) reproduces the results found in [21] one sets B = 0 and
expands to order ©2 obtaining

6Gmn = —Vm0%V 04, — V,0%V .04, + O(04) (4.21)

5 Bon = 201, (wn]cdecd) OB+ O(0%) (4.22)
~ 1

5P = Evmea,lvmecd — gvm@cdvc@dm +0(0%), (4.23)

which, up to a diffeomorphism and B-field gauge transformation, is the same as in [21].
Note that one has to use the fact that the isometry of the vielbein implies that

ipw® = —Vekb. (4.24)

It is worth noting that in the case of a single TsT transformation the correction sim-
plifies. Recall that, given two isometric coordinates y1, y2, a TsT transformation is imple-
mented by the sequence of T-duality y; — T'(y1) followed by a shift yo — yo—nT'(y1) and by
another T-duality T'(y1) — y1. It is understood as a special case of YB with © = nky A ko,
where k; = 0, are Killing vectors. The above correction simplifies in the TsT case since
BWYZW vanishes. This follows by noting that A = 1+ 20([1 — (B + G)©]~') which means
that when © has rank 2 the Lorentz transformation is only non-trivial in a 2 x 2 block. In
this block it is e with A an anti-symmetric 2 x 2 matrix. Since such a matrix only has one
independent component, the r.h.s. of (4.15) vanishes.

5Notice that @’ is in fact the dilaton in the HT scheme at ¢ = 1/6.

(=)ed ~(+)

"For the same reason we have also a 3@, * “’@,,) term in the correction above, generated by the scheme-

change after the deformation.
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4.3 Manifestly covariant form of the correction

The expression (4.16) for the o'-correction is not manifestly covariant but one can show
that it is nevertheless covariant. We start by noting that!®

@b — _glalklghllg, (G + B, + %é[“‘k‘éb]lvm(é + B — Vil(G — B)O)H (1 + (G — B)O] ™),
(4.25)
where @& = &) — w. With a bit of algebra one finds

)= 5 VB (G~ B)VnO(G+ B)lea+[1+(G~ B)O] sy (V*BA+O(G—B)
+[14(G=B)Ol iy (G~ B)V*O(1+(G~B)O) (G~ B)) g

= S Hoea= X (G B)1+6(G~B)) i, (4.26)

where we have defined?
1 1
Xy = 5 ViOad = V(O = iHcdl@lk (4.27)

and we used the YB equation in the last term of the first expression and also the isometry
of B in the next to last term. A similar calculation gives

- ~ - ~ 1 _
A& IR+ AT ViRea = =5 Hiea + X NG +B)Y1-0(G+B) .  (4.28)

Using these expressions we find that (4.16) can be written instead as

- - 1 ~ ~ 1 . ~ - 1
8(C = Bl = = VnA“Vulea = B VW 4 2V, AAT] <X,§jd>(a — Bk, — 2Hmd>
+ %[ATWA]Cd (X,g;;@ _B)k - ;Hmd) (4.29)

b (Aeht, - o) {@ BN Hyg 4 (G - B X He
~2(CG - B)" X7 x5 (G - BY - %Hmef and] :
where G — B is given by (3.1) and we have defined
B WA = BWIY — tr (1 AV A7) + o (AT, A) (4.30)

The correction to the dilaton is still given by (4.17). All terms except B""W2W are now
manifestly covariant. For the latter the identity

r (IATVAP) — i ([ATdAJ?) = —gdtr (wlgAAT + ATaA]) - gwr (w[VART + ATVA])

+ 3tr (R[VMT + ]\Tv]\]) , (4.31)

8Here and in the following the covariant derivative is the one for the undeformed metric G. Moreover,
unless written explicitly otherwise, one should use the undeformed vielbein to go from curved to flat indices.

!9When the vielbeins are invariant under the isometries, (4.24) gives w;:i)@lk = X,ifd).

- 11 -



where R = dw + w A w is the curvature 2-form, implies
apeo-waw L (A7VAF) + L (RIVAAY + A7VA)) . (4.32)
12 4

Therefore also the transformation of B is covariant (up to B-field gauge transformations).

The manifestly covariant form of the correction given by (4.29) is actually more useful
than the original form (4.16). The reason is that our derivation has assumed that the
vielbeins are invariant under the isometries used to construct O, and therefore (4.16) is
valid only in this case. Being covariant, (4.29) is valid also when the vielbeins are not
invariant under the isometries, as long as there exists a gauge in which they are invariant.
In fact, even though it is not guaranteed by our construction, these expressions can be
valid more generally, i.e. even in cases where it is not possible to find a gauge in which the
vielbeins are invariant. We mention one such example below.

4.4 Tests on examples

We have tested the formulas (4.16), (4.17) for o'-corrections to YB deformations on a
number of examples, to check that they generate backgrounds solving the o'-corrected
supergravity equations. First we worked out deformations of a Bianchi II background first
considered in [21]. We tested our results both on the abelian deformations © = k; A k4
and © = k9 A k3, and on the non-abelian deformation © = k1 A kg + ko A k3. We refer
to [21] for the o'-correction of the undeformed background and for the definition of the
Killing vectors k;, whose non-trivial commutation relations are just [k1, k2] = k3. On this
Bianchi II example we find that BW%W is trivial even when considering the non-abelian
deformation.

We worked out also deformations of the pure NSNS AdS3z x S3 background.?’ Its
YB deformations were classified in [16]. We worked out various abelian deformations
corresponding to TsT transformations on the sphere, on AdS, or mixing the two spaces.
We worked out also the non-abelian deformation generated by © = (ko+ ko) Aks+ki Ak_.
Here k; is a Killing vector on the sphere and we refer to [16] for the definitions we use for
the AdS Killing vectors. In this case we cannot immediately apply (4.16) because it is not
possible to find a vielbein for the AdSs metric that is invariant under all the isometries
entering ©. We can anyway obtain a’-corrections for this non-abelian deformation if we use
the covariant formula (4.29). Alternatively, we can interpret this particular deformation
as a non-commuting sequence of TsT transformations. Doing so, we can first work out the
o'-corrected abelian deformation generated by © = ky A k_, and after doing that we can
work out the abelian deformation © = (kg + ko) A k.2t

20The o' corrections of the undeformed background are simply obtained by multiplying metric and B-field
by 1+ 2a’ on the AdS part and by 1 — 2a’ on the sphere part.

21 After doing the first abelian deformation, and before applying the second one, one has to carefully
choose the vielbein such that it is invariant under the ko + ko isometry. At this stage it is not necessary

anymore to impose the invariance under k4, k_, which is what saves the day in this approach.

- 12 —



5 T-duality and TsT transformations

Abelian T-duality transformations are another class of O(d, d) transformations and we can
follow exactly the reasoning in section 4 to obtain their o’-corrections. When we remain
in the non-covariant scheme that comes from DFT, the corrections to the dualized metric
and B-field will be given again by the formula (a hat on the field is used to denote the
T-dualization)

~ ~ 1 _ ~ ~ 1 ~ ~
5(G — B)yn = _§afn ) (A9, A7) 4 1Onh 0,8 = BTV, (5.1)

where now the Lorentz matrix is
Al =60 — QGZ;yleyaeyb. (5.2)

We are assuming that we are dualising along the coordinate y and expressions for the cor-
rections in other schemes will be obtained by implementing the relevant field redefinitions,
see appendix A.

In [42] o/-corrections to the T-duality rules from the DFT formulation were also dis-
cussed. There however instead of writing the generic form of the corrections in terms of
the finite form of the Lorentz transformation as above, it was noted that A reduces to a
constant?? when choosing a specific gauge for the vielbein??

en =e,", e, =0, e, =€V, e, =¢€7. (5.3)
Here we are rewriting the fields in terms of fields of a dimensional reduction

ds? = Gnda™dz" = gy, datdz” 4 €2 (dy + V)2,

1 1 1
B = Qandxm Adx" = ibwd:z;“ Ndz” + §W ANV +W Ady, (5.4)
1

Since A is constant the anomalous Lorentz transformation is trivial in this gauge, and also
the o'-corrections to T-duality will be trivial.?* (Note that while it is possible to avoid
corrections for a single T-duality it is not possible in general for more than one T-duality,
as shown in [43].) In [42] this observation was used to obtain the o/-corrections to the T-
duality rules in the scheme of Bergshoeff and de Roo (BR) [44, 45]. We use this result as a

2Tt is A = diag(—1,1,...,1) where the dualized coordinate is placed first.

ZFor curved indices we take m = y,  and similarly we also have flat indices a = ¢, . We denote by e,,“
the vielbein for the reduced metric g, appearing below.

ZImportantly, this statement is gauge dependent, in accordance with the fact that the scheme under
discussion is not Lorentz-covariant. Covariant schemes such as HT or MT will not have this type of
gauge ambiguity.
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starting point to write below the T-duality rules to 2 loops in a family of different schemes.
A a4 2 1
6=—0+ <a1 ) —|—2a5+2’y+> (Do)”— 3 (a1+4ag—as—27v4)
1
x (TVAVa 4T TTWNWY, ) = (7 —ag) VWi, (5.5)
R 1 620' A
VM = WM+§ (7_;,_ —b3+a5) W@O{WMO/B—FT (—4a2+2b1 +b3+7+) hMPV P4
1 1
+ Z (6a1 —aq+4as+4by —2by+4bs +4’y+) WuprU-i- 5 (CL4 —2b2) WNPDP(ZS_

1 1 1
——(a1+2b1) Dqup‘§ (v——ag) (620V5awua6+2hu)\pW)‘p—2€20VMprO'> , (5.6)

\V)

—20

R 1 e
Wy=V,— 3 (v4+—bs+as) Vgawuaﬂ —

1
(6a1 —ag+4as+4by —2by+4bs —1—47_,_) VHPD'DO'— B (a4—2b2) Vupr(ﬁ-i-

(—4ag+2b1+b3+7+) h“ApWA’H—

+

DO = | =

1 1
+=(a1+2b1) D”Vup+§ (y——ag) <e_2"W/3°‘WW5—|-QhW\pV’\p+26_20Wupro> ,
(5.7)

A 1
bd=c¢p— I (a1 —4as—as+4c1+48c2) (eQJV,\pV)‘p—e_%W,\pWA”) +

+% (a1 —8c1+2¢4) D%o— % (ag—4c3—4cq)D,yoDPg, (5.8)
G = gwj—% (a1+4as+as) (engupV,,p—e_%WupW,,p) +

+(—2a1+a4)D,Dyo+2a3D(,0D,)9, (5.9)
by = by —% (v+—bs+as) (Vﬁaw[uaﬁ W, = W5 w0 Vy]) +

+ = (a1+2by) (DPW,,(,V, — DV, , W,)) +

F— (dag—2b1 —by— 4 ) (eQUVWh,,] AV =W, by, ApWAP) +(2b1+b2) hy,DPo+

+
I Y I R N e N N VI

(*6&1 +ayq —4as—4by +2by —4bs *4’Y+) (‘/[;LWy]prO-+W[uV1/]prU) —

(a4 —2b2) (V[qu/]pDPQb_ W[uVV]pr¢) =203V, Wy )0+

+

— 20 (0% a « 1
(v——ag) (e 2 W3 W[WﬁI/V,,]—e2 Vs W[WBVV]—§W)‘ph,\p[MV,,]+

1 _
+§V>\ph>\p[MWl,]—2€ QUW[MWV][,D'DO'—QGQUWMVV]9D90> . (5.10)
Setting o/ — 0 they reduce to the Buscher rules that in terms of these fields read sim-
ply as ¢ =+ —o and V <+ W. Here D denotes the covariant derivative with respect to
the reduced metric g,,, and WW/B is the reduced spin-connection. We have also defined
1
VMV = 8MVV — BVVM, WMV = 6MWV — 8VWM and h,uup = 3(8[ubl/p] — %W[wjvp] — §V[uqu]) =
Hywp — 3W,, V,. Apart from the order-o/ parameters v+ needed to interpolate between
the bosonic and the heterotic strings (see appendix A), the T-duality rules depend on co-
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efficients a;, b;, ¢; (that are also of order o) so that they are valid for any scheme related
to the one of BR by these field redefinitions

Gmn = GSEVIL{) —a1Rmn —angnn —a3Vp, ®V, @ —ayVy, V, @ _QSmeawnab - a6w(maan)ab >
Bn = BN —b1 VP Hypp — b0 Hypop VP @ — bwiy, " Hypp (5.11)
d=0BR Ry H?—3V,0VPD — 4 V2D,

By turning on these coefficients we can cover all schemes typically considered in the liter-
ature, see appendix A for the field redefinitions relating them.2°

As expected, it is possible to tune the coefficients in order to set to zero all corrections
to the T-duality transformations. For generic v4 it is enough to set

a a
agz—zl+%, a3=0, as=2a1, as=—7vy4, ag="—, 61:—51,
o e o (5.12)
b = aj 5320 62:_71_71 C3:a1—401 C4=4Cl—f1
2 ) ) 24 127 ’ 9

and T-duality reduces to the Buscher rules even to 2 loops. We will denote the fields in this
(gauge-fixed) scheme by G’, B', ®. When specifying to the bosonic string (v = o//2,vy- =
0), they are related to the HT scheme by?®

Gl = GBI — %Oz’w(f)“bw(ﬂ =GHD 1 o <;wmabwf§b Ll ) :

(m n)ab — T mn ] mn
g —pun Lo e 0 - pury Loy — (5.13)
mn mn 2 [m njab mn 2 ablm®n]

o = eHT) a'ﬂ[{?
24 '

This matches with the field redefinitions that we would write for G, B, ® as expected. The
difference is that here we are also imposing the specific gauge (5.3) and for that reason we
denote the fields differently.

The rules above can be compared to the ones first derived by Kaloper and Meissner
in [26] for the bosonic string (y+ = a’/2, v— = 0). The scheme used is obtained setting the
coefficients to

, o o o o 5a/ a

a;) =« CLQ:*Z’ blZ*?, b3:57 Clzg 02:*% 03:*5, (514)

Z5Writing the rules for generic a;, b;, ¢; coefficients as above, or in other words translating them into new
schemes starting from a given one, is straightforward although it requires work to compute all tensors in
the dimensional reduction. After that is done we can start from scheme A where 64 = —¢) 4+ o/¢, for
some £. To obtain the rules in scheme B related as oB) =M 4 o/s for some s, we just have to compute
6B =60 1 0/5 = - 4o/ (E+5) = 0P + /(€ + 5+ s). Notice that the fields themselves may have
some explicit o’-dependence. In this example the field o is odd under Buscher rules, and then the shift in
the corrections § + s is even. Fields even under Buscher receive corrections that are odd.

26Here we are further setting a1 = ¢; = 0. Turning on a1, ¢; would introduce terms that vanish by means
of 1-loop equations.
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and the rest of them equal to zero. To match results, one has to take into account the
possibility of transforming the reduced fields by doing diffeomorphisms and gauge trans-
formations. Under such symmetries, the T-dual reduced fields transform as:

V= V4ad (LW +dv) (5.15)

W — W+ (LV + dw) (5.16)
A A 1 1
b%b+o/(£§b+dﬁ+2V/\dv+2W/\dw), (5.17)

and the remaining fields transform normally under diffemorphisms. We are restricting to
transformations which are first order in o/, both for diffeomorphims and gauge transforma-
tions. The dw and df terms come from gauge transformations of the B field with parameter
Budxt + w dy, while v appears when including diffeomorphisms of the form y — y + o/v.
Choosing the following set of parameters

1 1
¢'=D"o, w=-V,D'0, v=-W,D"0, p.= <bW2VMW,,2WuVZ,> D”0, (5.18)

we obtain the following set of rules

O/ 620 6720
6=—0+5 [4VAPVA/’ + TWAPWAP +2 (Da)ﬂ , (5.19)
R O/ 620
Vi=Wut [Qhwv” i+ QWMPDPU} : (5.20)
. Ct/ 6720’
Wy=Vu—= [Qhwww — 2VWDPJ] : (5.21)

by = by + [V[uqu1p = (ViWayp + WuVyy,) Do

20 —20
e A e
— il VY A+

Wby A,,WAP] : (5.22)

and both g, and ¢ remain invariant. These match with the rules given by Kaloper and
Meissner in [26] up to the sign of the o/ correction of the b field.?”

Diffeomorphisms and gauge transformations of the reduced fields can also be used to
simplify the rules and to obtain some nice expressions for the T-duality rules without the
need of the dimensional reduction. We do this in a Lorentz-covariant scheme, the HT
scheme for the bosonic string introduced in (5.13) where we fix ¢ = —1/3. Using the same
parameters for the transformations presented in the previous paragraph, it is possible to

*"The fact that this is a typo in [26] is confirmed by the fact that there (4.9) and (4.11) are not compatible.
For the field H of [26] (here h) which is even under T-duality at leading order in o/, the correction to the
T-duality transformation should rather be —2 the expression in (4.9). For odd fields the same contribution
would be instead multiplied by +2. This easily follows from the first calculation they do to remove by a field
redefinition the part of the action that is odd under T-duality, which is later reinterpreted as a correction
to the T-duality transformation. Since the expressions in [46] agree with those in [26] we disagree also with
that paper.
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obtain the following rules for the T-duality transformation?

R 1 N M N M
My=—, M, =% M,,=-"F 5.23
vy Myy ’ Yyp Myy ’ Hy Myy ’ ( )
N M, M, 1 1 -
My, = M, — —2~0 R — — R (5.24)
224 1224 Myy M. y Hyvy » Hyry
. 1 ! .
&=~ logM,, - % [R(_) - R(‘)] : (5.25)
In these expressions
- )b e ()b
R(). = 23@#}2}&) + 2w[(m3fw1(1]c) (5.26)

is the Riemann tensor constructed from the torsionful connection w(~), R(=) the corre-
sponding Ricci scalar and M,,,;, = G — Bmn. Note also that the dual appears explicitly
in the o’ corrections but, to the order needed, it can be calculated using just the standard
Buscher rules.

5.1 Corrections to TsT transformations

The fact that there exists a (gauge-fixed) scheme — for the sake of the discussion we will
call it the “Buscher scheme” — such that T-duality is given just by the Buscher rules is
useful. Here we use it to obtain an expression for o/-corrections to TsT transformations
that does not necessarily use all the knowledge of DF'T. TsT transformations are a special
case of YB deformations, and we will show that the result agrees with that in section 4.
In order to do the TsT transformation we assume that there are two U(1) isometries
with corresponding coordinates y; and ¥y, and to avoid burdening the notation we will
continue labelling by z* the rest of the coordinates.?? We will do a T-duality y; —
T(y1) followed by a shift yo2 — y2 — nT'(y1) and by another T-duality T'(y;) — yi. TsT
transformations are special cases of YB if we take © = nk; A k2, where k; = 0,, are Killing
vectors. Each step will be performed in the scheme that is most convenient. Therefore,
when doing T-duality we will prefer to move to the Buscher scheme, while when doing the
shift we will prefer to go to a covariant scheme. We will show that the o/-corrections to TsT
transformations can be understood as arising from these shifts coming from the scheme
changes. Because these scheme-changing shifts arise at intermediate steps, we will have to
look at how they are further modified by the remaining steps in the TsT transformation.
Suppose we start from the HT scheme. In order to do the first T-duality on y; we
find convenient to first go to the Buscher scheme. This is achieved by implementing the
redefinitions (5.13) after taking care of choosing the vielbein as in (5.3). This effectively
shifts the fields at order o as 81 (Gyn—Bmn) = —%w(_a)bwﬁ')ab. We can immediately account
for this contribution in the final result: because we will have to do a TsT transformation
including this contribution ¢; (and we only care about the order ') we are essentially
shifting the original metric and B-field as G — B — G — B + §1(G — B) appearing in the

28Here 1-loop equations of motion were used to simplify the form of the corrections.
29The reader should be careful, since when doing T-duality along y; the coordinate y» should be treated
on the same footing as " when using the T-duality rules (5.5).
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map (3.1). After expanding to first order in o/ we obtain the first contribution to the
correction of the final result

= 510+ (G = B)O) Pl e (1 + ©(G = B) . (5.27)

While in the Buscher scheme we can easily do the first T-duality on y; because we just need
to use the Buscher rules. Notice that under Buscher the gauge choice (5.3) is preserved.

To perform the shift it is more convenient to go back to the HT scheme, which is
covariant. That means that we will have to use (5.13) again, although now it will be done
using the data of the T-dual background 62(C¥mn — an) = +§(IJ7(; a)bd’r(l )2 A hat is used
to denote that the first T-dualization has already been done. Notice that under the first
T-duality and shift, the vielbein e,,* (in matrix form) changes as

e 0 0 e 0 0 e (1 —nWy,) —ney,? —ney,®
e7Vy, ey,” ey, L e TWy, ey, e,® = e Wy, e’ ey
eV, e,f e, Wy eM2 e, e W, eM2 ey
(5.28)

The shift is spoiling the choice (5.3) for the vielbein, and that is an important point
because we will want to restore this gauge before going back to the Buscher scheme and
implementing the last T-duality. To achieve it we implement the Lorentz transformation

em® — e’ Ly® where
1-—nWy, 1€’ /Gy yo 0

172 1/2
Lba = _WEQW 1_271%” 0 ’ where D =1 — nWy2 (2 - nWyz) + 77262Ugy2y2'
0 0 0p®
(5.29)
At this point one wants to go to the Buscl}er schefne, in order to perform the last T-duality,
which will produce a new correction 63(C¥mn — Emn) = %cbfga)b@( )% Now a double hat

is used to denote that a T-duality and a shift (followed by the compensating Lorentz
transformation) have been implemented. The contribution d (on which we implement the
effect of the shift) and d3 can be considered together. In fact all expressions from covariant
terms cancel out and we are left with

3(—w( ) (L7189,L)® — &) (L710,,L)% + (L *18mL)ab(L*18nL)“b>. (5.30)

9 mab Whab

In order to account for the effect of the last T-duality on the above expression one uses:
the fact that in the first two terms only (mn) # (y;y;) contribute, that in the summation
of a,b only 1,2 contribute, the fact that under T-duality

A C) oF) — 4 ,&) oF) = = ,&) AF) &)
Wug = TWug Yaus = +w Wau s Wap = :Fwwzﬁ’ Wapy = Wasy (531)

and finally that the last term in (5.30) vanishes if m or n are y;, so that it actually remains
the same after T-duality. After taking everything into account the result after the T-duality

is simply
5 (S50 — G (E 0 L) + (L O s (L0, 1)) (5.32)

A tilde denotes the quantities of the TsT-transformed background.
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After the last T-duality has been performed, we go back from Buscher to the HT scheme
using (5.13) obtaining the final contribution to the o/ corrections which is 84(Gyn — Bimn) =
_’_laj(*) (D(Jr)ab

2" mab™ M '

Collecting together all contributions we obtain the o' correction to the TsT deformed

background in the HT scheme

L (- - ~(+)a - a - — a
8(G = Bl = 5 (3l — (1 18mL)ab> (wﬁﬁ b4 (L710,L) ”) 4 (L 0 D)oy (L 00 L)

N =/~

[(1+ (G~ B)®) mPwl JwlH®[(1 + 6(G — B)) 1%, (5.33)
Because of the steps of TsT, the vielbein used to construct the above spin-connection of
the deformed model is defined as é,™ = L,%¢;™(1 — (G + B)O),,, where the undeformed
vielbein must respect (5.3), and one can check that the Lorentz transformation used here
is related to the one in (3.6) simply as L? = A. To compare to the result (4.16) we need
to use the same deformed vielbein used there, meaning that we should rather take e, =
(L), ey (1—(G+B)O),,™. After taking into account this extra Lorentz transformation we
match with (4.16) in the case of TsT if we remember that BV4W can be taken to be zero,
and if we use that we for TsT we can write L~ 'dL = dLL~! because here L is essentially
a 2 x 2 anti-symmetric matrix and it commutes with itself.

With a similar reasoning we can obtain the o’-corrections to the dilaton of the TsT-
transformed background. The simplification in this case is that the dilaton is insensitive to
the shift, because by assumption it is isometric and the field redefinitions for the dilaton
between the schemes of Buscher and HT are covariant. In HT scheme at generic g we get
% 1+ 3q(H2 _ ]“_1’-2) 1 <51Gy1y1 i 54~Gy1y1 )] ' (5.34)

!/

d=>+

G
10g Gy1y1 + o

Y1y1 24 2 Gyl 2 Gy1y1

At ¢ =1/6 on finds
6_25\/ —detG = e 2%V = det G, (5.35)

which is in agreement with (4.17), since there the result was written when setting ¢ = 0,
and one therefore has the extra H?-terms.

6 Concluding comments

In this paper we have demonstrated that it is possible to extend the YB deformation as
a solution-generating technique in string theory at least to first order in the o’-expansion.
The explicit expression that we found for the corrections allowed us to test successfully our
results on explicit examples. We expect our formula to be useful when addressing specific
questions on the o/-corrected YB-deformed backgrounds. For example, it would be inter-
esting to see whether the singularities that are sometimes introduced by the deformation
procedure are in fact cured by o'-corrections. Another point is the computation of physi-
cal observables on the deformed backgrounds — such as entropy calculations in black hole
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solutions,® see e.g. [42, 47-49] — for which the explicit corrections are needed. It would
be also interesting to investigate the relation to (quantum) integrability when considering
YB-deformations of integrable 2-dimensional o-models.

We have seen that the o'-correction to YB deformations comes from a compensating
Lorentz transformation under which the O(d,d) covariant metric and B-field transform
anomalously. It is natural to expect that the same should be true also for T-duality. In
fact abelian and non-abelian T-dualities are used to construct the YB deformation and
they can also be obtained as a limit (sending the deformation parameter to infinity) of
YB deformations. In fact we have already argued that for abelian T-duality the correction
is given by precisely the same mechanism. It is therefore very natural to expect the first
o’-correction to non-abelian T-duality®' (on a unimodular algebra) to be given by the same
expression, with the Lorentz transformation required for NATD substituted for A in (4.16)
and (4.17).

As in previous works on YB deformations and NATD (see e.g. [5-7]) here it was as-
sumed that the undeformed B-field and vielbein are isometric, i.e. that they have vanishing
Lie derivative with respect to the Killing vectors entering ©. The covariant form of the
corrections we have found seems to be valid more generally but it would be interesting to
analyze more systematically how to relax these assumptions.

In [16] YB deformations of strings on AdS3 x S3 were studied, and their relation to
marginal deformations of WZW models was analyzed. The results of the current paper show
that marginal deformations of current algebras include (at least to 2 loops and probably to
all loops) also cases which do not solve the “strong version” of the marginality condition of
Chaudhuri and Schwartz [52], see [16] for more details. These additional possibilities arise
when considering algebras that are not compact. Let us also comment that the deformation
generated by the unimodular non-abelian Ry of [16] must be marginal to all loops, since it
can be simply understood as a non-commuting sequence of TsT transformations.

We expect that generalizations of our discussion to a construction in the spirit of the
E-model of Kliméik [53-55] will lead to an understanding of the form of o'-corrections for
the n-deformation [2, 3], the A-deformation [56, 57], and to Poisson-Lie T-duality [58].

Another important question we hope to return to is if the structure of the correction
found here persists beyond first order in o’ or whether novel corrections are required at

order o/2.
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A Field redefinitions between different schemes

In this appendix we collect the field redefinitions needed to relate — to first order in the o’
expansion — the schemes we use in this paper and others relevant in the literature. These
are the schemes of Hull and Townsend (HT) [59], Metsaev and Tseytlin (MT) [60], Kaloper
and Meissner (KP) [26, 61], Bergshoeff and de Roo (BR) [44, 45]. From [33] we read

GER) _ qoim) _ L g

mn mn D) mn?
B = B — 5 (9 Hny = 2y V0 + Hyp )

(A1)
= B7(711\;[1T) - 7+H[mabwn}ab7

$(BR) _ pMT) _ %%HQ.

The symbol ~ is used when the expressions are simplified by means of the 1-loop equations
of motion. We relate the parameters v+ = F(a £ b)/4 to a,b used in [33]. The bosonic
string is obtained at v4 = o//2,7_ = 0 and the heterotic string at 74 = +a’/4. In the
following we will specify to the case of the bosonic string. To relate HT and MT schemes
we use

GHT) — qMT) _ %O/H2

mn?
L T (A.2)
1 1
D) — (MT) go/ (—1 +5(l- 6q)> H?.
The parameter ¢ appears in [59], and we normally set ¢ = 0 in the rest of the paper as
in [21]. Notice that the sign of the correction to the metric differs from what one would

read in [59]. We have checked that this is the correct sign in order to have the correct
o/-corrections for T-duality and YB deformations. From [61] we read that

GMT) — M) /R

MT) __ KM / P
B1(TLTL ) - B7(nn ) — «Q Hmnpv (I)’ (Ag)
1 1 1
@(MT) — @(KM) / - - q) 2 7H2 .
+ o 8R 2(8 )*+ 9%

The fields of the non-covariant scheme that follows from the DFT formulation are denoted
simply with a bar G, B, ®. They are related to the fields in the HT scheme as

Gmn = ng{nT) — 1O/(A)(_)abw('i') = G%?) +a (_lwmabwzb + ;Hrznn> )

2 (m n)ab 2
) ) . . (A.4)
By = BUHD 4 50/@)[(7;)(1 wg;)b = BUIT) _ §O/Hab[mwz?-
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1 Introduction and summary of results

Yang-Baxter (YB) deformations were first introduced by Kliméik in [1]. It was later under-
stood that they have the remarkable property of preserving integrability [2]. If one starts
from an integrable sigma model and performs a YB deformation the resulting model is
also integrable. This made people interested in applying them in string theory, which was
done for the AdSs x S% superstring in [3, 4]. The YB deformation is based on an R-matrix
for which there are two basic possibilities — R can solve either the classical Yang-Baxter
equation (CYBE) or the modified classical Yang-Baxter equation (mCYBE). The former
case is often referred to as homogeneous YB deformations and is the case we consider here.
It was shown in [5] that these models typically have a Weyl-anomaly' unless the R-matrix
is unimodular, i.e. its contraction with the structure constants of the isometry algebra of
the original model vanishes R’ f; ;% = 0. This is similar to the anomaly encountered in
non-abelian T-duality (NATD) [8] on a non-unimodular group [9-11]. Indeed it was argued
in [12] that homogeneous YB deformations should have a realization in terms of NATD and
this was then proven in [13] (see also [14]). While the original YB deformations were de-
fined only for sigma models of the symmetric space type, the realization of the homogeneous

1This manifests itself, in the superstring case, as a target space solving the generalized supergravity
equations [6, 7] rather than the standard ones.



models using NATD meant that they could be defined for a general string sigma model
with isometries. This was carried out for the Green-Schwarz superstring in [15] and rules
for writing the supergravity background directly in terms of the R-matrix were derived.?

The simplest class of such YB deformations is when R is defined on an abelian
subalgebra of the isometry algebra. In this case the deformation is equivalent to a
T-duality-shift-T-duality (TsT) transformation [19]. These are also known as O(d,d)-
transformations [20, 21] and they have been argued to map a consistent string background
to another consistent string background, i.e. there should exist corrections to the back-
ground fields such that the corrected background solves the o’-corrected supergravity equa-
tions to all orders in o’ [22-27].3 Here we want to ask what happens for YB deformations in
general at the quantum level.* Unimodular YB deformations are known to give a conformal
theory at one loop, i.e. the background solves the (super)gravity equations. Here we will
analyze the two-loop equations in the bosonic string case. For simplicity we will restrict
to deformations of backgrounds with vanishing NSNS-flux. We will show, to second order
in the deformation parameter, that the deformed background can be corrected so that it
solves the 2-loop equations. Furthermore the correction to the background fields can be
cast in a relatively simple form. Using the knowledge of the full corrections in special cases
derived using T-duality (see below), we write an expression to all orders in the deformation
parameter, which works in some simple cases but not in general.

Since the homogeneous YB deformations can be constructed using NATD, our results
indicate that also NATD should preserve conformality at two loops, and possibly all or-
ders in o/. A convincing argument for the preservation of conformality for NATD would
follow from a generic analysis to all orders in the deformation parameter 7, since NATD
is recovered in a 7 — oo limit. Another piece of evidence for this comes from the recent
analysis of renormalizability of deformed sigma models with two-dimensional target space
in [30], and very recently [31] (see also [32]). Some of the deformations considered have a
limit where they reduce to NATD and it was found that the models behave nicely beyond
lowest order in o/ suggesting that things should work out to all orders in «’.

For YB deformations of TsT-type we can also exploit another method to obtain explicit
o/-corrections and to promote those backgrounds to two-loop solutions. We can in fact use
the known o/-corrections to the T-duality rules when doing the chain of T-duality-shift-
T-duality. This strategy will automatically bring in the needed o/-dependence into the
deformed background, and will make sure that the deformed background is a solution to
the two-loop equations. The interplay between T-duality and higher o'-corrections was
studied in various works [26, 33-37]. In this paper we will use the o/-corrections for the
T-duality rules of [34], to obtain explicit o'-corrections for YB deformed models. This
strategy allows us to start from any background with isometries (it is not necessary to set
the NSNS-flux to zero), and to keep the dependence on the deformation parameter exact.

2These rules were first guessed, at the supergravity level and restricted to the case of vanishing NSNS
flux, in [16] (see also [17] and [18]).

3Note however that the form of the a/-corrections are only known in special cases and to low loop order,
e.g. [26].

4Homogeneous YB deformations also have an O(d, d) interpretation as so called S-shifts [28, 29].



Certain YB deformations, while they cannot be understood as simple TsT trans-
formations, can still be obtained as a non-commuting sequence of TsT’s [5]. The non-
commutativity is related to the fact that certain isometries needed to perform one TsT
transformation may be broken by the application of another TsT. Therefore, in certain
cases a sequence of TsT transformations can be implemented only in one precise order.
Non-commuting sequences of TsT transformations are nice examples to study, because we
can obtain explicit results by applying what is known about abelian T-duality and TsT, and
at the same time be able to say something about NATD and more general YB deformations.

In the remaining part of the introduction, we will summarize the main results obtained
when expanding the two-loop equations to second order in the deformation parameter.

1.1 First o’-correction to deformed backgrounds

The (homogeneous) Yang-Baxter deformation of a bosonic string background G, B, ® is
given by [15-18]

G-B=(G-B)1+10(G-B)"', d—a— %lndet(l LnOG-B) . (L)

Here 7 is the deformation parameter and © is constructed by taking an anti-symmetric
R-matrix solving the classical Yang-Baxter equation (CYBE), RUIEIRIIMI £, KT = 0, on
a subalgebra of the isometry algebra of the original background (with structure constants
f17%) and contracting with the corresponding Killing vectors

O = k/'RVEk;7 =k x k7, Vikrj) =0, (1.2)
where we simplify the notation by introducing the anti-symmetric product ‘x’. Assuming
that G, B, ® define a one-loop conformal bosonic string sigma model, the same is true of
G, B, ® if R is unimodular, i.e. RI f;,5 =0 [5].°

Here we want to ask what happens at two loops, i.e. the next order in o/. We will
work in an expansion in the deformation parameter up to order n?. To simplify the calcu-

lations we will assume that the starting background has B = 0 which gives the deformed
background

Gij=Giy+n*(0%)y+0("), Biy=105+0(r"), = q’—inz@ij@“ﬂ@(n“) . (13)
We find that to this order in 7 the first o/-correction (i.e. two-loop correction) to the
background is given by (in the scheme of Hull and Townsend [40])
6Gij = 6Gij + 20°(6GO?) (i) + n*(©5GO)ij — 20O i Ry ™ O, + 0*O™"V;V O pany
§Bij = 2n(6GO) iy — nRijm O™ (1.4)

- 1 1 3
0D = 6D — 5772(5@@)%@7”” + Eﬁvk@m"vk@m — gnzv’f@m“vm@nk

1 )
+ vai@ VH{(O™O,n) .

5The unimodularity condition is sufficient but not necessary in general. Relaxing it one finds at or-
der n, assuming B = 0, the necessary condition dK = 0 where K" = V,,0™". This is equivalent to
Vm ?fJKIRJK = 0 which is in general weaker than the unimodularity condition k?fJKIRJK = 0. The
reason for this is that sometimes the anomalous terms generated by a non-unimodular R can be removed
by a field redefinition [38] (see also [39]). Here we will take R to be unimodular for simplicity.



Here 6G, §® denote the o corrections to the undeformed background with B=46B=0. Note
that the terms involving 0G just come from correcting the undeformed metric in (1.3), while
the terms involving the Riemann tensor in 6G and 6B are obtained simply by replacing
©ij — B — a’Rijkl@kl in (1.3). The correction to the dilaton does not look nice in this
scheme but by changing the scheme one can arrange it so that

e 22/ det G = e72%+/det G, (1.5)

so that the correction to the dilaton just comes from the correction to the determinant of
the metric. This is achieved by the scheme change®

®— &+ (—;v% +(Ve)* — 116Hk,mH’“’m> : (1.6)

With a little help from the corresponding expressions derived to all orders in 7 for

a particular background in (5.30) and (5.31) one can write a completion of (1.4) to all
orders in the deformation. First of all it is natural to expect that one should correct the
undeformed metric and take ©;; — ©;; — oz’R,-jkl@kl in the expressions in (1.1). On top of
this we need to extend the last term in the transformation of the metric and looking at the
example in (5.30) and (5.31) suggests the following form for the corrections to all orders in n

- 1
Gij—Bij=[G(1+n[0—d'R-0])7'] . —-ad/0;Indet(1+7©)0; Indet(1+nO)

ij 9

1 — mn — mn -
+§o/77([G(1+7]@) 1 VEV,0m 4 [G(1-70) 7], VY0 )[G(1+n@) .
(1.7)

with the transformation of the dilaton read off from (1.5) (in the HT scheme after the
shift (1.6)). Here indices are raised and lowered with the undeformed metric including
its o’-corrections. We have also defined the contraction of © with the Riemann tensor
(R-9©); = Rijkl@kl. Note that this expression can be thought of as an o'-corrected open-
closed string map, such as appears for example in the work of Seiberg and Witten on
non-commutative gauge theories [41]. While this result works for the rank 2 examples in
section 4 it unfortunately does not work in general.

2 Two-loop conformal invariance conditions

The conditions for two-loop conformal invariance of the bosonic string sigma model were
worked out in [42-44]. Following Hull and Townsend (HT) the conditions in their scheme
are [40]7

G G G B B B ] ] [
E.] = Fo,ij + alFl,ij = 0, FZ_] = FO,ij + O/Fl,’ij = O, E] = Fo,ij + alFl,ij = 07 (21)

50On-shell this is equivalent to turning on the g parameter in the scheme of Hull and Townsend [40].
"To go from their conventions to ours one sends ® — 2® and H — %H.



where the one-loop conditions are
1
FC; = Rij — ZHZ-MHJ»“ +2V,V;®,
Fghj = V¥ Hjj — 2VFOH,jp (2.2)
P 2 i 1 ijk

and the two-loop corrections are

1 1 1 1
FC, = §Riklijklm + ZRiklekmnHlmn + ZRklm(iHj)mnH’dn + ﬂvinlmijklm
1 k rrlm 1 klm rrpq 1 p rrkmn ryl
- gv H ikalmj + EHikajqu H m T 16Hikajl H H mn s (23)
1 1
Flly =V H" i Ry — Vi Hiig H H o+ oV H™  H g Hi" (2:4)
1 g 1 o 1 .. 1 g
Fiy = =7 Rign B + 5 (Vi) (VU 4 2 HY o B Ry + - g (H?)
o i il 7k 3 0 pr2vij
- %HiijllmHj nH" — 372Hij(H ), (2.5)
where Hfj = H; H jkl. Here we have set to zero the parameter ¢ of [40].

3 Expansion in the deformation parameter

In this section we expand the conditions for two-loop conformal invariance in powers of
the deformation parameter 7, and we find the explicit o/ corrections for the background
such that the conditions hold to the quadratic order in 7. Here will not need to impose the
equation for the dilaton. It is known that when the equations for G and B are satisfied
the dilaton equation is satisfied up to a constant [40]. Since we assume the undeformed
background to solve all the two-loop equations and since there is no way to introduce a
constant at higher orders in 7,® the dilaton equation will not add anything.

3.1 First order in the deformation parameter

At order ' we see, by looking at (1.3), that the metric is not deformed while”
1

Using this in (2.4) we find

FESY = VEHO™ Ry = VE(H) Riyp™) + 2H ) V' Ry ™
3 m 1 m
= SV Vi (Rjiin©'™) = 5 VF [Rijim VO™
+ 2V (R 1) — 2V HZS;’[iRj]klm : (3.2)

8The parameter 7 is always accompanied by © and it is not possible to construct a constant from a
general ©.

9We indicate the order in 7 with a superscript in parenthesis. Since it is clear that this refers to the
deformed background we drop the tilde.



where we have used the lowest order equations (2.2). Using the two derivative Killing
identity (A.2) we have

Vi(RM™V100) = ViRM™V,0,m + RNV V0,
= ViR "V1Om + 2RV YV (10), — RNV O,

3
- _ivk(RiklmVj@lm) + 2R Rk ©mn — Rim™ Rjni©™"
+ Rklmanlmiejn + 3Riklmvk¢) Vj@lm + 2Ri’“lmvk<l> Vl@jm . (3'3)

Using this together with the identity (A.9) we find

FBO)

i = 3V IV (Rjgim©™) — 6V @ Vi (R ©™™) + 2R™ R0 1 (3.4)

Taking into account the o’-corrections to the classical background, /G and o/6®, and
the B-field at order !, o/ (6B)()), we have
- o (1 ) (1 m m
o 1F5:3v’fv[i(5B)§k§—6vkq>v[i(5B)§kj+3vkv[i(Rjk]lm@’ )~ 6V Vi (RjimO™)
+30(VF)V 10, —66(VF @) V ;0 13y +2RM™ Ryyi© 1 - (3.5)

In the case where the metric and dilaton do not receive corrections, G = §® = 0, the
terms in the second line vanish, and the terms in the first line also vanish provided we take
5B\ = —Ryj,0M 3.6
( )ij gkl : (3.6)
In the general case the assumption that the corrected original background solves the two-
loop equations implies that

RM™  Rpimi = —20(Rin + 2V V@) = =V V0Gn — VFVL0GL + GMV V0G0
+ V25Gin + 2VED(Vi6Gn + VidGri — VidGin) — AViV,0®,  (3.7)

where we used the expressions for the variation of the Ricci tensor and Christoffel sym-
bols (3.10) and (3.13).

Using this it is not hard to see, noting that d® must respect the isometries, that the
dP-terms cancel without any further correction to B. With a little bit more work one can
show, using the fact that £;0G;; = 0, i.e. that the correction to the undeformed metric
does not break any isometries, that all terms cancel if one takes

(53)2) =2(6GO);;) — Riju©™ . (3.8)

The first term is simply the correction induced by the correction to the undeformed metric,
ie. 6(3(1))@- = 00;j, which comes from the fact that the indices on ©;; were lowered with
the metric (note that the Killing vectors k7", with an upper index, are not corrected by
assumption). Thus we have proven that a two-loop Weyl invariant sigma-model remains
two-loop Weyl invariant under a YB deformation, at least to first order in the deformation
parameter. We now consider what happens at second order.



3.2 Second order in the deformation parameter

B(2)

It is easy to see that at order n? the B-field equation, Fy,;" =0, is trivially satisfied. For

the metric equation we find

G m 1 m n m n
F (Q)ZR(?W Rj)klm_iR(ikl Rj)im (021" =R ™ Ryt ™ (%)

1,35 (
1 Dkmn (1)1 1 Wmn (k. L (1) Vklm
+ZRkile( Jemn )mn‘i'ZRklm(iHj) HW n+ﬂvinlmij( )
1

Note that we choose to define all tensors to have lower indices, e.g. R;jx;, and then raise
indices with the undeformed metric Gj;.

The last two terms do not involve the Riemann tensor and the calculations can be
simplified somewhat if we remove them by shifting the metric and dilaton. Under a shift
of the metric we have

1
5(ViV;®) = =0T}V, @ = —iv’f@(vj&Gki + Vi6Grj — VidGij) (3.10)

and
1
5Rijk:l = Vk(éle] — FIT?(SGZm) + iijkl(sGim — (k? <~ l) s (311)

so that in particular

2 2 m 1 m
Rz(j;)d = Vk(FEij)N + Fl[i(@Q)j]m) - 5(@2) i Bjjmi — (k< 1)
= —ViVi(0) + ViVp(©02) 5k — (0%) ™ iRt - (3.12)

The variation of the Ricci tensor becomes (symmetrization in ¢j understood)
Rij = 6G* Rirji + G*'S Ry
= 6GuR ' + R*j0G i, + V;[GHoT iy — GHTT0G im) — V¥ [T 56 — T4,0Gy]
= V*V,.0G; — %levivjaakl - %v%Gij : (3.13)

From this expression we see that the last two terms in (3.9) can be canceled by shifting
the metric and dilaton as

Gij — Gij — éa’Hilejkl , DD %a/HklmHklm. (3.14)

The two-loop contribution then becomes (symmetrization in ¢j understood)
FI/C;J(Q) _ R§2)’“’ijkzm . %Riklm jnlm(@2)kn_Riklijkln(ez)mn+ éRkiﬂH(l)kmnH(l)lmn
+%Rklmiﬂ§”mnﬂ<1>“n—%Rklmnﬂf,jl)Hﬁzn—iH“)“mviij,g};. (3.15)

Here we have used the Bianchi identity for H and the lowest order equations of motion,
which in particular imply

V2 Hyim = 3V"V (i Hypgn = —3Rppipa Hy ™ + 6V ® Vi Hypyy - (3.16)



Note that terms with two derivatives of H(!) indeed give something involving the Riemann
tensor since they involve three derivatives acting on a product of two Killing vectors giving
at least two derivatives on one Killing vector.

Expressing all terms in terms of the basis defined in appendix B we have (symmetriza-
tion in ¢ understood)

. A 1
RPHMR i = =V - (fr2 + fa0) — V(2f5 — fo) + 2932 + gas — g35 + hr — Shs

1
+ 5o + 2ms + 2mg (3.17)

R H™ HOM, = — g5 1294 — 296 + gs — 2914 + 915 (3.18)
Rklm”HZ(,il)H](izn =4g16 + 4917 + 919, (3.19)

H(l)klmviij]glly)n = 393 — 694 — 696 + 398 — 18714 + 9915 + 6928 — 6929 — 3g31 + 12932
— 12g33 + 12934 . (320)

While the order n o/-correction to B in (3.8) contributes the terms (for the moment
we assume that the undeformed background is not corrected) (symmetrization in ij under-
stood)

~ 3 1
(5H)§;2H](1)kl = Qv[i(RkZ]mn@mn)Hj(l)kl =g3—98— 915+ 916 + =919 - (3.21)

1
2 2

For the two-loop correction we therefore get % times

— 8V - (fi2 + f20) — 8V(2f5 — fo) + 3g3 + 1094 — 696 — 5gs — 2914 — Tg15 + 4g16 — 4917
+ 3919 + 4930 + 2931 + 12932 + 4933 + 4934 — 8935 — 8hg + 4h1g + 16m7 + 16mg  (3.22)

To this we have to add the terms arising from the o/-corrections to G and ®. We will
ignore the corrections to the undeformed background until the end of the section.

Consider the following possible o/-corrections to the metric at order n? (symmetrization
in 4j understood)

61Gij = Vi0 V,;,0™" (3.23)
62Gij = ki X Viky kj x VTE™ (3.24)
83Gi; = Vi0""V,,0,; (3.25)
6,Gi; = R*'™0,,0,,, . (3.26)

Note that we could write also the second one in terms of © as

~ 1 1 1
(52Gij = §vm@mvm@jn — §V"@mvm®m —Vz‘@mnvm@m’ + sz@m”VJGmn y (3.27)



but the above expression is more convenient for the following calculation. Using (3.13)
and (3.10) these variations give rise to the terms

811G =V (2f3+ fos) — V(fi +2f6) + g31 — 4ms — 4mg + 2mag

1 X X R, .
602G : §V (fi+2fr— fuu—2fir + fao +2f23) + V(=fi+2fo+2f3 — fa +2f5) + g2s
1 3
— 929 — 2930 + 2931~ 2my +ma3 + gvivj(2vk@mnvm@nk — 3VFO™V1.0,mn)

5G: — %V'(f1+f3+f10—f11+f22+f28+f30—f31)

+1V(f1—2f2—2f3+f4—2f5+2f7—4f8)+930—m5—m6+m7—m8—m10

+ mi11 — my3 + Mmoo + Mo — Ma3

1 1 A R N N R R
04G - 5V-(fg+f14—f26) — ZV(3f1+2f2+2f3—3f4—2f5+4f6)+h9—m1+m2
—m3—mis,

where we used the identity (B.50) in calculating the last variation.
Taking the following correction to the metric and dilaton

(56),(3) = 1(—351+252+253+654)é2-j L (69)?) = —i(wkemnvm@nk —3VFO™"V10,)

4 32
(3.28)
and using appendix B we are left with % times the following order o’ terms

1291 + 892 + g3 — 694 + 495 — 696 — 1297 + 3gs + 12910 — 9912
+ 24g13 + 12914 — 6915 + 6916 — 6919 — 6920 + 12921 + 8922 — 2923 — 12g24 + 16925
+ 6h1 + 8hg — 16hs — 4hs + 16hg — 4hg + 12hg + 8hig — 4hyy + 4V f7 (3.29)

Next we use the Yang-Baxter equation which, in terms of ©, reads
okly,eml =0, (3.30)
Hitting this with R;p,., VP we get the identity
0 = Rimn V' (O, VFO™) + 2R ™"V |(01,V*Oyj) = V - (f19 — 2f11) - (3.31)
Adding —4 times the r.h.s. to our expression we are left with % times

1291+892—393—694+12g5 —6g6 — 1297+ 393+ 12910 — 9912
+24g913+12914—6915+6916 — 6919 — 6920 +8921 +8g22 — 6923 — 12924+ 24925
+6h1+8hy—16h3+24hg+12hg+8h1g—4h11 —8(m4 —2mqg +2m11) +4Vf7 R (332)

where the m-terms vanish by the Yang-Baxter equation. Using the identities (B.47)—
(B.49), (B.55) and (B.56) this reduces to (symmetrization in ij understood)

1 1_ 4 1 1
hio = 5hu+ §Vf7 = Ritmi R (07,5 — §Rk1manlmp9m@jp + Zvivj(vl@mnvl@mn) :
(3.33)



The first two terms vanish if the original background does not suffer o/-corrections, while
the last term can be canceled by shifting the dilaton.

To summarize we have found that with the following correction to the metric and
dilaton in the HT scheme at order 7%, taking into account also (3.14), (symmetrization in
ij understood)

~ 1

(5G)Z(JQ) = _%vi@mnvj@mn - §vm@nzv]@mn - gRiklm@lm@kj y (334)
~ 1

(5@))(2) — Evk@mnvkemn - gvk@mnvmgnka (335)

the deformed model is Weyl invariant at two loops provided the undeformed model is. The
shift in the metric does not look particularly natural but it can be brought to a nicer form
by noting that (symmetrization in ij understood)

1
Vm@m‘vj‘@mn = Vmnkn X kiVj@mn + §Vz‘@mnvj‘@mn
1
= Vﬂ)j + Riklm@kj@lm + iviGWmVj@mn, (3.36)

where v; = V,,k, X k;0™". The first term represents a diffeomorphism, so it can be
dropped (note that the dilaton does not transform, v'V;® = 0, since it is isometric). It
will be convenient to perform a further diffeomorphism generated by v¢ = %@m”VZGmn
after which we have (symmetrization in ij understood)

(6 = —2RHmE,, 04 + O™V, VO | (3.37)

)

~ 1 1 .
(69)2) = 1fﬁvk@mvk@m —~ %vk@mnvm@nk + 4 Vi@ V(0" Opn) (3.38)

We will now consider what happens when the undeformed background receives o'-
corrections.

Taking into account the lowest order correction to the metric and dilaton as well as
the first order correction to B (3.8) we have (symmetrization in ij understood)

1 1
(R~ i HYY HOH 4 9[V, V0] )) + Rygyni R (©2)— 5R,dmnR’dﬂwemejp . (3.39)
Using (3.7) and the variations in (3.13) and (3.10) this becomes, after a tedious calculation,
— 3VF6G" V' OOy — 0Gink® x [k, Vikj] x Vik™ + 20G k" x [k, Vikj] x Vik"
+ 0GR Vik® x [k, ViE™] X kj — 0G V™ (ki x [k, Vik;] x k)
— 2V D 0G k™ x [k, ViE"] x kj 4+ 2VF® 6Gy ks x (K, ViE™] < Kj . (3.40)
The first term vanishes by the Yang-Baxter equation. Using the fact that kévlkﬁ —
k:f]Vlk:}‘ = f[JKk?{ and the YB equation (i.e. RYREL f;, M antisymmetrized in ILM

vanishes) this further reduces to
1
_iRIJRKLfJKMfILN(SGinijk]T\L[ = RMIRKL £y friN 6Ginknt kY

1
= —iRM"RKI frrt froN 6Ginkariky =0, (3.41)
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where we have used first the YB equation, then the Jacobi identity and finally the uni-
modularity condition R¥ fr /L = 0.

This shows that the only additional corrections that arise are the ones coming from
correcting the undeformed metric in G and ) so that

(56)1(]2') =2(6GO%) ;) +(06GO)y; _2@k(iRj)klm@lm"’@mnvivj@mn ; (3.42)
= 1 1 1 .
(59) ) =~ (3GO) @™ + £ VHO™ VO — SVHOTV 0,44 [ Vi V(O O,).

(3.43)

This completes the proof that, at least to second order in the deformation and when B = 0,
unimodular YB deformations preserve conformality at two loops.

4 «a’-corrections from T-duality rules at two loops

Homogeneous Yang-Baxter deformations are closely related to non-abelian T-duality [12,
13] and it can be shown that the non-abelian T-dual model is in fact recovered in the
maximally deformed limit  — oo [13], see also [14, 15]. The simplest class of Yang-
Baxter deformations — the “abelian” one — is related to just abelian T-duality, and is
equivalent to doing TsT transformations [45, 46]. In general, a Yang-Baxter deformation
generated by © = k; A ky where k1 = 0,1 and ky = 0,2 are commuting Killing vectors,
is equivalent to doing first a T-duality o' — &', then a shift 22> — z? + nz!, and then a
T-duality back ! — z'. Some “non-abelian” deformations are non-commuting sequences
of TsT’s [5, 47]. The non-abelian nature is related to the fact that the order in which the
TsT transformations are performed is important, as certain T-dualities would break the
isometries that are needed to perform the other T-dualities in the sequence. In this section
we want to exploit the relation to TsT transformations and combine it with the knowledge
of the first o/-corrections of the T-duality rules, to obtain two-loop corrections for all Yang-
Baxter deformations that are obtainable by TsT transformations, or more generically by
a non-commuting sequence of them. This strategy allows us to obtain backgrounds at two
loops that are exact in the deformation parameter n. Moreover, these tools can be applied
to any starting background with isometries, and it is not needed to restrict to B = 0 as we
assume in most of this paper.

Because at each step all that we are doing is (abelian) T-duality and coordinate trans-
formations, we are bound to preserve conformal invariance on the worldsheet to the very
end, and we can check explicitly that the solutions we generate do solve the two-loop equa-
tions. This argument can be repeated also to higher orders in the o/ expansion, and it is
enough to conclude that all Yang-Baxter deformations that are obtainable by a generically
non-commuting sequence of TsT transformations, do not break the conformality of the
original model to all orders in /.

At leading order in o/ the T-duality rules are given by the Buscher rules [48]. At higher
loops these rules get corrected in o/. We will use the o/-corrections to the T-duality rules
derived by Kaloper and Meissner in [34]. The rules were obtained by carefully analysing the
two-loop effective action of the bosonic string, and identifying the terms that are symmetric

- 11 -



or anti-symmetric under the Buscher rules. The o/-corrections of the T-duality rules were
then fixed by requiring that they give a symmetry of the full two-loop effective action,
compensating for the antisymmetry of those terms.'®

Already at leading order in o/, the T-duality rules are more easily presented in terms
of fields of a dimensional reduction, where we reduce along the direction that we want to
T-dualize. We follow [34] and we rewrite the metric, Kalb-Ramond field and dilaton of the

D-dimensional spacetime in terms of the following (D — 1)-dimensional fields
ds? = Gyjda'das’ = gy, datdz” + €* (dz + V)?,
B= %Bijdx" Ada! = %bwdw“/\dw”—l— %W/\VJFWA@, (4.1)
b =¢+ %a.

Here we are assuming that we have brought the solution in a form such that the isometry
we want to dualize is simply implemented by a shift of a coordinate, that we denote by
2. We use Greek indices for the (D — 1)-dimensional spacetime.!'! We have introduced a
(D — 1)-dimensional metric g,,, and antisymmetric by, vectors V,, and W, and scalars ¢
and 0. Above we also used form notation V = V,dx#, W = W, dz". In components, the
relations to identify the fields of the dimensional reduction are

1 G GG
0’:710gG‘,E‘,L,7 V,LL: “g, g“y:G#V_M’
= = (4.2)
1 GafuBya
(b:(I)—legGM, WZBME’ bNV:BUV_'_Gi'
xTx
It is also useful to notice that GH = gh¥, GFL = —VH GZZ = ¢=20 4 V2 The combination
1 1
huwp =3 | Oubug) — §W[/va} - §V[WWp} = Hyuwp = 3W'Vy) (4.3)
is gauge invariant. In terms of these new fields the Buscher rules are simply
o — —o, VeW. (4.4)

All other fields remain unchanged under T-duality at leading order in o’.

In [34] Kaloper and Meissner derived the corrections to the T-duality rules in a par-
ticular scheme introduced by Meissner in [49]. We will call it the Kaloper-Meissner (KM)
scheme. In order to apply the T-duality rules of KM to our case, we will therefore first need
to implement the field redefinitions to go from the scheme of HT to that of KM. We can
do so by combining the formulas given in [40] (see their equations (61) and (64)) relating
the HT scheme to the Metsaev-Tseytlin (MT) scheme of [43], and those given in [49] (see

0Tn [34] the authors claim that their results can be applied also to the heterotic string, but the action they
start with is missing the Chern-Simons terms that are expected there. See [37] for o/-corrected T-duality
rules that encompass both the bosonic and the heterotic string.

HThe discussion of the a/-corrected T-duality rules and their derivation simplifies if written in terms of
tangent-space indices, but we will not do so here.
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his equations (3.7), (4.1) and (4.7)) to go from MT to KM.'2 The field redefinitions that

we will use arel?

HT KM 1
G( ):G( )—l-Oé/ <Rij_2H¢2j>,

1j ij
BY = B 1 of (—H V) (4.5)
3 1 1
@(HT) _ @(KM) / _7H2 “p_ - d 2 .
+ « 39 + 8R 2(V )

Once we are in the scheme of KM we can use their o/-corrected T-duality rules [34]

1
o— —o+a |:(V0’)2—|—8(€2UZ—|—€_20T):|

1
V= Wy+d |:W/WVVO'+ 4h,wpvw’eﬂ (4.6)
1
W, —V,+d [VWVVU - 4hWPW”peZ"]
1 1
by — b+ [Vp[uwpy] + (W[M)Vpcﬂ— 1€ A1//“) V) + <V[W)V"a - 46—2%WWW> Wy}]

Indices are always raised/lowered using the (D — 1)-dimensional metric g,,,, and the trans-
formations are written using also the following definitions

Vi = 9,V — 8,V Zuw = ViV, Z=2},

A7
Wiw = 0uWy =0 W,, T =W,,W,»,  T=TH. 4.7

In general, at higher loops, not only o,V and W will change under T-duality. In fact, at
two loops in the scheme of KM also b, gets modified.'* It is important to remark that
already before doing T-duality the fields will in general have an explicit o/-dependence. In
particular, o, V and W that transform according to (4.6) may in general depend on ', and
this must be taken into account already when implementing the leading order T-duality
rules (the Buscher rules).

One could in principle combine the T-duality rules of KM in (4.6) with the field
redefinitions in (4.5), to obtain the a/-corrections of the T-duality rules in the scheme of

2The field redefinitions given in [49] relate the KM and the MT schemes only on-shell, but this is enough
for our purposes, since we just want to make sure that we can generate solutions of the two-loop equations.

!3These are the redefinitions needed when we set the parameter ¢ of [40] to zero. Different values of ¢
would affect the coefficient of H? that appears in the redefinition of the dilaton. Importantly, the coefficient
in front of Hizj that appears in the redefinition of the metric has the opposite sign compared to what one
would expect from formulas in [40] or [49]. We have checked in various examples, some not included in
this paper, that we must have the sign that we use here, as this is fixed by requiring that we want to
have a solution of the two-loop equations after doing T-duality in the KM scheme and going back to the
HT scheme.

YIn [34] the rules were given in terms of transformations of h.,. Here we preferred to rewrite them
as a transformation of b,,. Importantly, the a/-corrections to the T-duality rules of b,, (or equivalently
hyuwp) differ by an overall sign compared to those given in [34], and our formula corrects the one given there.
We thank A. Vilar Lépez for discussions on this point. A future paper will contain also more details on
this [50].
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HT. We will not do so here, as the scheme of KM appears to be the minimal scheme for
what concerns the complexity of the corrections to the T-duality rules. In other schemes, all
other fields of the dimensional reduction will in general receive o’-corrections. Therefore,
to obtain Yang-Baxter deformations in the scheme of HT we will follow this strategy:

1. Start from a solution of the two-loop equations in the HT scheme. In general that
implies finding o/-corrections for this initial solution.

2. Go to the scheme of KM using (4.5).

3. Do TsT or sequences of TsT transformations, using the o’-corrected T-duality rules
in (4.6).

4. Go back to the scheme of HT using (4.5).

We have worked out examples to test this method and obtain explicit results for o'-
corrections of Yang-Baxter deformed models. This also allows us to relate to the results of
section 3 that are perturbative in 7. We will provide an example in the next section.

5 Examples
In this section we consider two particularly simple examples.

5.1 Solvable pp-wave

We start with the pp-wave background considered in [51]

ds® = 2dxTda —

22 (dz™)? + da?,, O =mat + gklnaz+ , (5.1)

—~

1;+)2

where 0 < k < % is a constant, m is another constant and d is the number of transverse
dimensions. This background is known not to receive o’-corrections. This follows from the
fact that the only non-zero component of the Riemann tensor is Rymin = Smnk(zt) ™2

Consider the following four Killing vectors

ki = (2%)"0) — v(aT) e, ks = (2v—1)0_,
ko = ()70 — (1 —v)(xT) Va0, ky = (1) 0y — v(x™)  tag0_, (5.2)

where we have defined the parameter

1+v1—-2k
v = R e . (5.3)
2
They form a Heisenberg algebra of isometries with the only non-trivial Lie bracket [k1, ko] =
k3. From the discussion of R-matrices in [5] we see that we can consider the non-abelian
rank 4 deformation

O = ki Nky+ ska N k3, (5.4)

— 14 —



where we introduced the parameter s to keep track of the contribution from the second
term. We will show below that in this case this deformation is equivalent to the abelian
one obtained by setting s = 0. First we construct the matrix

00 00O
ol _ 00 a0 ’ (5.5)
0—-a 0 ¢
0—-b—-cO
where
a=v(E")* toy —s(2v — 1)), b= —v()* oy, c= (M. (5.6)

The deformed background takes the form

ds° = 2dz+ <dﬂs— + 772Ld 2 UQLd 1)

1+ p22™ T 1™ (5.7)
ko, 5 a? +b? 4o dzi+ dzd 5 '
_<(glc+)2$m+77 1+ n%c? (do™)"+ 14 n2c? A -
With the B-field and dilaton given by
~ ~ 1
B= —%17202 [(ada’ +bde®) Ndat + eda® Nda'], @ =@~ SIn(1+7’C). (5.8)
One sees from this that
H = 4nqu(z ) Ydz? A dat A dat (5.9)

which is independent of the parameter s. The fact that also ® is independent of s suggests
that it might be possible to remove the s dependence also from the metric. Consider the
change of coordinates o — xo+ f and = — &~ 4 gxo + h where f, g, h are functions only
of z*. One finds that the choice

F=22@u -1, g=—2n2@v -t

2 2
h = 382172(2y —1)? [4(3 - 2w) L (zT)372 — 1721/(:c+)3+2”} , (5.10)

removes the dependence on s completely and reduces the background to the one obtained
by the TsT with
© =k Nky. (5.11)

Explicitly, the metric is

ds’ = 2dut (da™ + P+ 1P rday + nada®) fa7)

— ()72 (kmfn + 20?1+ n?c) a2 + m%)) (dzt)? + Lﬁ +da?, .
1+n4c
From (1.4) we find the only correction to the deformed background is given by
6G y = —4n* (202 —v) (2 )2, (5.13)
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which can be canceled by a diffeomorphism 6G41 = Viv,. In fact the change of coordi-
2 2

nates r~ — = + W]QCQ%, z12 — /14 n?c? 212 brings the deformed metric to

the form

o+

ds” = 2datdz~ +(@) 72 | —kad, +1 P =3v+50° —knc?] 1+72c2

(dzt)?+da?,. (5.14)

Therefore this background is exact at two loops, as is easily checked directly, and possibly
to all loops.

5.2 Bianchi type II background

Next we consider the Bianchi type II background [52, 53] (the o/-corrections to Bianchi
type I were considered in [54])

aTt

ds? = — cosh(r)el@tt+aTqr2 4 c (dz — zdy)? + cosh(7)e 07 dy? + cosh ()@t dz? |
cosh(7)
(5.15)
supported by a dilaton linear in 7
o =ar/2. (5.16)

This solves the Einstein equations provided that the parameters a, b, ¢ are related as
be=a*+1. (5.17)
The solution has three Killing vectors
ki =-0.—y0,, ko=0y, k3z=0;, (5.18)

which again satisfy a Heisenberg algebra [k1, k2] = k3.

From now on we will simplify things by taking ¢« = 0 and b = ¢ = 1. The two-
loop equations are not automatically satisfied, and we need to find o'-corrections for this
background. It is convenient to introduce a new coordinate system {v, x,y, z} where v = €7,
since the metric then has a rational dependence on v

o 20(dr —zdy)?  (v®+1) (v (dy* + d2?) — dv?)
ds” = 5 + .
ve+1 2v

(5.19)

We assume that the correction to the metric 6G;; respects the isometries of the background.
We turn on the diagonal components 0G;; and 6Gi1o = —2z0G11. We also allow for a
correction to the dilaton d® that, together with dGj;, is allowed to depend only on v. The
two-loop equation for the B-field is already satisfied. First it is simpler to solve the two-
loop equation for the dilaton, because there only the correction @ contributes. One finds a
second order differential equation —3v%+45v* — 4502+ 3 — (v? + 1)5 (v6®" (v) + 69’ (v)) =0

solved by

v 2v 1
0P = + + — arctanv + cg log v, 5.20
2 (’U2 + 1) (’U2 + 1)3 2 108 ( )

where cg is a constant. Looking at the two-loop equations for the metric, one can find a

linear combination of those equations that gives an algebraic constraint imposing §G11 = 0.
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To find §Gog, 0Ga2,dG3s, we first identify linear combinations of the equations that give
first order differential equations for 0Gyg and dGs3, and we solve them obtaining results
written in terms of dGas. These are then used to get a third order differential equation for
0G2o only, that we also solve. The final result is

—2084+200% 4802 -2 (’1)2 —3) (v2—|—1)3 varctanv+6

0G0 = (i —1)?
(v2+1) (Coo (122—1)2—{—1)2(022—2f22)+022—2f22—4c(p (02—3) UQIOgU—FSC(I))
- v(v2—1)>2 ’
(31}2—1) ((v2+1)3arctanv+v (v4+2v2+5))
0C = 2(v2—1) (12 +1)2
N (v2+1) (’02(d22*022)+3622*d22+210g1) (f22 (v2 — 1) +4Cq>) *4f22+86q:.)
4(v2-1) ’
6G33 = 5G22—% (v*+1) (2c00 —2c22+daz +2( foo —6ca) logv+2 fos) (5.21)

For simplicity in what follows we will set all integration constants cy = cog = coo = dao =
foo = 0. This background admits a non-abelian deformation with

O = aky AN kg + Bko NEk3, (5.22)

where «, 8 are parameters and we have introduced an additional flat direction w so that
we can have a fourth Killing vector k4 = 0. If both o and S are non-zero, they can be
reabsorbed by redefining w and the deformation parameter 7. For simplicity we set a = 0,
8 =1 and analyze the abelian deformation given by

© =kyNks. (523)

The Yang-Baxter deformation to lowest order in o’ yields the following deformed back-
ground!®

e <(1)2+1)2+4vz2) dy? —8vzdxdy+4vda? (v2+1) dv? N 1
o 2(v241) (14n?v) 20

p = Mvdzidy (5.24)
1+n2v '

(1)2+1) dz?,

O |

= —%log (1+n2v) .

We can obtain the first o’-correction exactly in the deformation parameter 7 if we
follow the strategy outlined in section 4. The deformation generated by © = ko A k3 is
equivalent to doing first a T-duality along x, then shifting y — y — nz where Z is the dual
coordinate to z, and then T-dualising T back.

We first start from the background given by the metric (5.19) and the o/-correc-
tions (5.21). This background solves the two-loop equations in the HT scheme, and we

15\We remind that in this paper we use the convention B = %Bij dzt A da? .
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need to apply (4.5) in order to find a solution in the KM scheme. Obviously, since the
corrections in (4.5) are multiplied by an explicit power of ¢/, it is enough to use the un-
corrected background to derive them, which simplifies the calculation. Because B = 0, we
can in principle get a non-trivial modification only for the metric from the Ricci tensor,
and for the dilaton from the Ricci scalar. But the Bianchi II background is also Ricci-flat,
therefore it is the same in the KM scheme and in the HT scheme. The next step is that
of identifying the fields of the dimensional reduction as in (4.1). Because we want to do
T-duality along x here, we are taking x = x. This is a straightforward exercise, and in-
stead of writing down all fields of the dimensional reduction, we only write those that can
potentially change under the corrected T-duality rules

1 2v
U:log<1+v2>, V =—zdy, W =0, b=0. (5.25)

These particular fields of the dimensional reduction happen not to depend on «' in this
particular example. We then implement the o'-corrected T-duality rules of KM as in (4.6)
and obtain the fields of the dimensional reduction after T-duality

1 2 T— 602 +1
g:]og( v >o/(v Y +3), V=0, W = —zdy, b=0. (5.26)
20 (v2 4 1)

After T-duality the scalar o does depend explicitly on /. The explicit form of the two-loop
background after performing this first T-duality along x is

ds® = 1 v+ov = o (U4_6U2+1) dz?
2 (v3+v)?

o (31}2—1) ((1)2+1)3arctanv—|—v (U4+2v2+5)>

1
+- | 1402+ dy? +dz>
2 (v2—1) (v2+1)? (dy )
w241 2a/ <v8—1004—4v2+(02—3) (02+1)3varctanv—3) 0 (5.27)
— - )
2v (1}4—1)2 ’
B=zdxAdy,
oL 20\, (2v6+3v4+16v2—1)+ .
=——log| —— o —arctanv| .
2 %%\ 21 40 (0417 2

In the T-dual frame the metric is diagonal (even to two loops) at the cost of having a non-
vanishing B-field. We can now do the shift y — y — nz, that here will have only the effect
of modifying the metric. To perform another T-duality along  we have to first repeat the
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identification of the fields of the dimensional reduction. We find in particular

1 1
o= ilog (2 (772 (v2+1) +v+v_1)>

1, (v4—61)2+1) n*v (31)2—1) ((02+1)3arctanv—|—v (v4+21)2—|—5))
+oa |- + :
2" v(024+1)% (14n20) (v2—1) (v2+1)* (v +1)
2 6,4 ,2
—nd o v(3@2—1) (v2+1) arctanv-+3 (U +v*+tov )—1
1/:777 y2 v(1+n2v)+ ( 5 ) ,
(1+n%v) (v2—1) (v2+1)
W =—zdy, b=0. (5.28)

At this point we can use again the T-duality rules of KM (4.6). After doing that we obtain
the following background

(v24+1) dv? N 2(dx— zdy)? N (v2+1) dy? +1
2v n? (v2+1)4+v+ov=1t  2(14n%v) 2
oG 2-1
< 2 = 3 T2v 1)4
(v?+1)" (1+7%v) (v2+1)" (1+7%v)
6 t—6v7+1
—l—o/( Gz 5 —n? ! SU + 2) dy* 40/ 6Gaad2?,
(1+nv) 2(v?+1)" (1+7v)
o/ndvAdz
(v2+1) (1+7v)

ds® = —

(v2 + 1) dz>

+a/8Goodv? —4a'n*v? 2) (dz— zdy)?

B=

1 5 20(v2—3)4+n2 (3v2—-1) (v2 -1
+nvdx Ady — +2a Gas 5 o V(v )+ 3( Y )gv ) ,
L+n7v (v2+1) (1+n%v) (v2+1)° (1+n%v)

-1 4u(v2+1)20Ga +50t — 100241
d=——log (1+772v)+o/6<1>—o/772 v(v'+1) 223+ Y v
2 4(v2+1)” (14n?v)

(5.29)

where 6G;; and 0P are the corrections to the undeformed background given in (5.20)
and (5.21). This is a TsT of the initial Bianchi II that solves the two-loop equations in
the KM scheme. To go to the HT scheme we use again (4.5). Because of the deformation,
now the dictionary to go to the new scheme is non-trivial, and the background in the HT
scheme reads

ds?® = @ijdxidxj ,

B a/ndvAdz
(W +1) (1720)
1 6G 2-3 5.30
+77vdx/\dy< 5~ +2d 22 5 +20v v3 2> (5.30)
1+n%v (v?+1) (1+n*v) (v*+1)" (1+7?v)
-1 6G 3vt—1402 -1
®=——_log (1+?721))+a'5<13—a'772 5 vor22 5 —a/n? Y 3 Y ,
2 (v?+1) (1+n?v) 4(v2+1)3 (14n2v)
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_ 2 1 2 3 2,2 2
Goo = —— ks + o/6Goo — o'n? WY T U27

2v 2 (02 +1) (1+1%v)
~ 2 ) Z_
G = — v 5 — 4o/ n*v? 2G22 5 — 4va!n*v? v4 3 5

(v +1) (1 +7%v) (02 4+ 1)* (1 +7%v) (v +1)* (1 + 720)

2 2
~ v+ 1 v° —3 oG ~
Goo = S 0/772112 5 3 PRV + a/% +22Gn1 ,

(14 n%v) (02 + 1) (1 + 72v) (14 n2v)
~ 1 v?
Gss = = (V2 +1) + a'6Ga — o'n? ,
w=g (7 +1) 2702 1) (1 + nP)

Gia = —2G11 . (5.31)

Performing the redefinition of the dilaton given in (1.6) this background agrees precisely
with that obtained from the all order expression (1.7).

When we want to work out a deformation generated by © = ki A k4 following the
strategy of section 4, we first need to find a coordinate system in which k; acts as a simple
shift of a coordinate. We can redefine

x=1a +y7, y=1, z=2, (5.32)

so that in the new coordinate system k; = —0,/. As should be clear from the discussion at
the beginning of this section, the isometry generated by k1 is not broken by o’ corrections,
therefore the metric will not depend on 2z’ also at two loops. The deformation generated
by © = ki A k4 can be obtained by doing T-duality w — w, then the shift 2z’ — 2/ — nw,
and then T-duality back @ — w. We will omit the explicit results for this particular
deformation, since they involve very long expressions, and we have already presented our
method in the previous deformation generated by © = kg A k3. We have checked that
the resulting background again agrees with that obtained by the o/-corrected open-closed
string map (1.7).

The interesting point is that we can combine these two TsT transformations. We can
first do a TsT involving x and y corresponding to © = ks A k3. At the end of this result
the background is still invariant under isometries generated by k; and k4, and we can do a
second TsT transformation involving 2’ and w, equivalent to © = k1 A k4. The composition
of the two deformations is equivalent to the deformation given by © = ki A ks + ko A k3, as
explained in [15]. The non-abelian nature of the deformation is related to the fact that if we
had started from © = kq A k4 instead, we would have broken the isometries that we would
need to perform the deformation with © = ko Aks. As follows from the results of [15], in the
maximally deformed limit n — co we recover the non-abelian T-dual of the original Bianchi
IT solution, where the isometries dualized are those corresponding to the Killing vectors
k1, ko, ks forming a Heisenberg algebra, and k4. By this argument it follows that non-
abelian T-dual models related to this class of Yang-Baxter deformations remain conformal
on the worldsheet to two loops. Because T-duality remains a symmetry of the string at
higher orders in an o’-expansion, we can argue that this is true to all loops. Unfortunately
the all order expression (1.7) turns out not to give the correct answer in this case.
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6 Conclusions

We have argued that (homogeneous) YB deformed string o-models that are conformal at
one loop remain conformal at two loops,'% i.e. including the first correction in o. We showed
this to second order in the deformation parameter i for a generic unimodular deformation
of a background with vanishing B-field. We also argued that using the o’-corrected T-
duality rules of [34] one can verify this to all orders in the deformation parameter for the
cases that can be built from TsT transformations, and we explained that this strategy can
be used also for the non-abelian YB deformations that are equivalent to a non-commuting
sequence of TsT transformations.'” We exemplified our results in the case of a deformation
of a Bianchi type II background.

Our findings suggest that one-loop conformal YB o-models should in fact remain con-
formal to first order in o/, and likely all orders. Since these models can be thought of as a
generalization of non-abelian T-duality [12, 13, 15] (which can be recovered in an appropri-
ate 1 — oo limit) our findings suggest that the same should be true for NATD. This was
also argued recently from a different perspective in [30, 31], studying renormalizability of
a different type of integrable deformation of o-models.'® To test this idea one should start
from a model which is conformal to all orders in o/ and then deform it. A good candidate
is therefore the unimodular deformation of AdS3 x S3 constructed in [39].

We saw that the expression (1.7) for the all order in 1 form of the first o/-correction
to YB deformations works in simple cases but fails in general. It is an important problem
to fix it so that it holds in general. If a simple solution exists for the corrections, it is
also interesting in the special case of TsT transformations, whose corrections have, to our
knowledge, not been analyzed before. If, further more, this continues to work to higher
orders in o/ it could even help in determining the structure of higher o/-corrections to the
target space equations of motion. This approach could be said to be an example of using
O(d,d) symmetry to determine/constrain higher o/-corrections.

We plan to address some of these questions in the near future.
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A Killing identities
The Killing vectors satisfy the equations (suppressing the Lie algebra index)

Vikj =0 ViVk; = Ryjink"™ . (A1)
Using this and the expression for © in (1.2) we can derive the useful two-derivative identity

kav(i@j)l = Qka(i X Vj)kl + 2Rknl(i@j)n
= —ViVHOr + 2R (i:0)" — Ri(ijin©1" + RiijmOr” - (A.2)

A special case of this is
V?0ij = —Rijiu®" + Ryx©," — R;j,0;" . (A.3)
In addition we have the unimodularity condition, which in terms of ©, takes the form
VO =0. (A.4)
We also know that the dilaton respects the isometries so that
'V ®=0. (A.5)
Using these facts we can prove the useful identity
Vi(Rijim©™) = —%Rik,mvj@lm + Rim V"0, — Ryt V"0, — (i 3 ). (A6)
This follows by noting that

2R, jimVi©®'™ = —4V,,V ki x Vk™ = —4V,,(Vk; x Vik™) + 4Ry V jk; x k'
= =2V, Vi (ki X VEE™) + 2V (Rnkj1©:') + 2RV ki x k' — (i < §)
= —V"V,;VOim + V"V V10Ot + V™V;V;Opms + 2V™ (RyijiOi')
+ 2RV ki x k' — (i ¢ §)
1

1 1
= iRijlmvk@lm - §VkRz‘jzm@lm - iRiklmvj@lm + Rimu V™0,

— RilmkV’”@jl — (’L <~ j) s (A7)
where we have used the fact that
Vo V,0;, + Ve V0, + Ve V0, =0, (A.8)

as is easily verified. Acting with V¥, and using also V¥® times the above identity, one
finds

AV (Rijim V1i0'™) = 3VFV(;(Rjpim©™) — 2Rimp Rjn O™ + AR R 1y, 0,
+ 2R 1, VF® VO™ + 4Ry, VF® V0™ — (i ¢ j). (A.9)
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B Relations needed for second order calculation

For the second order calculations we define the following ‘basis’ of terms (for readability
we write all indices as lower indices)

1= RitmnVjOmnOu
J2 = RitmnV;OrOmn
f3 = RitmnVj©miOnm
J1 = RimnkVjOmiOm,
f5 = RitmnViOm;Onk
f6 = Ritmn Vi ©1jOnk
J1 = Ritmn VinOn; O
I3 = RitmnV1Ok;Omn
Jo = RimnViO1jOmn
J10 = RikmnVm©1;Ou,
fi1 = RikmnViOm;Omm,

f12 = RimiknVm©1;0mm,
J13 = RimknViOm;iOm
f14 = Ritymn ViOmn Oy
f15 = Ritmin V1010 Okj
J16 = Ritmn V1OkmOnj
f17 = Ritmn VimOrn Oy
J18 = RikmnVim©1n 0Oy
f19 = RikmnViOmn Oy
f20 = RimknVim©1m 0y
fo1 = RiimnVi©i1Omn
f22 = RitmnVi©®mnOji

f23 = Ritmn Vm©in©ji
Jo4 = RktmnV1©im O
f25 = ViRikmn©jiOmn
J26 = ViRitmn©1Omn
Jo1 = ViV;i01nViOmn
J2s = ViVEO01mn VO,
f29 = ViV;0,, Vi Onk
f30 = ViViOmn Vi Oy
31 = ViV0,1.Vi00m,
f32 = ViV 0,1V, 05
f33 = ViVimOnp VO

(B.1)

where we suppress the free indices ijk and assume symmetry in 75 throughout. We also
define the terms with only one free index

f7 = vjvl@mnvl@mn
fS = Vjvlemnvm(_')nl

fl = Rklmnvj@klemn
fo = Ritomn ViO1;Omn
f3 = Ritrn VinOuiOn;

f4 = lemnvk@mn@kl
fs = Rj1mnVin©nkOn
fo = Rj1mnViOrm©Okn

(B.2)

We will denote for example V¥ f1ijk as V- f1, again suppressing the indices, and similarly
for example V; f1;y as V f1. Using the Killing vector identities, unimodularity and isometry
of the dilaton one finds

1
V- fi= 5012+ 923 = 2he (B.3)
1 1
V- fa= 5912 + 915 — §h1 + 2my (B.4)
V- f3=g13 —g25 — hs — h7 — 2ms5 — 2mg (B.5)
1 1
V- fa=g14a—goa+ g5+ §h5 +hy — §h8 + 2mg (B.6)
Vofs=—tg 4t + by —hy —hg— < (B.7)
5= 591+ 592 — 925+ Shs —hs — he — S hs .
1 1 1 1 1
A R P — o5 — ~hg —hs + =h B.
V- fs 591~ 5910 ~ 5923 T 924 — 925 — s — s + S hs (B.8)
1
V‘f?Z—5910—923+924—h3+h6+h8 (B.9)
1
V-fs=n +gg+§h1+2m2 (B.10)
V- fo =01+ gs+ gio+ k1 + 2m1 — 2my (B.11)
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1 1
V- fio = 94 + g7 + 924 — 2925 + hy — §h5 —hg — hr + th + 2my7 — 2mg (B.12)
1 1 1
V- fi1=g5— 5923 + 925 — hg + §h5 + he + §h8 + 2mqg — 2my (B.13)
1 1
V- fi2 =94+ 924 — 2925 — §h3 + hy — §h5 — he — h7 +2my (B.14)
1 1 1
V- fis=g6+ 5923 — 924+ g25 + §h3 —ha+hs — he + §h8 + 2mqg (B.15)
V- fia = g2+ gs + ha +2mg3 (B.16)
V- fis =92 — g1 +gx (B.17)
1 1 1
V- f16 = —592 — g5+ 5911 - th + 2m16 (B'18)
1 1
V- fir =592+ g6+ Sha —ma (B.19)
3
V- fig=gs— 5921+ hs + hy — hig + 2mg + 2my7 (B.20)
V- fi9 = g3+ g21 — 2ha + 2my (B.21)
3 3 1
V- foo =94+ 97— 5921 + §h3 + hy — §h10 + 2myg (B.22)
1 1
V- for=g9— 5920 — §h2 + hg 4+ 2mq4 (B.23)
V- fa2 = —g16 — g22 + 2ha — 2ma3 (B.24)
3
V- fa3 =g17 + 2922 ~ hs — hy — hi1 + 2mq2 (B.25)
1 1
V. fog = —g18 — §h3 + §h11 + 2mgg (B.26)
1
V.- fos=0g11—91— 92 — §h2 — 2hy — 4mo + 2myg (B.27)
V- fag = —g1 — g2 — g10 — ho — 4hy — 2m5 (B.28)
V- for = 295 — 296 + 297 — 2913 — 2914 — g20 + 2928 + 2932 + 4moy (B.29)
V- fag = —g12 + 2913 — g19 — 2925 + g26 + 2map (B.30)
1 1 1 1
V- fag = 593 = 94— 95 =97+ 598 + 13+ 5015 + 5920 — 920 + gs0 — gs3 + gsa + 2may
(B.31)
V- f30 =94 — g5 + g7 — g10 — gi6 — g22 + G23 — G25 + G26 — Go7 + 2ma2 (B.32)
1 1 1 1
V. fa1= 2912 =918 — 1a + 5015 + 5919 — 5923 — g24 + g5 + gar + 2meo3 (B.33)
1 1 1 1
V- fag = —gr+ 298 + 5910 + 5916 + 5922 ~ 923 + 924 + g25 — 926 + go7 +2mos  (B.34)
. PSSR VR SRS R (B.35)
83 = 503~ 95+ 96 — 5910 — 5916 — 5922 — 5923+ 2mas .
and
V f1=g12+ 919+ 920 (B.36)
A 1
V /2 =910+916+§g20+h2 (B.37)
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Vf3=—go+g11+922
Vi1 = g15+923— 2933

Vfs=—g1a+goa+932+93a

V f6 = g13+ 925+ 934+ 935

V fr = —ga— g6 — 3914+ 926+ g28 — 920 — 930+ 2932+ 2934

1

Vf8=§(

where we have defined the V2RO?-terms

91 = Vi RimnViO1;Omn
92 = Vi Ritmn VO mn Oy
93 = Rijmn V10 Vi.Omy,
94 = RitmnViOkjVinOrn
95 = RitmnVE©Om;ViOry
96 = RitmnViO1; VO,
97 = RitmnVinOr; VO
98 = RitmnViO1;Vi.Omn
99 = RiimnVi©;i1V Oy,
910 = ViRkimnVi©1;Omn
911 = ViRkimnViOmn Oy
912 = ViRkimnV;iOuOmn
the R2©2-terms
h1 = Ripki RjpmnOkiOmn
ha = Rijmn RrmnkpOrpOji
h3 = RiimnRimnkp©Ori©jp
hy = Ritmn Riimp©Onp©O ik

913 = Ri;mn VO ViOpn
914 = Riymn VOV Oy
915 = RijmnV;iOrViOmn
916 = RiimnViOmn Vi Oy,
917 = Rpimn VOV Oy
918 = RitmnViOmiViOp;
919 = RitmnViOuV;0mn
920 = RpimnViV;iOpOmn
921 = Ritmn Vi V1010, Ok;
922 = RpimnViV©mn Oy
923 = RitmnV;iV0mn O
924 = Rimn ViV 0,101

hs = RitmnRjikp©OmkOnp
he = RikmpRjinpOri©Omn
ht = Ritmn Rjtmk (0% nk
hs = Ritmn Rjkmn(0%) 1k

and the terms involving the dilaton

m1 = RimnVi® V01,0,
m2 = RitmnVi® VOO
m3 = RimnVi® V01,05
my = Rijmn V1P V0., O
ms = RijmnVim® V0,101
me = RijmnVin® V0,0,
m7 = Ripmn Vi ® V101,01,
mg = RijmnVimn® V01,01
my = RijmnVin® V01,04

93— 94— 96+ 98 — 3914+ 3915+ 2927+ gog — G20+ 930 — 931 +2932 — 4933 +2734)

(B.43)
925 = RijmnV;iViOpmOrn
926 = ViV©mnViViOnmy,
927 = ViV0n ViV, Op
928 = RrijiVim©nk Vi On
929 = RrijiVim©nk VO
930 = RiijiViOmnVim©®n (B.44)
931 = RiijiVi©mnViOmn
932 = Vi RiijiVim©niOn
933 = Vi RiijitVn©miOn
934 = Vi RiijitV0mnOn
935 = Vin RiijiVi:01,Omn
hg = Riijp RiimnOmnOp
h10 = Ritmi Ritmn (©0%)n;  (B.45)

h11 = Ritmn Riimp©in©jp

mi0 = RitmnVm® VOO,
m11 = RimnVim® V0,01
mi12 = RpimnVi® V50,0
m13 = RiimnVi® V0,05
mi14 = RpimnVi® V005,
m15 = ViRitmn Vi ® 0,05
m16 = Ritmn VP ViOkyOnj
m17 = Rijmn Vi ® V01,0
mig = RiimnVi® V101iOn;

— 95—

m19 = Vi RimnVi® OO

moo = Vi ®V;Vi0,,,V;0m,
ma1 = Vi ®V;V;0,,, Vi Onk
ma2 = Vi ® ViVi0,n Vi Oy
ma3 = Vi@ V; V1,0, Vi0m,
mas = Vi®V;V,0,: V0,00
mas = Viy®V;V,0,: V00

(B.46)



B.1 Additional identities

Contracting (A.6) with © and one covariant derivative, or the derivative of the dilaton, in
all possible ways gives the identities

0=g12 — 4913 — 2914 + 15 + G19 , (B.47)
0=2g1 + g3 — 294 — 497 + 298 + 2910 + 916 + 2917 — 4918 , (B.48)
0 = 2g1 + 293 — 495 + 296 + gs — g16 + 2917 — 4g1s , (B.49)
0= f1+ fa+2f5 — 4f6 + ViRitmnOmnOu , (B.50)
0 = 2my + 2m12 — my3 + 4mag + 4mag + 2mag, (B.51)
0 =2ms + mq — 2mg + 2mi2 + mi3 + 2mis + 2my7 + 4mag, (B.52)
0=2f14+2f1s + fi9 — 4f20 — foz + 2fo3 + 4f21 — 2f26, (B.53)
0= fia+4fi6 + 2f17 + 2f19 + fo2 + 2fo3 + 4 foa — 2fo5. (B.54)
The last two imply, using the previous ones, that mi9 = mg and
0 = g2 + go1 + go2 + ha — 2h3 (B.55)

In addition we can derive the following identity

2h5 = 2Ripip Rjkmn O O = =2V Viki X Vi, Vik;jOpy
= =2Vi(Rjknm Viki X km©On1) + Rinkm Viki X Vik;ijOn + Rinjm Viki X Vik, O
= vl(Rjknmvasznl) + vl(Rjknmvm@kz@nl) + VZ(R]k:TLmVZ@k‘mgTLZ)

1 1
- §Rklmn@klvivj®mn — Rinkem BonijpOrpOni — §Rklpiijmn®kl@mn
1 1 1
=5V h=V-fs=V-fo—gg0+5mh+h. (B.56)
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Abstract

We show how so-called Yang—Baxter (YB) deformations of sigma models,
based on an R-matrix solving the classical Yang—Baxter equation (CYBE),
give rise to marginal current—current deformations when applied to the Wess—
Zumino—Witten (WZW) model. For non-compact groups these marginal
deformations are more general than the ones usually considered, since they
can involve a non-Abelian current subalgebra. We classify such deformations
of the AdS; x S string.

Keywords: Wess—Zumino—Witten model, marginal deformations, string on
AdS(3), classical Yang—Baxter equation

1. Introduction

Conformal field theories (CFTs) in two dimensions are of interest for various areas of physics,
from condensed matter physics to string theory. In string theory they naturally arise on the
worldsheet of the string. In the context of holographic duality, certain two-dimensional CFTs
are also known to be dual to string theories on three-dimensional anti de Sitter spacetimes
[1-3]. An important instance of the AdS;/CFT, duality is obtained by studying string theory
on AdS; x S* x T*.In the case of pure NSNS flux the string is described by a Wess—Zumino—
Witten (WZW) model on the group F = SL(2,R) x SU(2), see [4-6] and references there. We
will be interested mainly in this setup. The CFT description of the worldsheet theory allows to
make precise statements about the AAS/CFT duality in this case. A recent example is the dual-
ity between the symmetric product orbifold CFT and the string WZW model at level k = 1 [7].

Generally speaking it is interesting to understand the conformal manifold of a CFT, i.e. the
space of marginal deformations generated by adding a local perturbation to the Lagrangian.

1751-8121/19/225401+30$33.00 © 2019 IOP Publishing Ltd Printed in the UK 1
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When applied to the WZW model under study, the marginal deformations correspond to
deformations of the supergravity background. They give us (at least in principle) a way to go
beyond the usual AdS;/CFT, duality and extend it to cases in which e.g. the supersymmetry
or the conformal symmetry of the dual CFT, are broken. Local marginal deformations of
WZW models were studied by Chaudhuri and Schwartz (CS) [8]. They found that a necessary
condition for local operators constructed out of the chiral and antichiral currents as

0(0,5) = ¢J,(0)J(7), (1.1)
with ¢* some constant coefficients, to give a marginal deformation is that c® satisfy
c-C+C-C=0, (1.2)

where we have defined C¢ = c¢4c®f,¢, and C%° = c“cPf,¢, and the product is obtained
using the Killing metric K, e.g. C - C = CC% K 4K} K. Equation (1.2) is quartic in ¢,
and it involves also the structure constants of the algebra of F, the Lie group of the WZW
model. We will call it the weak CS condition. CS were interested in the case of CFTs where

the group F is compact. In that case (1.2) reduces to

Cc% =, and  C% =0, (1.3)

which is an equation quadratic in c¢* that we will call the strong CS condition. It imposes, in
fact, a stronger constraint, since it is only in the case of compact groups that it is equivalent to
(1.2). CS also showed that solutions of the strong condition correspond to Abelian subalgebras
of Lie(F), since when (1.3) holds it is always possible to identify linear combinations of J,, J,
such that their OPEs do not have the term involving the structure constants—the so-called ‘no
simple-pole condition’, see (2.16). In that case the correlation functions of O are the same as
for an O constructed out of free bosons, which in turn implies that the deformation can be
completed to all orders in conformal perturbation theory in the deformation parameter. For
deformations satisfying only the weak CS condition on the other hand there is no guarantee
that they remain marginal beyond lowest order in the deformation parameter. In the literature
on marginal deformations of WZW models, see e.g. [9—18], we did not find examples that
satisfy the weak CS condition but not the strong one. Here we will construct such examples by
involving sufficient components of the chiral and antichiral currents of SL(2, R). In this sense
our results identify new directions to explore the conformal manifold.

In [10, 11, 19] it was argued that O(d, d) transformations provides the correct language to
obtain the exact (in the deformation parameter) version of the CFTs deformed by the Abelian
current—current operators. Indeed, such transformations do not break the isometries involved
in the deformation and one can show that the derivative of the action with respect to the defor-
mation parameter is given by

s _ — Z 25 JNJN
i 2/d(f]], (1.4)
where J” and J" are (anti)chiral currents of the deformed theory corresponding to the isome-
tries involved in the deformation. This makes it clear that the infinitesimal deformation can be
integrated to a finite one. The relevant so-called 3-shifts of O(d, d), corresponding to a simple
shift of the B-field of the dual model obtained by performing T-duality on two U(1) isometries,
are also known as TsT (T-duality, shift, T-duality) transformations [20-23]. A TsT transforma-
tion exploits an Abelian U(1)? global symmetry of the sigma model to construct a deformation
parameterised by a continuous deformation parameter. Since the deformation is constructed
by exploiting T-duality, on-shell the deformed model is equivalent to the undeformed one, and
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the deformation can be equivalently understood as a twist in the boundary conditions in the
compact direction of the worldsheet.

TsT transformations are known to belong to a larger class of deformations of sigma mod-
els, usually called Yang—Baxter (YB) deformations. They first appeared in the context of inte-
grable models, since the deformations do not break the classical integrability of the original
model [24-26]. YB deformations are particularly interesting in the context of the AdS/CFT
correspondence, since they can be used to generate string backgrounds deforming the stand-
ard ones appearing in the AdS,/CFT, dualities. Particularly important cases are those for
which integrability techniques may be applied. In the case of AdSs/CFTy it was proposed
that the deformations of the AdSs x S3 background should correspond to non-commutative
deformations of N = 4 super Yang-Mills [27-30]. The name YB comes from the fact that the
deformation is controlled by an object R which is an element of g A g (where g is the alge-
bra of isometries of the starting background) and solves the classical Yang-Baxter equation®
(CYBE) on g. The simplest solutions to the CYBE are the so-called Abelian R-matrices, e.g.
R =T, AT, with T; € g and [T}, T>] = 0. In this case the CYBE is trivially satisfied because
the relevant structure constants vanish. Abelian YB deformations were shown to be equiva-
lent to TsT transformations in [31]. On compact algebras, the CYBE only admits Abelian
solutions. On non-compact algebras, instead, more interesting non-Abelian solutions (i.e.
R-matrices constructed out of generators of a non-Abelian subalgebra) are possible.

Originally, in the construction of the YB-deformed sigma models, the CYBE was necessary
in order to preserve the classical integrability. Later it was understood that YB deformations
may be obtained from non-Abelian T-duality (NATD) [32, 33]. That interpretation revealed a
consistent generalisation of what is known about TsT transformations, since it became clear
that YB deformations correspond to a shift of the B-field of the dual (undeformed) sigma
model; the deformed model is then obtained by applying NATD on the subalgebra of g where
R is non-degenerate. After restricting the domain, R may be inverted and its inverse R~ is a
Lie algebra 2-cocycle. The shift of the dual B-field is given by this 2-cocycle. In other words,
it is possible to go beyond the construction related to integrable models, and understand the
CYBE as being a constraint necessary to shift the dual B-field without modifying its field
strength H = dB. Consistently with this interpretation, in [34, 35] it was proposed to iden-
tify YB deformations with the /3-shifts of a larger group extending the known O(d, d) group
of Abelian T-duality, that in [34] was dubbed ‘non-Abelian T-duality group’. The logic of
NATD/(-shifts may be used to construct YB deformations of generic sigma models [34-36],
beyond those for which YB deformations were first introduced, the Principal Chiral Model
and (super)cosets’. Here we will use the transformation rules of [36], which were derived
from the NATD construction and have the advantage of being applicable to a generic back-
ground with isometries (even when the initial G — B is not invertible, as is the case for the
background metric and Kalb—Ramond field that we have to consider in this paper).

Because of their realization via NATD, YB models will be Weyl invariant at least to one
loop in o—model perturbation theory (and exactly in the deformation parameter), provided
that the Lie algebra on which the R-matrix is non-trivial is unimodular (i.e. the trace of its
structure constants vanish). In this case the deformed background solves the standard super-
gravity equations of motion. When the algebra is not unimodular there is a potential Weyl
anomaly [38, 39]. In that case the resulting background solves instead a generalization of the
standard supergravity equations [40, 41] controlled by a Killing vector field K. Even in these

4There is also a version of these models where R solves instead the modified CYBE [24, 25]. The story in that case
is quite different and we will not consider it here.
3> Bakhmatov et al [37] put forward a first proposal for a set of transformation rules to go beyond these cases.
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non-unimodular cases, it can happen that there is actually no Weyl anomaly. This is reflected
in the fact that the generalized supergravity equations can have ‘trivial’ solutions, i.e. solu-
tions with K # 0 but where nevertheless the other fields solve the standard supergravity equa-
tions [42]. In [42] it was shown that this can happen if K is null. In appendix E we show that
this condition can be weakened and K does not have to be null if the one-form X appearing in
the generalized supergravity equations takes the form X = d¢ + K with ¢ the dilaton and K
another Killing vector. We will see that YB deformations of the AdSs x S3 WZW model give
rise also to ‘trivial’ solutions, both ones with K2 = 0 and with K? # 0. We will also find some
examples with a genuine anomaly, corresponding to K not being null (and K not defining a
Killing vector).

As we will discuss in more detail in section 3, at leading order in the deformation parameter
YB deformations correspond to current—current deformations. We are therefore led to study
YB deformations of strings on backgrounds containing an AdS; subspace, expecting to find
marginal deformations of the corresponding WZW model. Particularly interesting for us are
the deformations that do not solve the strong version of the CS condition, but only the weak
one. We will construct explicitly such examples. Such possibilities are allowed because we
exploit also the non-compact part of the current algebra to generate the deformations.

The paper is organised as follows. In section 2 we review some aspects of the
SL(2,R) x SU(2) WZW model and of marginal current—current deformations that are impor-
tant for our discussion. In section 3 we review the transformation rules of YB deformations
and explain in which cases we can understand them as compositions of simpler YB transfor-
mations. We will also explain the connection to the marginal current—current deformations.
Using the classification of R-matrices in appendix C, we later study deformations of AdS; and
AdS; x S3. We give our conclusions in section 4. Appendix A collects some details on the
field redefinition used in section 3, and appendix B discusses the on-shell equivalence of the
YB models to the undeformed ones. In appendix D we consider the case of the sl3 algebra,
which is separate from the rest of the paper. In appendix E we extend the triviality condition
of [42].

2. Wess—-Zumino-Witten model and marginal current—current deformations

In this section we review certain aspects of WZW models and their marginal current—current
deformations. Although the discussion can be made general, for concreteness we will take the
example of the SL(2,R) x SU(2) WZW model, since it is important for string theory applica-
tions and it already contains all the salient features.

2.1 The AdS; x S® sigma model

We start with a sigma model describing the propagation of a string in AdS3 x S?, that can be
viewed (after adding four free bosons) as the bosonic sector of the superstring . The sigma
model action is®

k A Ot =) 1 _ 1 _
s= X [@o ( OO 0 106,06 + 2062061 sin ¢3> @
2w b4 4 2

% We work with a Lorentzian worldsheet and we introduce worldsheet coordinates ¢ = ¢° + ¢!, so that
ntT=n"T=-2,et" = ¢t = —2and d*s = Ldo"do~. We also use the standard notation &, & in place of
ot,07,aswell as 9 = 0,0 = 0.
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Here we are considering the pure NSNS background, and k will be the level of the WZW
model. The string tension is 7 = k/m, and the metric and B-field appearing in the sigma model

action follow from § = T [ d*0 L = T [ &0 0x™(Gyy — Byun)Ox" and are’

—dxtdx— +d2 1
ds® = dsigg, + dsg: = Z—ZH +7 [d#3 + cos® ¢3dgt + (dg + sin p3de )?]
_ (2.2)
dxt A dx 1.
B = T - Z Sln¢3d¢] N d¢2.

AdS; is parameterised by the boundary coordinates x* and the radial coordinate z, while the
angles ¢; parameterise the sphere. The AdS; metric admits the following Killing vectors

1
k6”8m = X+8X+ + EZC()Z, kfﬁ@m = O+, k’fam = —(x+)28x+ — z28x7 — x+zﬁz,
kO = —x" O — %zaz, K" O = Oy—, K0y = —(x7)20y- — 20+ — X 20..
(2.3)

They satisfy (KO, k39,) = —f,£k?0, (and similarly for k,), where f,{ are the structure con-
stants of the algebra of SL(2, R)

[S(]a Si] = :tSia [S+’ S*] = 250 (24)

In these formulas and in the following we use a bar to distinguish the right copy of the algebra
from the left copy®. For the sphere we have two copies of SU(2), whose algebra is generated
by T, (a = 1,2, 3) with commutation relations [T, Tj] = —€gp.Te. We will not write explicitly
all Killing vectors of S? since we will not need them. For our purposes it will be enough to use
the two commuting Killing vectors

k1 = —6¢,1 and ]_62 = 8¢2. (25)

The sigma-model action is invariant under the transformations generated by the above
Killing vectors, although in certain cases the B-field is not invariant but changes by a total
derivative. Therefore in general the corresponding Noether currents are given by

jA,i = kX(Gmn + an)aixn +jA,i» (26)

where ju 1 is defined by looking at the variation of the Lagrangian §4L = £0;j, under the
infinitesimal global transformation. Because of our choice of gauge, in the AdS; part only
ji_and ji_ are non-zero, and we also have j; = j5 = 0. In the following we will ignore the
transformations generated by S—_, S+, since for our discussion it will be enough to focus on the
(maximal solvable) subalgebra generated by

So, Sy, So. S_, Ty, T 2.7)

All Noether currents that we will need to consider will therefore have j4 + = 0. Let us antici-
pate that these Noether currents are not always equal to the chiral (resp. antichiral) currents
of the WZW description, which we shall denote by J (resp. J) and write explicitly in the next
subsection. They agree up to ‘improvement terms’ that do not spoil the current conservation,
of the type €/9;c for some c. Restricting to the generators in (2.7), for AdS; we have

7In our conventions B = %Bnmdx’” A dx". ~
8 We will interchangeably place the bar on an object or on its index, in other words k, or k; have the same meaning.
For readability sometimes we will prefer the former.
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1 1-
‘7(),4_ = J() — Ealogz, ‘7(),_ = +§610gz, j+,+ = J+, .,7_»,_’_ = 0,
_ _ 1- _ 1 _ _ _
Jo.— :Jo+§310gz, Jo+ = fialogz, J__=J_, J_4+ =0,
(2.8)

while for §*

T+ =N+ laqs Ji— = 15;25

1,+ — J1 4 1 1,— — 4 1s
_ _ 1- _ 1
Jo—=Jo — Za¢2, Tt = Z&ﬁz- (2.9)

This fact will later play an important role in our discussion.

2.2. The SL(2,R) x SU(2) WZW model
The action of the WZW model is Swzw = S| + kI" where £ is the level and

k ; 1 y

Silg] = o / doTr(0'g ' 0ig), Cgl=—— / d3oe”kTr(g_18igg_18jgg_18kg). (2.10)
T JoB 61w B

Here g is an element of a group G, depending on coordinates on 53, whose boundary 0B is the

worldsheet of the string. In the following we will take the action’ Swzw[ga] — Swzw|[gs] with

g =€ S+ e S c SLQR), g, =P Te? e € SU(2). (2.11)

We realise the generators of the algebra of SL(2, R) in terms of the Pauli matrices as Sy = 03/2,
St = (01 +i02)/2,5_ = (0 — i0»)/2,and similarly for SU(2) we take T, = 10,. The Killing
form is related to the trace in this representation as Ku» = £,%f,$ = 4Tr(S,Sp), and similarly
for T,,. We will use the bilinear form induced by the trace, rather than the Killing form, to raise
and lower algebra indices.

The equations of motion for the action Swzw[g] imply chirality for the current J = dgg~!,
and equivalently antichirality for the current J = —g~'dg, i.e. 9J = 0, dJ = 0. We decom-
pose the currents as J = J,S for AdS; and J = J,T* for S3, and similarly for J, where
S% = 28,,8* = S+ and T* = —27,. Thanks to these definitions the component J, of the chi-
ral current corresponds to the action of the generator S, (or 7, in the case of the sphere) from
the left, while the component J,, of the antichiral current corresponds to the action of the
same generator from the right. The same holds for the corresponding Killing vectors k, and
k,. In particular we have k"0,,g, = +Su8a> k" Omga = —8aSa for AdS and K'0,.8s = —T1gs,
k' 0,ngs = +gsT» for the sphere!’. In our parameterisation the components of the SL(2) cur-
rents read

— xtOox— Fxtox— —2 -
Jo= 20z iax ’ PR (x 6x2 z@z)_i_aer’ J+:_8L2,
< Z <
. dz —x~ Ox* “(xOxt —2207) - - Ot
ATk LA (x o2 %) | 5 io= % (2.12)
Z Z Z

9 The relative minus sign is needed to get the correct sign in front of the S* metric. In the supersymmetric case it is
naturally accounted for by the supertrace.

10 The relative minus sign between AdS3 and S° is again related to the fact that we are not using the supertrace in the
action and in order to define the components of the currents.

6
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while for the SU(2) currents we have

1 1
Ji =5 (=001 — 530¢2),  J2= 5(*61033052 —510¢3),  J3= 5(*61(%3 + ¢3510¢2),

Jy =

[ S

(+0¢ + s30¢1), Ji = %(+C2€35¢1 + $:003), J3 = %(4-025(153 — 35061),
(2.13)

where we use the shorthand notation s; = sin ¢;, ¢; = cos ¢;. The (anti)chiral currents appear

also when computing the Noether currents from the action Swzw = S1 + kL. In fact, invari-

ance of the WZW action under left transformations g — (1 4+ &, + ...)g implies the conser-

—1

vation of the Noether current ¢ i = %(77’7 — €l )0;gg ™" which is related to the chiral current as

S = (I, J-)=(.0). (2.14)

Similarly, from the right transformations g — g(1 + &g + . ..) one finds the Noether current
j f= —%(77’7 + €) g_lajg related to the antichiral current as

I = (I, 7)) =(0]). (2.15)
Conservation of the Noether current 8; ¢’ = 0 (respectively 0; j i = 0) implies chirality of

J (respectively antichirality of J). As we have already pointed out, in general these Noether
currents are not the same as those of the sigma model description, which we denoted by J .

2.3. Marginal deformations

In [8] Chaudhuri and Schwartz considered two-dimensional CFTs with J,, J, satisfying cur-
rent algebra relations'!

: sb b e

b 1 ! (Sa L ac‘l
Ja(o)*(07) ~ 2k(0c — 0?2 2k(c—0d’')’

- i6h if,bye

J.(5)7°(5") (2.16)

T 2%k(E—a')2 " 2%(a—35)

where we use ~ since we are omitting regular terms and f,; are structure constants of a Lie
algebra f. The authors of [8] were interested in exploring the space of marginal deformations
induced by dimension (1, 1) operators of the type

80(0,5) = gcJu(0)Jy(7), (2.17)

where ¢ are constant coefficients. The above operator is ‘integrably’ or exactly marginal (i.e.

can be completed to all orders in conformal perturbation theory in g) if it has no anomalous
dimension, and they found that a necessary condition for this to hold is that

CCU K 1qKpoKof 4+ CPCU K yqKpoKep = 0, (2.18)
where K, is the Killing form and we have defined
Cabc = cda Ceb dc Cabc = cad Cbefdc. (2 19)

We will call (2.18) the weak Chaudhuri—Schwartz (CS) condition. Chaudhuri—Schwartz [8]
considered only the case of compact algebras, meaning that the Killing form K, is negative

! Since we are not normalising the currents with an explicit k and we raise/lower indices with the bilinear form
induced by the trace, as opposed to the Killing form, certain factors differ from [8].

7
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definite and can be taken to be diagonal. In this case (2.18) becomes a sum of squares of Cabe
and C%¢, and it holds if and only if

Cc% =, and  C% =0. (2.20)

We will call (2.20) the strong CS condition, because it is a stronger constraint in the case of
non-compact algebras. In [8] it was also shown that the strong condition is equivalent to being
able to rewrite

O(0.5) = &1,(0)1,(5), 2.21)
where ja(a),jb(é) are linear combinations of the original J,(c), J,() such that
Jﬂ(U)J (J ) 2k(0’ _ 0_/)2 ’ JH(U)J (0 ) 2]((6' _ 5/)2 ’ (222)

i.e. the structure constants for this particular set of currents vanish. The absence of a simple
pole in these OPEs means that they are the same as similar ones for free bosons, which in turn
means that the S-function for the deformation parameter g vanishes and the deformation is
exactly marginal. In other words, deformations corresponding to Abelian subalgebras, which
is the only possibility in the compact case, are exactly marginal. When the Lie algebra § is
non-compact it is possible to find deformations that satisfy only the weak CS condition, as we
will see. A priori they are not guaranteed to be marginal beyond lowest order, and indeed we
will find both examples which are and those which are not.

In fact a sufficient condition on ¢ such that the weak CS (2.18) holds is that the coeffi-
cients ¢® identify two solvable subalgebras of f (one corresponding to J,, and one to Jp). This
follows directly from Cartan’s criterion for a solvable Lie algebra b

h solvable <= Tr(ab) =0, Ya € b,b € [h, ). (2.23)

If we are in such a situation then the two terms in (2.18) separately vanish because
CC¥K s =0, CC¥ K = 0. (2.24)

In the case of the SL(2,R) x SU(2) WZW model, we may for example identify the two solv-
able subalgebras generated by {S0,S+,T1}and {Sp,S_, T»}. Then if we call ¥, = {Jo,J4,J1 }
and Y, = {Jo,J_,J»} the list of the corresponding (anti)chiral currents, an operator

0(0,5) = Y, (0)Y,(7), (2.25)

will be marginal to lowest order for generic coefficients ¢*. Notice that generically ¢ will
not solve the strong CS condition (2.20).

All the solutions to the weak CS condition that we will generate from the CYBE on
g=fL®fr=5[2R)L ®su2)L ®sl(2,R)r & su(2)r will be of this type. Indeed to solve
the CYBE it is enough to look at the subalgebra generated by {So, S+, 71, So,S_, Tz}. When
they come from the YB construction, the coefficients ¢*” will obviously not be generic, and
we will relate them to certain components of the R-matrix, see the discussion at the end of
section 3.2. The YB construction has the advantage of giving a way to go beyond the infini-
tesimal deformation driven by O(c, ), and gives a sigma-model action that is exact in the
deformation parameter.

As we have argued, we expect the CYBE to give solutions to the weak CS condition in
more generic situations. In appendix D we discuss a solution of the CYBE that provides coef-
ficients ¢ that solve the weak CS condition without identifying solvable subalgebras.
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3. Yang—Baxter and current—current deformations

3.1. Yang—Baxter deformations

‘We now review the transformation rules for the target space fields for YB deformations derived
in [36]. Given an initial sigma model with metric and Kalb—-Ramond fields G,,,, B, the back-
ground of the YB deformed model is given by

G—B=(G-B)[l+70(G-B)", (3.1)

where for simplicity we are suppressing all spacetime indices. Here ©™" = K7 RABK% is a ten-
sor constructed out of the Killing vectors k}' and of RB which is a solution to the CYBE on
the Lie algebra g

RPURIEIBECL — ¢, (3.2)

In our case g = fL @ fr is the sum of a left and a right copy of § = s[(2) @ su(2), and G, B
were given in section 2.1. The derivation of [36] assumes that the B-field is invariant under the
isometries used in the deformation, i.e. the ones appearing in ©. This is ensured by picking
the form of B in section 2.1 and using only the isometries generated by (2.7), which is enough
to generate any Yang—Baxter deformation (see appendix C).

The deformation produces also a shift of the dilaton calculated from the determinant'?

e 2% = 2% det[1 + 1O(G — B)), (3.3)

where @ is the dilaton of the original background (in our case ® = 0). In general YB back-
grounds are solutions to the equations of generalised supergravity [40, 41], so that in addition
to the usual fields one may have also a vector K computed as'?

K" = —RVLGKE, (3.4)

which is a Killing vector of the YB background V (,,K,;y = 0. For such generalised supergrav-
ity solutions the role of (the derivative of) the dilaton is replaced by the vector'*

Xy = Op® — BpK". (3.5)

When K™ vanishes one goes back to a standard supergravity solution. From (3.4) the relation
to the unimodularity condition of [43] is manifest. There exist also so-called ‘trivial solu-
tions’ of generalised supergravity [42], i.e. when K does not vanish but it decouples from the
equations. A trivial solution is therefore both a solution of the generalised and the standard
supergravity equations. Later we will encounter examples of this type.

Let us comment on the fact that the YB transformations constructed in [36] were derived
by assuming a group of left isometries for the sigma model. This is necessary in order to apply
the NATD construction and twist the model with the corresponding Killing vectors k4. The

12In the supersymmetric case the determinant is replaced by the superdeterminant.
13 Equation (3.4) may be obtained from the formula derived in [36] (i.e. K™ = n©™'n, = nkR*Png with ny = f,5)
after using the identity RABf,§ = —2f,4RBC, which is a consequence of the CYBE. It is also easy to check that

(3.4) agrees with K" = WVE,O)G)'"" proposed in [30], where V% is the covariant derivative of the original un-
deformed background. Indeed, using first the Killing equation for kf and then the anti-symmetry of R, we have
Ve = kmRABY Dk — RABK™G,, k. Knowing that Killing vectors satisfy [k70,,., kid,] = —f,Sk%d, we obtain
again (3.4).

14 This expression applies in a gauge where B is invariant under the isometry generated by K, LxB = 0. Here we
stick with the original notation of [41]. In [36] and [42] X,, was used instead, but there is a risk of confusing it with
Xy = X + K, of [41].
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isometries that we will exploit here to deform AdS; x S?, corresponding to the generators in
(2.7), belong both to the left and to the right copy of the symmetry group of the WZW model.
The reason why we can apply the above rules of YB transformations is that the corresponding
sigma model may be constructed as a coset on SO(2,2)/SO(1,2) x SO(4)/SO(3) with a WZ
term. For example, focusing on AdSs, we may relate the generators of s[(2, R) to those of the
conformal algebra as
1

So=+§(D—J01), Sy =p4, S_=k_,

_ 1 _ _
So = —E(D-Ffm), St =ky, S_=p_, (3.6)

where e.g. pL = %(Po £ p1). Then we obtain the wanted sigma model action from
S = % fdonr[g’lag(PJr b)g~'0g] where g = exp(xtp, +x p_)exp(Dlogz), P proj-
ects on the generators of the coset p; — k; and D, and finally b(py — ki) = £(ps — ki)
produces the B-field. In this formulation the isometries that we want to exploit, generated by
S0, 8+,80,5—, act from the left as g — hg and leave also the B-field invariant.

For later convenience, let us say at this point that it is easy to check that when an R-matrix
is given by the sum of two R-matrices, the corresponding background can be understood as
the composition of two successive YB transformations. This is easily seen using the following
identity valid when © = ©; + O,

[14+701(G—B) ' [1+70:(G—B)[1 +10:1(G—B) '] ' =[1+70(G-B)]~", (3.7

which holds without assuming any property'” for ©;, neither antisymmetry nor CYBE. Thanks
to this formula it is straightforward to argue that the background metric and B-field of a YB
deformation generated by © = O, + O, are equivalent to those coming from the composition
of two successive deformations, e.g. first one generated by ©; and then one generated by ©;
(or vice versa). The same holds for the transformation rule of the dilaton, and of the vector
K, which is linear in © (or equivalently R). Obviously, the interpretation as YB deformations
in the intermediate steps will be possible only if ©;, ©; separately solve the CYBE, and if
the isometries needed to implement the second deformation are not broken by the first one.
In this case we will say that © is ‘decomposable’. Apart from these subtleties, it will often
prove useful to interpret a deformation generated by © = ©; 4+ O, as a composition of two
transformations.

Later we will encounter examples in which ©; generates the undeformed background
up to a (n-dependent) field redefinition. In this case one can say that ©@ = O + O, is
equivalent to the YB deformation generated by ©, alone only if the field redefinition
X" = X" (x') = x'™ + nf™ (x’) needed to trivialise O is compatible with ©,. It is easy to con-
vince oneself that the necessary compatibility condition is

ATIO (X + f" (X )ATT = ©,(x'™), (3.8)
where A" = g;‘,":,, and we are writing the explicit dependence of ©; on the coordinates.

3.2. Relation to marginal current—current deformations
Before discussing YB deformations of AdS; x S3, let us make a simple observation: at lead-
ing order in the deformation parameter, the YB deformation is of the form J.J, where J are
15 Obviously we need to assume invertibility of the above operators.
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the Noether currents of the sigma model. This is straightforwardly checked by expanding
the sigma model action S = g I d’o 5)x’"(émn — an)éx” to lowest order in the deformation
parameterl()

S=S8y— n% / d*o R Ty Tp— + O(n?). (3.9)
While this is true for a generic sigma model, this observation is particularly interesting when
the original sigma model is related to a WZW model. If the Noether currents 7,; coincided
with the chiral Noether currents of the WZW model _Z4; = { Hais /7,1,} then we would auto-
matically obtain a current—current deformation of the type JJ. In fact, from (2.14) and (2.15)
one immediately finds that'’ [d®c €/RPA 7y, 7 =4 [ d*c R™®J,J5. As we have seen,
though, in general J; = _Zi + €/9jcs, and the discussion is more subtle because (3.9) will
contain additional terms together with the wanted JJ ones. We are about to show that for
YB deformations of the AdS; x S sigma model these additional terms can be removed by
proper field redefinitions. We can therefore relate YB deformations to the deformations of the
type ¢*J,J, considered by CS. From this discussion it is also clear that we should identify
the coefficients ¢® of CS with an ‘off-diagonal’ block of the R-matrix. More explicitly, since
R € g A g we are solving the CYBE on an algebra which is the sum of a left and a right copy
g = fL @ fr, the R-matrix can be decomposed as

Ry RLR>
R = 3.10
<RRL Rrr (3.10)
with R, = —Ryp,Rkz = —Rgr and Ry = —Rgp. The relation to the coefficients of CS is

therefore c** = R . We can therefore generate solutions to the (weak) CS condition from solu-
tions of the CYBE, and we will find several non-trivial examples in the following. Obviously
Abelian R-matrices (R = a A b, [a,b] = 0) will give solutions of the strong CS condition.
When dealing with non-compact algebras the CYBE allows also for solutions that are not
of the Abelian type. Some of them will give coefficients ¢* that do not solve the strong CS
condition. They all solve the weak CS condition as already explained at the end of section 2.3.

It would be very interesting to understand more deeply the relation between the space of
solutions of the CYBE (3.2) and the weak CS condition (2.18) in the case of a generic alge-
bra g = fr. @ fr. It is interesting to notice that in order to solve the CYBE one may need also
components of the diagonal blocks Ry and Rgg, while in the weak CS condition these will
not enter. In fact, given R{% = ¢ and taking the CYBE on mixed left/right indices (where
we use an explicit bar for indices of the right copy of the algebra), one gets for example
cURS & + Mo, d 4 RICceaft = (. Depending on the coefficients ¢*” one may also need
non-vanishing left-left R*> components in order to solve this equation'8, but the CS condition
is not sensitive to them.

Let us also comment that, differently from what was claimed in [44], the strong CS condi-
tion (2.20) is not the CYBE, not even when one further imposes the unimodularity condition
(and in fact our Ry in table 3 is a counter example to that claim).

16 Recall that we are restricting to the case when the isometries used to construct the deformation leave not just the
action but also the Lagrangian invariant, so that j4; = 0. This was the assumption also in the derivation done in [36].
17 Notice that the R-matrix may have also non-vanishing components with both indices in the left (or both in the
right) copy of the algebra, but these will not contribute in the final expression, and the contributions coupling cur-
rents with the same chirality cancel out.

18 Such an example is given by the fourth R-matrix in table 1.

1
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3.8. Field redefinition

In order to display the current—current structure of the deformed model it is convenient to
write the Lagrangian in the form

L=Lo— %nJM[(l +nRM) 'R Ty,

(3.11)
where Ly is the undeformed Lagrangian and Map = kkj(G — B) . This follows directly
from the form of G — B in (3.1) and the definition of the Noether currents in (2.6) upon recall-
ing that we will pick R so that the last term in J does not contribute. To compare this to the
discussion of current—current deformations of the WZW model we need to perform a field
redefinition that replaces the Noether currents in the above expression with the chiral cur-
rents'®. In appendix A we find such a field redefinition for a general deformation specifying to
AdS; x S for concreteness. Here we will just say that for all deformations that we consider
we find that the Lagrangian can be written in the form

1 - _a
L=1Ly— E"J“Kl +nRM')"'R]“J,, (3.12)

where M’ is a shorthand for M after the field redefinition. ja, Jz are modifications of the chiral
currents of the undeformed WZW model. Their explicit form is given in (A.25) for deforma-
tions of AdSs, and in section 3.5 for deformations of AdS; x S3.

At leading order in 1) the above Lagrangian becomes

1 __
L=Lo= SmaR"Ta+ o). (3.13)

so that the comparison to the current—current deformations considered by CS is now manifest.

3.4. YB deformations of AdS3

Let us start by looking at YB deformations that deform only AdS;. We will start with the
simplest ones which are TsT-transformations. They come from the Abelian R-matrices of
s1(2,R)L @ sl(2,R)g which (up to automorphisms) are?*2!

S+ /\S_, S()/\S(), S+ /\S(). (3.14)

For the first one we obtain, from (3.1) and (3.3), the supergravity background of a deformation
of AdS; x §3 x T*

dxtdx— dZ?
a = Ziz +ds? + ds,
dxt Adxm 1 5
= m — Zsin ¢3d¢1 A d¢2, e—2'l> =1- Zﬂz (315)

In this case the isometries involved in the deformation procedure correspond to Noether cur-
rents that agree with the (anti)chiral currents, see (2.8). We therefore automatically get that to

91t is actually enough to look at the lowest order in 7 if we are considering infinitesimal deformations. The action
written in terms of the Noether currents as in (3.11) was given also in [44] but the rewriting in terms of the chiral
currents is missing there.

20 From now on we will use the components R*5 to construct R = R8T, AT € g A g.

21 We could consider also R = Sy A S_, but it is related to R = S4 A Sp if we also exchange the left and right copy
of the algebra.

12
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Table 1. Non-Abelian R-matrices of s[(2), @ sl(2)gr up to SL(2,R)y x SL(2,R)gr
inner automorphisms and swaps of L <+ R. For convenience we also write the marginal
operators that they give rise to, and whether they satisfy the strong CS condition.

R=RT, ANTg Deformation? cJ.J, Strong CS?
Ry =SoNSyt Trivial deformation 0 Yes
Ry=(SoFS_)AS, TsT +J,.J Yes
Ry = (So — aSo) A S, TsT al Ty Yes
Ry=(So—So) A (Sy £85_) Not SUGRA JyJo £ JoJ No
Rs =So NSy £8SoAS_ +AS; AS_ TsT MoJ_ Yes

leading order the deformation of the Lagrangian is given by the marginal operator nJ+J_. In
[45] the above background was argued to be the dual of the ‘single-trace’ TT deformation of
the symmetric product orbifold CFT,. This is also is accordance with the fact this particular
YB deformation is just a TsT transformation involving the two boundary coordinates??. At
finite order in the deformation parameter the Lagrangian is given by (3.12), (A.25) and (A.1)

’r] —
L=1Ly— El_ﬁJJrJ_. (3.16)
ZZ
The derivative of the action with respect to the deformation parameter is given by
ds T -
—=—— [ doJJ",
n > / oJiJZ 3.17)

where J7 = (1—nz"2)""J4 and J" = (1 —nz=2)~'J_ are (anti)chiral currents of the
deformed model. This background was analysed in [46]. Let us also note that in this case the
deformation parameter can be absorbed by a rescaling of the coordinates. There are therefore
only three cases: 7 > 0,7 = 0 and ny < 0. The first of these is not globally well behaved since
the dilaton becomes imaginary when crossing z = /5. For n < 0 the solution interpolates
between two CFTs: the SL(2,R) WZW model and a linear dilaton background (plus two
decoupled bosons). It would be interesting to study further the implications of the existence
of this interpolating solution but we will not do so here. See also [45] for a discussion on the
different interpretations depending on the sign of the deformation parameter.

For the remaining two Abelian R-matrices we obtain by a similar calculation the
Lagrangians®®

1 (4+n)2 =
L=Ly— - JoJo,
0T a2 1 n(4 + n)xtx— """
L=1Lo— lnibjo- (3.18)
272 +xm
For all the Abelian examples one finds, as already mentioned, that
ds T I
— = —— [ o RJ1],
dn > / o a’a (3.19)

22 We can have a TsT interpretation because we can implement the sequence T-duality, shift, T-duality in terms of
the coordinates x°, x!, instead of the null coordinates x=.

23 The JyJy-deformation was considered also in [47].

13
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where J7, J7 are (anti)chiral currents of the deformed model. For the last two Abelian exam-
ples they are

_ _ _ 42 /1+1
R=SyASy: J'=ady, I = ado, = z___
0 /20 0 = o 0 = o @ 472 + (4 + n)xtx—
2
R=S,ASo: Jl=ady, T'=ady a=-— . 3.20
+ N So + + 0 0 Popp— (3.20)

Following [46], the above result is another way to see that the YB model provides a deforma-
tion that is marginal exactly in the deformation parameter.

In order to find deformations that at least potentially are not TsT, one should look at the class
of non-Abelian R-matrices. The full list of non-Abelian R-matrices of s[(2,R)L @ sl(2, R)gr
(up to SL(2,R), x SL(2,R)g automorphisms) is given in table 1. They are special cases of the
R-matrices for s[(2,R);, @ sl(2,R)r @ su(2)L & su(2)r classified in appendix C. Analysing
the first example Ri = So A S+ one finds that, after the field redefinition x™ — x* — 7 logz,
not only the leading order in 7 vanishes in the action, but also all the higher orders. This is
obvious from equation (3.12) and the fact that R with an anti-chiral index vanishes. In other
words the deformation is trivial, since its effect is to give the undeformed AdS; background in
new (n-dependent) coordinates. To be more precise, from R; we get back undeformed AdSs up
to a non-vanishing K = —n0,+, from (3.4). This is of course a ‘trivial solution” of generalised
supergravity (i.e. one that solves also standard supergravity upon dropping K, notice that K is
null)?*.

The above result for Ry = So A Sy turns out to be useful to analyse some of the following
examples in the table. It is easy to see that R, and R; in table 1 are of the form R = Sop A S + R’
and that in both cases R’ is compatible with the field redefinition that trivialises the effect of
the piece So A S+, see (3.8). Therefore these two R-matrices are equivalent to two of the TsT
transformations already discussed?, generated by S+ A S_ and S A So. Alternatively it is
easy to see this directly from the Lagrangian in (3.12) and (A.25).

The last two R-matrices in table 1, instead, give backgrounds that are not of this type. From
(3.4) we find that they have K = —n(9,+ + 0,— ) and K = —n(0,+ F O, ) respectively, nei-
ther of which is null. The only way they can give solutions of standard supergravity is then,
as shown in appendix E, if X = d¢ + K with ¢ the dilaton and K an independent Killing
vector field. We can extract K from the equation dK + izH = 0 in (E.1) and for R4 one finds
K = (0 F 0,-) = %2710, + O(n?) which, at lowest order, differs from K only in the sign
of the 0,+-term. However from the lowest order correction to the action J. +jo + JoJ_ we read
off the deformed metric

23 (—dx~dxt + dzdz) — mzH(zdz(dx Fdx ) + (ExT —x7)deTdxT) + O(?), (3.21)

which is only invariant under 6x* = ne, 0x~ = £ne which is generated by K, and not under
oxT = ne, 6x~ = Fne, 5z = +n’ez~" which is generated by K. Therefore K is not Killing
and the R4-background is not a solution to standard supergravity. Note that it only fails to be a
solution at order n*> which is consistent with the fact that the leading-order deformation satis-
fies the weak CS condition. We will not consider this background further here since our inter-
est is mainly in string theory applications. For Rs, instead, one can show that K is a Killing
vector of the deformed metric and it satisfies (E.1), meaning that we get a ‘trivial solution’ of

24 Obviously a similar discussion holds also for R = Sy A S_.
25 Also in this case the equivalence holds up to a non-vanishing K = —nd,+ that is null and decouples from the
equations of generalised supergravity.
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Table 2. Rank-2 non-Abelian R-matrices of s[(2)p @ s[(2)r ® su(2)L @ su(2)r up
to SL(2,R)L x SL(2,R)g x SU(2)L x SU(2)r inner automorphisms and swaps of
L < R. With T we denote a generic linear combination of 77, 5.

R=RT,ATs Deformation?
Ri=(So—So+T)A(Sy £85_) Ry + TsT=> not SUGRA
R, = (S() — [130 + T) N S+ R3 + TsT== TsT
Ry=(SoFS_+T)ASy Ry + TsT= TsT

R by, J, Strong CS?
R; +(Jo +a))J- +J(Jo + bl2) No

Ry Jy(aJy + bJy) Yes

R; Ji(E£J- + by) Yes

generalised supergravity for generic A. Actually, using (3.12) and (A.25), for Rs we find the
Lagrangian®®

n2(n —4\)
2 (n(n —4X) +42%)

which is exactly that of the TsT example in (3.16) with n — n\ — n*/4. This background
therefore provides an example of the more general kind of trivial solution of the generalized
supergravity equations discussed in appendix E for which K? # 0.

This example also shows how the identification of the deformation parameters can be non-
trivial. In fact, although at leading order the marginal deformation is given only by nAJJ_, the
deformation exact in 77 shows that the deformation parameter of the TsT is instead n\ — 1% /4,
and in particular it does not vanish even when A = 0.

It is interesting to look at the marginal operators of the type c¢*J,J, that are generated by
each R-matrix. We write them for convenience in table 1. While they all solve the weak CS
condition, they all solve also the strong CS condition (which guarantees that they are exactly
marginal) except for the fourth one (which we have seen fails to be marginal beyond lowest
order).

L=1Ly+ JiJ_, (3.22)

3.5. YB deformations of AdS;z x S8

Looking at deformations of AdS3; x S* gives a richer set of possibilities. In this case we want
to solve the CYBE on the algebra sl(2);, @ s[(2)r @ su(2)L & su(2)r.

The simplest example to start with is R = S4 A T5. This is an Abelian R-matrix and there-
fore corresponds to a TsT mixing AdS3 and S°. In [48, 49] it was argued that this background
is dual to the single-trace TJ deformation of the CFT,. From the YB procedure one explicitly
finds

ds® = dsdy, + dss + 41Z2dx* (ds + 2sin ¢3ds,),
B— Byt ndx~ A (d¢, + 2sin ¢3d¢1)’ 2 (3.23)

8272

2_6 For concreteness we take Rs = So A Sy + So AS_ -+ AS4 A S_, but similar results apply also for Rs = So A S —
SoAS_ +ASyAS..
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From (2.9) we see that the Noether current 7 differs from the antichiral current J,, and there-
fore field redefinitions are needed in order to put the action in the form that makes the chirality
structure manifest. After the field redefinition x* — x* — Z¢», or equivalently by looking
directly at (A.22), (A.16) and (A.23) the Lagrangian becomes

1 _
L= LO - 577.]_’_.]2. (324)

This deformation is special since the leading linear order is exact. Obviously
ds/dn = -1 [J .

We will now focus on non-Abelian R-matrices. These are classified for
sl(2)L @ sl(2)r @ su(2)L, @ su(2)g in appendix C. Since the CYBE on the two copies of
su(2) implies that the subset of generators from this part of the algebra should be Abelian,
our classification is useful also to study deformations of the full AdS; x S* x T* or the more
generic AdS; x S? x S* x S!. Every time an su(2) generator appears, it may as well be
replaced by another compact generator, as long as all compact generators involved form an
Abelian subalgebra. For concreteness we will only look at deformations of AdS; x S*. The
rank-2 non-Abelian R-matrices are collected in table 2. Since they are special cases of the
rank-4 R-matrices, listed in table 3, we will not consider them separately.

To compute the Killing vector K that appears in the generalized supergravity equations we
note that equation (3.4) implies that only the non-Abelian generators matter and we can set
T =T’ = T" = 0 (where these are generic linear combinations of Ty, T»). We find therefore
the same answer as for the SL(2, R) case in the previous section and comparing to that analy-
sis we see that only Ry (and therefore R;) does not give a supergravity solution. Since we are
interested in string theory applications we will focus on the analysis of Rs through R. Recall
that in this way we automatically consider also the rank-2 R-matrices R, and Rj3. From (A.22),
(A.16) and (A.23) it follows that (after the field redefinitions) the Lagrangian takes the form

L=1Ly— %n]a[(l + nRM') "' R|“], (3.25)
where for Rs—Rg

Jo=Jo+ 0% YiRY T, Tu=Ta— ViR Y, (3.26)
while for Rg

Jo=e%J,  T.=e%J, 6, =—6- = —nYiRYYy, (3.27)

Itis not hard to show that Rs, R7 and Rg are in fact equivalent to TsT transformations. Consider
the first one. The deformed Lagrangian is

1 . __
L= Lo = 30l +ndyiYaR T ][(1 + nRM') " R)“Ja. (3.28)
However, due to the form of the R-matrix and the fact that Mﬁr 4 = 0 this is equal to
1 __
L="Lo— k(1 + nRM')~'R]“J,, (3.29)

where furthermore we can replace R by the Abelian R-matrix obtained by dropping the
So A S4-term in Rs. This deformation therefore reduces to a sequence of commuting TsT
transformations. The same conclusion applies to Rg as is easily seen from the form of the R
matrix. For R; we have
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Table 3. Rank-4 non-Abelian R-matrices of s[(2)p @ s[(2)r ® su(2)L @ su(2)r up
to SL(2,R)L x SL(2,R)g x SU(2)L x SU(2)r inner automorphisms and swaps of
L <> R. With T, T’, T"” we denote generic linear combinations of Ty, T>.

R=R¥T, ATs Deformation?
Ri=R,+ali AT R, +TsT=not SUGRA
Rs =R, + b7\ AT, Ro+TsT=TsT

Rs= (So+T)ASy +T A(So+T") SUGRA
Ry=(So+T)AS, +T' A(S_+T") TsT

Rg=R;+ali AT, R3+TST=TsT
Ro=(So+So+T)AT + 54 AS_ SUGRA, not TsT

Rig=(So+T)ASt £ (So+T')AS_+AS AS_  TsT

R by, J, Strong CS?

Ry (Jo +aJl).7, +J+(j0 +bj2) +al\J, No

Rs J+(a.70 +b.72) +b.]1.72 Yes

RG a]+.72 + bJ]j() + Cj|j2 Yes

Ry alyJo + bJJ_ + chiJs Yes

RS ]+(j, +bj2) +a]|j2 Yes

Ry alods + b Jo + chidy +J, T No (@ #0orb #0)
Rjo eIy dy +dIJ_ + NJ_ Yes

1 ; o e
L= Lo = 5nla+ndyi VAR T ][(1+ nRM')~'R]*[Jq = ndgYyR* " yiJ -], (3.30)

but again the terms with a = 0 and @ = 0 drop out due to the form of the R-matrix and the fact
that M 4 = 0 and this reduces to

1 ,,
L=1Ly— 5nja[(l +nRM')~'R]“J,. (3.31)

It is also not hard to see, using again the form of the matrices M and R, that one can again
replace R by the Abelian R-matrix obtained by dropping the So A Sy-term in R;. The result-
ing background is therefore also a TsT. The fact that Rs, R; and Rg are equivalent to TsT
backgrounds may be argued also from the fact that the R-matrices are Abelian up to the
So A S4-term, and that (3.8) holds.

For Rg the deformed Lagrangian is

1 ; __
L= Lo = 30l + 0y VAR T ][(1 + nRM') " R)*Ja. (3.32)
Again, using the form of R and the fact that M4 = 0, this simplifies to

1 -
L="Lo— k(1 + nRM')~'R)“ ;. (3.33)
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However, in this case we cannot get an equivalent background simply by dropping the
So A S4-term in Rs?’. Let us work out the background for the simplest case, T = T” = 0 and
T' = aT, + bT,. One finds

L=Lo—nf"! (2an+]2 +2aby(1 — n )1 J> — %nz(az b — 2absin ¢3)J 4 Jo + saJJo)

‘ (3.34)
where f = 16 + n*(a* + b* — 2absin ¢3)[1 — nx~ /z]. One can show that in fact the (anti)
chiral currents entering this action J , J, Jo and J, extend to chiral currents to all orders in 7,
i.e. the corresponding isometries are not broken by the deformation. Since this is a character-
istic feature of TsT backgrounds it is natural to guess that this background can be generated
in that way. It is not hard to show this explicitly in the special cases a = 1, b =0 and a = 0,
b =1 in which cases it is equivalent to the backgrounds generated by

2

2
C 77 N 477 T 77 N
R=T, - d R=—"" - — 3.35

1/\S0 1 S+/\SO an 1 2S+A 2 1 2S_;,_/\S’O, ( )

respectively.
Ry is the only unimodular example, i.e. the only one with K = 0. The deformed Lagrangian
is

1 - _a
L=1Ly— 5nja[(l +nRM')~'R]“J,, (3.36)

with

Jo=e%J,,  TL=e%J, 6, =—6-=—nYiR"Y, (3.37)
For simplicity we will set 7= 0 and T’ = T). We can argue that this example is not equivalent
to a TsT as follows. To order 7> the Lagrangian is
n

)

1
L:Loffn(lﬂ’zfz

-1 - 1, - 1 ,x -
5 hL+*thﬂﬁMW*ﬁ?ﬂL+0W) (3.38)

2 8 2

The action is clearly not invariant under the isometry corresponding to constant shifts of x™
and therefore the corresponding chiral current J, does not extend to the deformed theory.
Instead the equations of motion lead to chiral currents

—
=+ D = h 4+ O0), I =0+ OGP), (3.39)
while the remaining equations of motion read
M\5 3 3 X 5 5
1+ )] —nhi-=0(7), 0+ 77721—] — - = O(p).

2
(3.40)
At the same time we have

ds T n /N - X7 - | 2

— =__ 1+ )] — 3n—J1J_ + —

T 2/ <J+( +Z2)J Jido + U JJ +217]0]0+(9(77) ,
(3.41)

27 One way to see this is that Rg — R) is not compatible with the coordinate redefinition needed to undo the transfor-
mation with Ry = So A S4 (see equation (3.8)), therefore one does not expect to be able to undo the effect of the R;
piece of the R-matrix.
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which clearly cannot be written as a bilinear in deformed chiral currents. Explicitly, we obtain
the background?®

B ndey (xFdx™ +xmdxt) +ddedxt + (1 — 22) g} N 42

ds? = 2
s nix—xt — 4) 1 422 2
aa 2eings (- + (0 2)d0)

4 n(nx=xt —4) +4z22 ’

. —4dx~ Adxt — 2sings (dgy A (mx—dxt + (g — 2%) dey)) + ndey A (xFdx —x~dxt)
- 2n(nx—xt —4) + 822

bl

n(=4+m'x7)

—2& _
e =1+ a2

(3.42)

Finally, Rio=Rs + TASy +T' A S_. Since the s[(2,R) R-matrix Rs does not break the
isometries generated by S+,S_, we conclude that the additional terms in Ry have the only
effect of adding further TsT transformations on top of the background generated by Rs, which
is itself a TsT background.

Interestingly, the matrices R4 (which may be decomposed in terms of R;) and Ry give rise
(at leading order in the deformation parameter) to marginal deformations of the WZW model
that obviously satisfy the weak CS condition, but not the strong one.

4. Discussion

In this paper we have constructed YB deformations of strings on the pure NSNS AdS3 x S* x T#
background. Together with Abelian YB deformations, which are known to reproduce TsT
transformations, we also constructed non-Abelian YB deformations. While some non-Abelian
R-matrices give rise to backgrounds that cannot be obtained simply from TsT transformations,
we found that others generate again TsT backgrounds, or even no deformation at all*>. We
expect this to be related to the fact that the initial G — B is degenerate.

For example, the Jordanian R-matrix R; = So A Sy gives back the undeformed AdS;
background up to an 7-dependent field redefinition (and up to a non-vanishing K = —n0,+).
Recalling that the YB deformation is equivalent to a shift of the B-field plus NATD, this obser-
vation suggests that AdS; with NSNS flux has a certain property of self T-duality, when we
dualise the non-Abelian algebra of isometries generated by So, S+ and we also regularise the
action by performing a B-field gauge transformation.

Although we used our classification of R-matrices to deform, for concreteness, only the
AdS;3 x S part of the background, our results may also be used to obtain deformations involv-
ing the T* of AdS3 x S* x T*, or even deformations of the more general AdS; x S* x S3 x S!
background. Indeed, in all our expressions of the R-matrices the generators Ty, 7> may be
substituted with any other two commuting generators of the compact part of the isometry
algebra®. Let us also mention that the string on these AdS3 backgrounds is integrable [50, 51]
and that our deformations preserve the classical integrability.

To leading order in the deformation parameter, all our YB deformations reduce to the mar-
ginal current—current deformations of the type considered by Chaudhuri and Schwartz in [8].
While they are all marginal to lowest order, since they satisfy what we called the ‘weak CS

28 Here we are writing the background that is obtained before doing the field redefinition.

29 Except for the introduction of a (decoupled) non-vanishing vector K in the equations of generalised supergravity.
30 That is because the CYBE implies that the restriction of an R-matrix to a compact algebra must be Abelian. We
are therefore free to choose which Abelian subalgebra we wish to consider.
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condition’, some of them do not satisfy the ‘strong CS condition’ and the celebrated ‘no
simple-pole condition” which guarantee exact marginality. Indeed we found examples which
failed to be marginal beyond lowest order (and at one-loop in 1/k), all involving the R-matrix
R4 in table 1, and one example, Ry in table 3, which remains marginal to all orders in 7 at
least up to one loop in 1/k. The relation between the space of solutions of the CYBE and that
of the weak CS condition is an interesting question. The former is a quadratic equation for R,
while the latter is a quartic equation for the coefficients c¢®” of the current—current deforma-
tion, related to the left-right block of the R-matrix simply as ¢* = R{%. While we expect all
solutions of the CYBE to generate solutions of the weak CS condition (including the trivial
ones) it seems hard to prove this statement for a generic Lie algebra. In appendix D we took a
digression from the setup of the paper and we considered the CYBE on the sl3 algebra, find-
ing again that it generates non-trivial solutions to the weak CS condition (that do not solve
the strong one). We do not rule out the possibility of having solutions to the weak CS condi-
tion that cannot be ‘completed’ to a solution of the CYBE equation. In section 3 we actually
discussed a more generic criterion (related to the solvability of the subalgebras involved) not
requiring CYBE, to construct solutions of the weak CS condition.

In [52] a marginal deformation constructed out of Abelian currents (a TsT transformation)
was interpreted in terms of spectral flow. It would be interesting to understand if this can be
generalised to the non-Abelian set-up.

We would like to stress that we worked out the YB deformations in the sigma model
description. It would be very interesting to understand how to formulate the YB deformation
directly at the level of the WZW action. Such a construction was performed in [53-55] for R
a solution of the modified CYBE?!. The formulation of the deformation of the WZW action
may be obtained from the construction in terms of NATD, in the spirit of [32] and [33]. An
alternative may be to use the language of £ models [56-58], see [59] for a recent application
in similar contexts.

One motivation to carry out this work came from the recent developments on the 77 defor-
mation [60, 61] and its generalisations. The components T, T of the stress-energy tensor of a
(quite generic) two-dimensional relativistic field theory may be used to construct a ‘double-
trace’ operator generating an irrelevant perturbation of the theory. The deformation is solvable
in the sense that the spectrum of the deformed theory may be computed exactly in the defor-
mation parameter as a function of the spectrum of the original undeformed theory. In [45] a
‘single-trace’ version of the TT deformation of the symmetric product orbifold CFT was con-
sidered. It was argued that the irrelevant deformation of the ‘spacetime’ CFT governed by*?
O(x) x vazl T;(x)T;(x), where i labels each copy in the symmetric product, corresponds to a
marginal deformation of the dual WZW model that infinitesimally is just the current—current
deformation J (0)J_ (&), where J4,J_ are the left and right SL(2,R) currents generating
shifts of the boundary coordinates xt,x~. Another deformation, similar in spirit to the above
one, was studied in [48] and [49] after replacing the T with an antichiral U (1) current of the
compact factor®®. It was argued in [48, 49] that the deformation of the dual WZW model is
governed again by a marginal deformation bilinear in the currents (where now the antichiral
current belongs to the compact part of the algebra). Such marginal deformations of the WZW

31 There the special propriety R = —R was used, so that we do not expect their results to be immediately applicable
to the case of the homogeneous CYBE. Moreover, here we want R to be a solution of the CYBE on fL @ fr that also
couples the left and right copy of the algebra.

32'We refer to [45] for the connection to Little String Theories. The above operator should be compared to

the original double-trace version studied in [60, 61] and given by T(x)T'(x), where T(x) = vazl T;(x) and

T(x) = 30, Ti().

33 This deformation is in fact the single-trace version of the one first constructed in [62].
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model may be completed to finite values of the deformation parameter in terms of TsT (or
equivalently certain O(d, d)) transformations. Since TsT deformations are a subclass of YB
ones, it would be interesting to understand if it is possible to provide a holographic interpre-
tation also for the YB deformations of AdS3 x S x T* considered here. (The connection to
YB models was also pointed out the recent paper [44].) We expect our marginal deformations
of the WZW model to correspond to deformations of the dual CFT, which generalise the
(single trace version of the) T7T construction. It would be very interesting to understand for
example the case of the non-Abelian R-matrix Rg, which gives rise to the marginal deforma-
tion aloJy + bJ1Jo + cJiJ, + J+J_. The non-Abelianity of the generators involved forbids
the usual iteration of the infinitesimal deformation in order to obtain the exact one. The YB
deformation, despite the non-Abelianity, provides the realisation of the finite deformation on
the worldsheet of the string.
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Appendix A. Details on the field redefinition

The matrix M in (3.11) is a direct sum of the AdS and sphere part, M = M, & M;. They take
the form (we restrict to A,B = {0,+,—,0} and A, B = {1, 2} respectively, which is all we
need since M always comes multiplied with R on both sides)

1 1
i 0 0 —4
0 0 0 0 1 0
M, = o s M, = ' . Al
a -5 _ZLZ 0 0 s <ésm¢>3 i) ( )
Lox xo g 1
4 2 22 4

We will make an ansatz for the field redefinition based on the isometry transformations
used to construct the model, but with the transformation parameters depending linearly on
vy = (Inz, ¢1, ¢2) (since we want to cancel terms involving dy and dy). We therefore consider

xF X = eyt 4 d ), 77 =g, br2 = ¢o = b2+ nd oy (A2)

where i = 1,2,3 and b = (', + b'_)/2. For the right-moving Noether currents Ja+ we get

. 1 . . . i
Jor =Jo+na yidy — E@lnz + Oyi[nb', My — nb'_Mp, +na'_ "M~ ],
(A3)

Tl =e Mg, 4 6y,~[77ai_e”h[*y"M’;+ —nb"Mj_], (A4)

1 1 .
Joi = —Ealnz — Enb’ayi, (A.5)

21



J. Phys. A: Math. Theor. 52 (2019) 225401 R Borsato and L Wulff

1 , .
T =h+ 18¢1 + Oyi[nayM3, — na\ My, (A.6)
1 1 .
Ty = 7002+ Fnadyi. (A7)
These expressions take a more natural form if we further assume that
d = —YiRM, &y =YiR™, o =YR', d =YiR", b, =YR", b =-YiR",
(A.8)
for some constants Y to be determined. Then we have
Try = ey + Oy Y5 [nRM' )B4 + Ay (A.9)
with §; = —nY{RA%; and
1 ; i ‘ -
Ag =~z + Ny YARAT T, + [ — 1]dy,YinR ™ M-, (A.10)
Ay = [ —1]dyYinRA M-, (A.11)
1 1 1
Ap = —561112, Ay = 18¢1, A; = Za@, (A.12)

the other components vanishing. Using these expressions the transformed Lagrangian becomes

1, 1 . 1 A
L' = Ly = Sne®Ja[(1+ nRM') " R Ty + Sn(0yi¥y = A)[(1+ nRM') " RIPTp_ — SnoyituaRY Ty
(A.13)

Picking Y such that Jy;Y} — A, vanishes to lowest order in i) we get that its non-zero comp-
onents should be

1
Yo=Y5=—=, Yi=Y;= 1 (A.14)
and the Lagrangian becomes
1 : 1 .
L' =Ly = 5ndyYyR Ty — Snda[(1 +nRM") 'R Ty (A.15)
where we have defined
T = &% J, + nsdyYiRM" I, + nle% — 10y, YR M-, (A.16)

with §_ = Y RA%;. A short calculation shows that the transformed undeformed Lagrangian
is (up to total derivatives)

1. . | R
Ly =Lo+ Eny,gRA“ (Ja + négyle;RB+J+> dy; + Enayil/;,RAaJ;
1

< . - _ 1 . .
+ 5n[e—5— —1)YiR Oy — EnainARABYéay]'. (A.17)

and using this together with the fact that Jz_ = Jp — Y50y; we get
/ 1 i pAa 0 J pB+ a 1 - \N—1 plaB 7/
L'=Ly+ EnYAR (Ja + 10,y Y4R" I, )Oyi — 577]“[(1 +nRM')"'R]*° Jp_
T -
gl oy VR I (A.18)
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Finally we use the fact that

Th =eBJy — [1 + pM'R| Y dy; + Ay (A.19)
with §- — 5§ was defined above and

A= = —ple™ — 1JM- R Y}y, (A.20)

Ay = —nYiR yid_ —nle™™ — 1|YiM} R™dy;, (A21)

and the remaining components vanishing. Finally the Lagrangian becomes

1. O | 1 s o
L'=Ly— a1+ nRM')"'R|“J; + 577[e5+ — 1JJLRT™Y! dy; — En[ea, — 1oy, YiR T
1

- Enl[e*& — 1]y YiRY M- [e=% —1]Y)R*Py;, (A.22)

with (recall that 5, = —nY{RA%; and - = nYiRA%y,)
Ta = &%y — nolYiRN yid - — qM., [e%+ — 1JRM Y} dy;. (A.23)

The terms involving e®+ — 1 and e’~ — 1 are not expressed in terms of the chiral currents
but they only appear at order 72, so they do not interfere with the comparison to infinitesimal
current—current deformations. In fact they vanish for most of the deformations of AdS3 x S3,
e.g. for AdS; deformations we have ROORA+ — ROORA— — ( and using this we find

1. s
L=1Lo—5nld(1+ nRM')~'R]*J,, (A.24)

with

- 1 5 S
Jo=Jos— 57752(R°+ +R ) Inzly, Ji=Ji+ inag(RO* + R )InzJ_.
(A.25)

Appendix B. On-shell equivalence

Here we will demonstrate the on-shell equivalence of the YB deformed sigma models to the
original ones by deriving the explicit (non-local) field redefinition that relates them. We will
do that by following the NATD transformation and following field redefinition that are used
to get the action of the YB model as in [36]. In the notation of [36], let us start from the action

T
S/ :E / (AI A (G[J * 7B]J)AJ + 2dZm A (Gm] * *Bm])AI
b))

2" A (G * —an)dz"), (B.1)

where A = g~ 'dg and we have set fermions to zero for simplicity. When going to the NATD
model one relates the original degrees of freedom to the new ones encoded in the Lagrange
multiplier v as

(1 £ A" = —(1 £ ) (dvy + d2"[FG — Blu) N2, NY = (G — By —wif§) ™. (B2)

The YB model appears after the redefinition®*

31t is assumed that the initial B-field is actually shifted as By — By — 1~ 'Ry,
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-1 Tl_Ag_lR‘ll g
= t N A 4 b .
v= e T SR o (B.3)

which implies

dvy =~ (R;'(&7'4@)) . N=nRe(1+0(G—B)R)™' =n(1+nRi(G —B))' Re.
(B4
where N = N, = —N”. Combining all redefinitions we find that the original A = g ldg
(which will depend on some coordinates x') is related to the new degrees of freedom of the YB
model (i.e. the coordinates ¥ parameterising g, together with the coordinates 7 that remain
spectators) as
(1£%)A" = (1 £ 0)[(1 £ 9Re(G F B)) ")) (@ 'dg)’ F nR{* (G F B)xmd") .
(B.5)
Using formula (4.21) of [36] we find that it can be written as
(1+x)A=(1+tx)(1£nR;(GFB))'V, V™M ="(g""dg)" + sMdz".
(B.6)
This can almost be written as a relation involving only the derivatives of the redefined
coordinates

(1+xW=(1+x(1+n0(GFB))"'dx,  dx" = sMax’ + sMdz",
(B.7)
where

wM = 5?4€§l7fdxj + 6Mdz", ¢ 'dg =d'lT, g'dg=dVlT,  (BS)
and where all indices that have been omitted above are curved indices M = {i,m}. In general
é}EJI #* 5} and G, B, ©® may depend on x. Thanks to the above field redefinition we can argue

that solutions to the classical equations of the YB model can be mapped to solutions of the
undeformed model, and vice versa.

Appendix C. All non-Abelian R-matrices of s[(2, R)? @ su(2)?

We will classify non-Abelian R-matrices solving the classical Yang—Baxter equation relevant
to deformations of AdS; x S3. The R-matrix is an anti-symmetric matrix with indices in the
isometry algebra, in our case

sl(2,R)L @ sl(2,R)r @ su(2)L @ su(2)g. (C.1)
The classical Yang—Baxter equation (CYBE)

RMBIRCIPIEH o, (C.2)
implies that RA? is non-degenerate on a subalgebra and zero elsewhere. Calling the inverse

wap the CYBE is equivalent to wA[Bng] =0, i.e. w is a Lie algebra 2-cocycle on the (dual of
the) subalgebra where R defined. Since it is also invertible this subalgebra is a quasi-Frobenius
(sometimes also called symplectic) subalgebra®. Therefore R-matrices solving the CYBE on

BT w is exact, i.e. wap :ffﬁ;Xc for some X, the algebra is Frobenius.
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some Lie algebra are in one-to-one correspondence with quasi-Frobenius subalgebras of this
Lie algebra [63].

Semi-simple Lie algebras cannot be quasi-Frobenius and therefore such algebras of dimen-
sion 4 (or 2) must be solvable [64]. In our case things are particularly simple since we have a
sum of four 3 dimensional Lie algebras. When can therefore restrict our attention to subalge-
bras of the maximal solvable subalgebra of the isometry algebra which we take to be

s = span{So, Sy, So, S_, Ty, T2 }. (C.3)

The only non-Abelian solvable Lie algebra of dimension 2 is v, with Lie bracket
[e1, e2] = ez. The possible R-matrices of rank 2 are given by embeddings of t; into s and up to
SL*(2) x SU*(2) automorphisms they are

R, = (S()*SQ‘FT)/\(S.;,_:‘:S‘_)
R, = (S() — 613'0 + T) AN (C4)
R;=(SoFS_+T)ASy

where T is any linear combination of T; and T>.

For the rank 4 case we need to find 4-dimensional solvable subalgebras of s, which are
furthermore quasi-Frobenius (symplectic). The complete list of 4-dimensional quasi-Frobe-
nius algebras can be found in [65]. Taking into account the fact that [s, 5] = span{S, S_} is
2-dimensional we can rule out any algebra with more than two independent linear combina-
tions of generators arising from commutators. It is also trivial to see that the Heisenberg alge-
bra with non-trivial Lie bracket [e;, e;] = e3 is not a subalgebra, b3 ¢ s. Using these two facts
the list of 4-dimensional solvable subalgebras is reduced to (note thatt4 ;o =R B v3_1)

Rdr, Rdrsy, ]R@téw, O, th 4. (C.5)

The same paper lists the symplectic ones which are

R@rtg |[e,e =e

R@t_i | [e,e] =€, [er,e3] =—e3

R S5) 'Cl3’0 [61,62] = —es, [61,63] =€)

v o ler,e2] =ex, [es,eq] = ey

ITIZ [61,63] = e3, [61,64] = &4, [62,63] = &4, [62,64] = —e3
04,1 lel,ex] =e3, [es,e3] =e3, [es,e1] = e

(C.6)
It is not hard to show, using the fact that the elements arising from commutators are of the
form aSy + bS— for some a, b, that ¢, is not a subalgebra of s and therefore neither is . It
is also not hard to show that neither is 04 ;. For the remaining ones we find the embeddings
(again up to automorphism)

R @ty eleo—l_JS’O—i—e’l, e2:S++aS’__ (a=0 or a=b=1)
R®t_ | e :So+S()+e/1, er =S4, e3 = S_ B .
T Dy e =Sp+ e’l, er =584, ex=—S + 813, ey =S_ (C.7)

Primed generators denote any linear combination that commutes with the remaining genera-
tor. Only the second algebra is unimodular (i.e. the trace of its structure constants vanish) and
is contained in the classification of unimodular R-matrices in [43].

The rank 4 R-matrices can then be read off from the classification in [65]. Up to inner auto-
morphisms and exchanging the left and right copy of the algebra they are
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(SQ_SQ+T) A (S+ :N:S'_)—FaTl /\Tz
=(So—aSo+T)ANSy +bT) AT,

=So+T)ASL +T' A(So+T")
=So+T)AS++T' N(S_+T")

(S():FS_ +T)/\S+ +aly AT,

=(So+So+T)AT +S . AS_

Rlo—(So—i—T)/\S+i(S‘o—i-T’)/\SL—|—)\SJr AS_ (C.8)

where T, T’, T are linear combinations of 7} and T>. The rank 2 R-matrices are contained as
special cases of Ry, Rs5, Rg when the last term vanishes.

A rank 6 R-matrix is only possible if s is itself quasi-Frobenius. It is in this case but the
resulting R-matrix is just Ryg + a7 A T, and therefore leads just to a TsT transformation of
the Ry deformation. Therefore we will not consider it further here.

Appendix D. R-matrix on parabolic subalgebra of s(;

Let f denote the 6-dimensional parabolic Lie subalgebra of sl3 [66] with basis (see example
3.6 of [67])

(e1,....e6) = (Er2, E13, E21, Exz, E1y — Ex, Exp — E33). (D.1)
The Lie brackets are given by
ler,e3] = es, [er,eal = €2, [er,e5] = —2e1, [er,e5] = €1, [er, 3] = —ey,
[62,65] = —ey, [62,86] = —ey, [83,85} = 263, [(33,66] = —e3, [64,65} = &4, [64,66] = *264.
(D.2)
This algebra is not unimodular since fis' = —3 # 0 and alsonot solvable since tr([e;, e3]es) # 0

but it is quasi-Frobenius with 2-cocycle

w =a13el Ae + a14el Net — 2a16el Ae + a16el Ae® + a23ez ANe — a14e2 Ne — a14(32 A el

—2a36€> A € + azee’ A €® — arzet A€+ 2anet A€l

(D.3)
One may take e.g.
w=e" N2 —e) + e Ne et A (25 — &) (D.4)
the inverse being
1 1
R=—-e; N(2es+e5) —ex Nes — —eq A (2e6 + e5). (D.5)

3 3

For the SL(3) WZW model we can get a deformation by embedding this algebra in the diag-
onal SL(3) C SL(3) x SL(3). After identifying the coefficients of CS with the off-diagonal

components of the R-matrix and using the definitions in (2.19) we find
Cc'B_ 1 B _q B = _z clol — _1 cB4 . 5 — %
) , 3’ 3 ) 3

= 1 3 3 1 3 2 5 1
C265 _ C342 =1 C454 _ C464 _ _= C562 — D.6
3 ; 3 3 3 (D.6)
Once again we are using a bar for indices in the right copy of the algebra. Using the fact that
the non-zero components of the Killing metric are
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K3 =K1 =1, Kss=Ke =2, Ks¢=Kg=—1, (D.7)
one finds that C**K_;C%? = 0 but the weak CS condition is satisfied since C? = 0.

Appendix E. More general ‘trivial’ solutions of generalized supergravity

In [42] it was shown that the generalized supergravity equations can have ‘trivial’ solutions,
i.e. ones that are also solutions of standard supergravity even though the Killing vector K is
non-zero. Writing®® X = d¢ + ixB it was shown that for ¢ to have a gauge invariant meaning
K must be null. While this is a natural condition it is not strictly necessary. It is possible to
have a situation where K is not null that still leads to a standard supergravity solution, as we
will show here. However in that case one must pick the correct gauge for the B-field to read off
the dilaton from the expression X = d¢ + ixB, as in a different gauge one may find a different
¢ which will not be the correct dilaton of a standard supergravity solution. To avoid having to
deal with gauge-transformations of the B-field we will write X = d¢ + K where ¢ should be
identified with the dilaton. Below we derive the conditions on K for a trivial solution of the
supergravity equations. Note that if we pick a gauge so that B is invariant under the isometry
generated by K we have K = ixB + d¢’ for some ¢'.

We will ignore the RR fields in our discussion. Looking at the generalized supergravity
equations in [42] it follows from the generalized Einstein equation that for (G, H, ¢) to solve
the standard supergravity K must be a Killing vector (of the metric, other fields do not a
priori have to be invariant). The remaining equations lead to the following conditions to have
a trivial solution

dK + ixH = 0, Lxo+K-K=0,

_ E.l
dK +izH=0, Lz¢+K>+K*=0. (ED

If K is proportional to K we get precisely the solutions considered in [42], in particular K
is null. But it can also happen that K and K are linearly independent, as the example in (3.22)
shows. Such solutions are clearly much less generic than the solutions considered in [42] since
they require at least two Killing vectors. They are also harder to identify since they require first
extracting the correct dilaton and K and then verifying the equations above.

In [42] it was argued that the analysis based on the generalized supergravity equations agrees
with what one gets by looking at the non-local terms in the sigma model action induced by
non-Abelian T-duality on a non-unimodular group [38, 39]. The analysis was done for stand-
ard YB sigma models where the more general possibility of an independent Killing vector K
does not arise. However, the general form of the non-local terms proposed there, namely

L, = d'do AK — o/do A xX 4+ O(a?), (E.2)
is consistent with the general analysis above since, up to total derivatives, this is equal to
oo(dK + izH) — o/o(d K + iz H)+a'¢R® (E.3)

and the first term vanishes by (E.1) and the second is proportional to the equations of motion
projected along the Killing vector K. The order o/ terms were also considered in [42] and,
given the present analysis, these will be modified so that they now involve a combination of
the second and last equation in (E.1) rather than just K>.

36 We recall that this was denoted just by X in [42], but we prefer to avoid confusion with the vector X = X + K of
[41].
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1 Introduction

While ordinary abelian T-duality is an exact symmetry of string perturbation theory, its
non-abelian generalization [1] is not [2, 3]. It should be rather viewed as a solution-
generating technique in supergravity, since it (typically) maps one string background to
another, inequivalent one. Starting with the work of [4], which gave a prescription for
the transformation of the RR fields, it has been successfully applied to construct several
interesting supergravity solutions, e.g. [5-10].

Like its abelian version, non-abelian T-duality (NATD) can be understood as a canon-
ical transformation [11-13], so that the dualization preserves the (classical) integrability of
the sigma model (when present). To be more precise, starting from a sigma model whose
equations of motion are equivalent to the flatness of a Lax connection, one obtains a dual
model whose equations of motion can also be put into Lax form. Here we want to exploit
this property in order to generate integrable deformations of sigma models, following the



ideas of [14-16].! The deformations are interesting also because they (partially) break the
initial isometries. We remark that integrability is not essential for the construction, and the
deformations can be carried out also for non-integrable models. Some of the deformations
constructed here may be viewed as continuous interpolations between the “original” model
and the “dual” one obtained after applying NATD.

Starting from a generic type II Green-Schwarz superstring whose isometries contain
a (super)group G, we work out the transformation rules for the supergravity background
fields under NATD with respect to G. The derivation is performed in section 3, where
all orders in fermions are taken into account by working in superspace. When choosing a
bosonic G and focusing on the bosonic supergravity fields, the transformation rules repro-
duce those of [4, 20], including the Ramond-Ramond (RR) fields whose transformations
were conjectured by analogy with the abelian case [21]. Moreover, when the Lie algebra
of G consists of only (anti)commuting fermionic generators, we also reproduce the rules
for fermionic T-duality derived in [22] from the pure spinor string. As expected, we show
that after NATD one still obtains a kappa symmetric Green-Schwarz superstring. It fol-
lows from [23] that the target space is therefore a solution of the generalized supergravity
equations of [23, 24]. When G is unimodular (i.e. the structure constants of its Lie algebra
satisfy f j] ;7 = 0) the background fields satisfy the standard type II supergravity equations,
and the (dualized) sigma model is Weyl invariant. When G is not unimodular there is
typically an anomaly which breaks Weyl invariance and obstructs the interpretation of the
dual model as a string [25, 26]. We will also discuss exceptions to this, given by the “trivial
solutions” of [27].

Deformations of the non-abelian T-dual backgrounds may be generated by adding
a closed B-field before dualizing. The deformation will be controlled by one or more
continuous parameters that enter the definition of this B. From the point of view of
the original model, adding a B-field with dB = 0 does not affect the local physics, since
this term does not change the equations of motion. We will nevertheless obtain a non-
trivial deformation and a dependence on B in the equations of motion after applying
NATD, since this transformation involves a non-local field redefinition.? Writing B =
%(g_ldg)‘] A (97 dg)! wry with g € G, the condition dB = 0 is equivalent to w being a
2-cocycle on the Lie algebra of G. The resulting models were dubbed deformed T-dual
(DTD) models in [15], and we refer to section 4.1 for more details.

In [15, 16] it was proved that a DTD model constructed from a principal chiral model
(PCM) or supercoset sigma model with w invertible is actually equivalent (thanks to a
local field redefinition) to the so-called Yang-Baxter (YB) sigma models [28-33] based
on an R-matrix solving the classical Yang-Baxter equation.? The R-matrix is related to

! Another class of integrable deformations related to NATD are the so-called A-deformations of [17-19)].

2If B is not just closed but also exact, it contributes to the action of the original model as a total derivative
and it can be dropped. Even if kept, the dependence on this B can be removed by a (local) field redefinition
even after applying NATD. Therefore an exact B generates a trivial deformation of the dual model.

3These are sometimes called “homogeneous” YB models. In the “inhomogeneous” YB models R solves
the modified classical Yang-Baxter equation. They were first introduced in [28, 29] and later generalized to
the supercoset case in [34], where the so-called 7)-deformation of AdS; x S° was constructed. The inhomoge-
neous YB models are not related in such a simple way to NATD and we will not consider them further here.



the 2-cocycle simply as R = w™!.

The equivalence was first proposed and checked on
various examples in [14].* When the R-matrix acts only on an abelian subalgebra YB
deformations are simply TsT (T-duality -shift- T-duality) transformations [36], so that we
can think of YB deformations as the “non-abelian” generalization of TsT transformations.
Here we propose to use the connection to NATD in order to extend the applicability of
YB deformations, from just PCM and supercoset models to a generic sigma model with
isometries. We do this in section 4.2 by carrying out the field redefinition which leads from
the DTD model to the YB model in the case of invertible w. Although the construction
comes from a deformation of the dual model, when sending the continuous deformation
parameter of the YB model to zero we recover the original model. These deformations
may be particularly interesting for the AdS/CFT correspondence, and in section 4.3.1 we
use our results to “uplift” a YB deformation of AdSs x S° — that cannot be interpreted as
(a sequence of) TsT transformations — to a deformation of the full D3-brane background,
of which AdSs x S° is the near-horizon limit.

For YB deformations of the PCM or (super)coset models, it is easy to see that the
background metric and B-field are related to the metric of the original model by a map
that coincides with the open/closed string map used also by Seiberg and Witten in [37].
For YB deformations the open string non-commutativity parameter is identified with the
R-matrix itself [38]. Based on this observation it was suggested in [39] that this map
could be used to generate solutions to (generalized) supergravity.® Our results, based
on the construction of [15], generalize this to cases with a non-vanishing B-field in the
original model. Our derivation also ensures that the YB backgrounds are automatically
solutions of the (generalized) supergravity equations. Yet another approach to such general
(homogeneous) YB deformations was proposed in the context of doubled field theory, since
known YB deformations were shown to be equivalent to so-called [-shifts [41-43]. In
section 4.3.2 we check in an example that a recent solution generated in [43] coincides with
the one obtained from our method based on NATD.

In the next section we collect the transformation rules for the background fields under
NATD and under a generic YB deformation.

2 Summary of the transformation rules

In this section we wish to present and summarize in a self-contained way the transformation
rules derived in the paper, so that the reader may consult them without the need of going
through the whole derivation.

2.1 Rules of (bosonic) NATD

Here we summarize the NATD transformation rules for the bosonic supergravity fields only,
when we take G to be an ordinary (i.e. non-super) Lie group. The general transformations

4An equivalent construction, applying NATD on a centrally extended algebra, was used there. See
also [35].

°In [40] it was shown that the map generates solutions of the generalized supergravity equations if the
non-commutativity parameter satisfies the classical Yang-Baxter equation.



can be found in section 3 (for the case of G a supergroup see footnote 11). It is convenient
to rewrite the background fields in a way that makes the G isometry manifest. The metric,
for example, will be written in the following block form

Gmn Gm I IypJ
G = < Gin ij> e Semhe o

We have chosen coordinates such that we can split indices into (i, m), where i takes dim G
values and m labels the remaining spectator fields which do not transform under G. We
have collected our conventions in appendix A. It is also convenient to rewrite certain blocks
by extracting ¢/, defined by g~10;g = ¢/T;, where g € G and I = 1,...,dim G is an index
in g (the Lie algebra of G) so that [T7,T)] = ff£Txk. The dependence on the coordinates z'
(i.e. the coordinates to be dualized) is all in EZ-I, so that Gr7, Grm, Gmn only depend on the
spectators . The transformation rules will be presented in terms of these objects, and
we will continue to call them “metric” and “B-field” also when writing them with indices
(m,I) instead of (m,7). In order to have a uniform derivation and presentation, we do
not restrict further the range of the index I even when a local symmetry is present.® We
refer to section 3 for more details. Setting fermions to zero the transformation rules for
the metric and B-field in (3.6)—(3.8) read”

Gn = Gmn — [(G = B)N(G — B)] (mm) (2.2)
@mfz%[(G—B)N}ml—%[N(G—B)]Im, Gry =Ny,
Bin = Binn + [(G — B)N(G — B)] ] (2.3)
Bmlz—%[(G—B)N}ml—%[N(G—B)Lm, Bry=—-Nuj,
where Njj = 6;x N¥L6, 5 etc. and
N = (Gy; - By - VKff])_l (2.4)

The transformation of the RR fields, encoded in the bispinor (for more on the conventions
see [23, 44])

o F(0) _ % F)pab % FU) pabed A .
_ Fihpa _ % F)pave _ %5' ) pabede 11 ’ '
given in (3.30) is given by the action of a Lorentz transformation A € O(1,9) as
S22 Z Ag12, A — pab _ o aNTI b (2.6)

STherefore the range of (m, ) can exceed ten. Both the original and the final action are still written
only in terms of ten physical coordinates thanks to the local symmetry that survives NATD and removes
the additional degrees of freedom, see the discussion in section 3.1.

"The coordinates v; that result from the dualization naturally have lower indices, since they parameterize
the dual space. To have the standard upper placement of indices also in the dualized model we declare that
those indices are raised with the Kronecker delta v¥ = 6771, and the total set of coordinates is (z™,v7).



where G1j = Er*E %14, and we denote by A the Lorentz transformation acting on spinor
indices that multiplies S'2, defined such that A% = ATT%A. Finally the generalized

supergravity fields K and X given in (3.17)-(3.18) become®

1 8 5
Km=0, Kl =nl, Xm:0m<¢+21ndetN>—BmmI, X;=—-Bpn’. (2.7)

They involve the trace of the structure constants® of g, n! = §//n; with n; = fj] j- As
already mentioned, in the generic case we must write the results in terms of the fields K
and X. Indeed when ny # 0 the background solves the generalized type II supergravity
equations [23, 24] but not the standard ones, and the sigma model is scale but not Weyl
invariant at one loop. When g is unimodular, n; = 0 and we get a solution of standard
type II supergravity consistent with the results of [25, 26]. In that case, since X is a total

derivative we can write X = d¢ in terms of a dual dilaton
~ 1
¢=¢+§lndetN. (2.8)

It was shown in [27] that there exist special “trivial” solutions of the generalized super-
gravity equations which solve the standard supergravity equations although K is not zero.
For this to happen K must be null and, in addition to a condition involving the RR fields
which we ignore here, it should satisfy dK = ixH. Using the rules of NATD presented
here the latter condition can be written as

n(G—-B)=0. (2.9)

Since (é - B )17 = Ny is invertible by assumption, it has no zero-eigenvector and therefore
it would seem that no trivial solution can be generated by NATD. However, the condition
written above is not invariant with respect to B-field gauge transformations, so that the
conclusion can change. This will actually play a role in the discussion of the closely related
YB models.

2.2 Rules of YB deformations

For YB deformations the rules are a bit simpler in the sense that we do not have to write
the background fields in the block-form as previously. The result can be phrased in different
ways, see section 4.2. Here we will describe the results in terms of Killing vectors of the
original background. The final result of our derivation is that in order to apply a YB
deformation one should first construct

oM = kN RIEY, (2.10)

where R!Y solves the classical Yang-Baxter equation (4.6) and kY are a collection of Killing
vectors labeled by I that are properly normalized so that they satisfy (4.24). Then the

8Here we drop the tilde since these fields are not present before dualization. Also note that we have
raised the index on K with G~ in order to get a simpler expression. We assume the original dilaton ¢ to
respect the GG isometry, so that is depends only on the spectators, but this assumption can be relaxed.
9The identification of K with the trace of the structure constants was suggested earlier in [45].



background metric and B-field of the YB model are simply obtained by the following
generalization of the open/closed string map

G-B=(G-B)[1+70(G-B)]™", (2.11)
where we have omitted indices p, . The RR bispinor transforms as
S22 =782, A% =y®_2E,"N',0"E,", (2.12)

where ]\Af”# = [5“,, + nOH (G, — Bpl,)] ~! We further have
1 -
Kt =n0n,,, X, =0, <¢ ~3 Indet[1 + nO(G — B)]> —nBuL0"n,, (2.13)

and, when the Killing vectors used to construct © define a unimodular algebra fj] 7 =0,
we find the deformed dilaton

é:¢—%lndet[1+n®(G—B)]. (2.14)

We refer to section 4.2 for the derivation and a discussion of trivial solutions for YB
deformations.

3 NATD of Green-Schwarz strings

In this section we apply NATD to a generic Green-Schwarz string with isometries. To
perform NATD we assume that we can bring the supervielbein to the form

EA = (g7 dg) Er (2) + dzM EyA(2) (A= (a,00), a=0,...,9, a=1,...,32),
(3.1)
with ¢ € G encoding the coordinates we want to dualize and 2™ = (2™, %) denoting
the remaining (spectator) coordinates. The isometry (sub)group G to be dualized acts
as g — ug, z — z for a constant element u € G. To avoid extra awkward signs, we
will present the derivation when G is an ordinary Lie group, but we will write the end
result for the dualized geometry such that it applies also to the case when G is a super
Lie group. The index I takes dim G values and since we want to include the case in which
a local symmetry of the sigma model (which we do not fix) is a subgroup of G, we allow
the possibility that the total range of indices (m, I) is greater than ten. In that case the
local symmetry can be used at the end to remove the spurious coordinates and leave the
ten physical ones. In that case E;® also involves a projection matrix [20], the simplest
example being a supercoset geometry where E;® is proportional to the projector on the
coset directions (usually denoted by P(?)).
The (classical) Green-Schwarz string action is

1
S = T/ <2E“ A *EPngp + B) , (3.2)
b

where we are using worldsheet form notation and the supervielbein £ and NSNS two-
form potential B are understood to be pulled back to the worldsheet 3. To perform NATD



we write this action in first order form using (3.1), replacing g~ 'dg — A and adding a
Lagrange multiplier term to enforce the flatness of A

T
S — 92 / (AI A (Gry* —Br)A? +2dz™ A (Gap + —Bur) Al
>

+ (—1)%EN @M A (Garw % —Barn )z + vp(2dAT — f1 A7 A AK)) . (3.3)

The components of the (super) metric are Gr; = E%E;*na, G = Gur = Er*Eabna
and Gy = Ea®Enng,. Integrating out A gives'©

-1
(1:|:*)AI = —(1:|:*> (dI/J —I—dZM[:FG — B]MJ) N:”FH, NIJ = (:l:G[J — B[J — I/Kf[{(])

(3.4)
and the dual action
- T
S = 4/ { (dV[—I—dZM[G—B]M]) N_{_‘]/\ (1+ %) (dl/J —dZM[G—i—B}MJ)
)
+ (dl/] — dZM[G + B]M[) Ni‘] A (1 — *) (dl/] + dZM[G — B}MJ)
+ 2(—1)NdZM AN (GMN * —BMN)dZN}
1~ - -
— T/E <2Ei A*ESnap + B) . (3.5)

In the last step we have written the dualized action in Green-Schwarz form by defining two

possible sets of dual supervielbeins!!

Ef = dzMEy? — (dvy + d2M [¥G — Blur) NY B4 (3.6)
The dual B-field can also be written in two equivalent ways

B= %dzN A dz" Byy + % (dvr + dzM[£G — Blyp) ANL (dvy — dz"[£G + Bluy) -
(3.7)
We choose Ei to be the dual bosonic supervielbein, while E% is related to it by a Lorentz
transformation as follows

E"=FE%, E°=FE"=FE'A",  A°=6-2EpNYE;". (3.8)
This is easily seen to follow from the useful identity

(dvr + dzM[G — Blyr) NI = (dvy — dzM[G + Blyr) N + 2B Ef N1 (3.9)

10T hese solutions and the following action are written so that they hold also when G is a supergroup.
"When G is a supergroup the correct expressions are obtained by writing things in a form which is
symmetric between Ni and N_ (and where contracted indices are adjacent), e.g.

~a J a 1 a 1 a
E:t = dZMEM — 5 (dl/[ —+ dZ]VI[:FG — B]]u]) N;{:JEJ —+ §E1 iJ (dl/J =+ dZM[:FG — B}]\JJ) .

This will be true also for the expressions for A, K, X and S to be derived below.



It is interesting to compute the determinant of the Lorentz transformation A. We have
(suppressing the indices)

det A = exp(tr InA) = exp (—tri W) ~exp (_tri <2GN>>

n n
n=1 n=1

= expltr In(1 — 2GN,)] = exp[tr In(1 — (N' + NIT)NG)| = det(—N;TNy)
= (—1)mE. (3.10)

This shows that this Lorentz transformation is an element of SO(1,9) only when dim G is
even. When dim G is odd, i.e. one dualizes on an odd number of directions, the Lorentz
transformation involves a reflection. In the latter case its action on spinors contains an
odd number of gamma matrices, which means that one goes from type IIA to type IIB or
vice versa, cf. (3.28).

3.1 The case with local symmetry

Here we wish to give more details on the case when the original sigma model has a local
symmetry that is a subgroup of G. We will explain how the results of the previous section
apply also in that case. We will assume that the action (3.2) is invariant under a local
group H C G that acts on g from the right as'? ¢ — gh, h € H. Our goal will be to show
that if the local H invariance is not fixed before the dualization, NATD can still be applied
in the usual way and the dual action naturally inherits the local H symmetry. Therefore
this ensures that the additional degrees of freedom can be removed also in the dual model,
and that we are left only with physical ones of the correct number.

The action (3.2) is invariant under g — gh if the couplings are H invariant and project
out b, the Lie algebra of H

(A, Y5 [(Grr*—Brr)(Ad, Ny =Gryx—Bry,  y'(Grjx—Brj)=0=(Gr;*—B1s)y’,
(GMJ*—BMJ)(AdI;]-)J[ = GM]*—BM[, (GM[*—BM[)yI :O. (3.11)

Here y € h. This local symmetry may be used to remove dim H degrees of freedom from
the parametrization of g, so that the total number of physical bosonic fields (including
spectators) is ten. We do not fix this local invariance yet, since this allows us to gauge the
whole G isometry and fix the gauge g = 1 to arrive at the action (3.3). This first order
action is still invariant under a local H which is now implemented as

A — h'Ah 4+ htdh, v — h7lvh. (3.12)

Here v = v;T! is taken to be an element of g*, the dual of the Lie algebra of G. We
refer to section 4.1 for our conventions regarding g*. At the moment of integrating out A’
from (3.3) one may worry about the invertibility of the relevant linear operators, given that
the couplings project out the components in h as assumed above. We consider cases when
the operators £+Gry — Bry — vk fff] are invertible on the whole algebra g, so that also the

20ne may equivalently discuss this local invariance by introducing a vector valued in the Lie algebra of
H, so that integrating out such vector the original action is obtained.



components of A in § can be integrated out. Obviously, since +Gy — By are degenerate,
the invertibility of the operators must be ensured by the term vy flll{]. We recall that v has
not been gauged-fixed yet, and that we have a total of dim G such fields. In general the
invertibility will hold only locally, meaning that there may be values of v; such that the
operators N1/ become singular. Those loci will correspond to singularities in target space
that we cannot remove. It is easy to check that the dual action (3.5) is still invariant under
the local H symmetry, which is now simply implemented by v — h~'vh. We can then fix
the local symmetry at the level of the dual action, at the same time making sure that we
have the correct number of degrees of freedom and that the gauge fixing is done correctly.

Our reasoning is completely analogous to that of [20, 46]. There the degenerate matri-
ces =Gy — By are regulated by taking £Gr; — By + A (Idy) 1.7, where Idy is the identity
on h. The parameter \ is kept during the dualization and sent to zero only at the end. It
is clear that the A\ — 0 limit is non-singular only if the degeneracies of +Gj; — By are
lifted by the additional term vg fl{(,. Therefore the way coset models are treated in [20, 46]
is analogous to ours. For concreteness we work out an explicit example in appendix B.

3.2 Extracting X and K from anomaly terms

The easiest way to extract the generalized supergravity fields X and K is to look at
the terms in the action induced at the quantum level by the NATD change of variables
g 'dg — A in the path integral measure [26].1% It was shown in [27] that these non-local
terms take the form

1 1
Sy = / (daAK—daA*X—a’daA*dalK\2> , (3.13)
27T b 2

where o0 = 8_2\/§R(2) is the conformal factor. From the first two terms it is easy to read off
X and K. To compute S, we include the o-dependent terms in the first order action (3.3).

They are [26]
1

"o

Seo / (onrd* A" — @d x do) (3.14)
b

where n; = f]JJ, the trace of the structure constants, d x do = d2§\/§R(2) and ® is the
dilaton superfield of the original background. Integrating out A as before but now including
these terms, and keeping track of the det N from the measure, we obtain

(1 +£%)A" = —(1 £ ) (dvy + dz"[¥G — Blyy F o/nydo) N2 (3.15)

and

U:Z <n[dO'N_{_J/\(1+*)(dVJ—dZM[G+B]MJ) (3.16)
TJ%

1
—nido NI A1 =) (dvy+dz[G—Blary) —2do Axd <<I>+2lndetN+> ) +0(d).

13A more direct, but lengthier, approach uses the superspace constraints as we do below to extract the
RR fields, see for example [47].



Comparing to (3.13) we find
1
K= {(dvy+d[G—Blayy)N{ = (dvy—dzM [G+ By )N g, (3.17)

1 1
X=d (Q>+2lndetN+> —|—§ {(dVJ—FdzM[G—B]MJ)N_{I_‘_(dl/J—dZM[G—FB]MJ)NiI}n]-
(3.18)

These expressions simplify when written in terms of G and B as in (2.7).

3.3 Extracting the RR fields

The simplest way to find the RR fields is to compute the superspace torsion T4 = dE4 +
EB AQp? and compare to the superspace torsion constraints of [23, 44], see e.g. [47]. In
particular the E¢ A E“-term in T°? takes the form!*

T° = —éEa (E'T.S") + ... (3.19)
from which we can read off the RR bispinor §. Here E“ is the bosonic supervielbein and
EY' E*? with o = 1,...,16 are the two fermionic supervielbeins, corresponding to the
two Majorana-Weyl spinors of type II supergravity. For convenience of the presentation
we will use type ITA notation so that E' = £(1+T;)E" and E? = (1 — I';1) E? but the
type IIB expressions are essentially identical.

To compute 7?2 and then extract the RR fields of the dualized model, we must first find
the form of the fermionic supervielbeins E', E2. We therefore start with the constraint on
the bosonic torsion

To — —%EF“E = —%EIF“El - %EQF“EQ, (3.20)

and we can compute 7% from E%1® By assumption the constraint on 7% holds in the
original model before dualization. In our adapted coordinates (3.1) it takes the form!©

20 Eny® + 2Q En)” = (-1)ViEyT Ex (3.21)
OME" + B — Qp By’ = iEyTEy (3.22)
fllgEKa + QQ[JMG’E[]b =iE;TE}. (3.23)

We will also need the constraints on H = dB which are

. . . . .
H = —%E“ ET,I'E + EECEbE"HabC — —%Ea E'T,E' + %E“ ET,E? + gEchE“Habc.

(3.24)
In our adapted coordinates we have
30 mByp) = Hunp, 20 Bnjr = Hunr,
O Bry + f&Bux = Hury BfﬁJBK}L = Hjk, (3.25)

To improve the readability we suppress the spinor index a and drop the explicit A’s from now on.

15Tt might appear that one needs to know the spin connection to do this but this is not the case. Instead
the fermionic vielbeins and spin connection can be read off by computing dE® as we will see.

'®The anti-symmetrization is graded, e.g. YjirZn) = (Y Zn — (—1)M VYN Zu).

,10,



where Hyjx = ExCE;BPEAH opc ete. Using these relations we can compute the exterior
derivative of E{ in (3.6) and we find

dEi = —%EiFaEi + %Eil“b(l + Fll)Ei(:‘:E[aNiJEjb) — EiEgQCba

. o 1
+iEY EsTy(1FT1)ENL B, + ESEY <Q Ihe £ 2E1decd> N E;*.  (3.26)

Using our definition of the dualized bosonic supervielbein, Eo = Ei, this can be recast,
using the definition (3.6), as'”

T = dE° + E*Q," = _%AabEirbEi = %EEF“E% . (3.27)

Comparing to the standard form (3.20) we can read off the fermionic supervielbeins of the
dualized model'®

E'=AFEL, E? = E?%, (3.28)

where the action of the Lorentz transformation on spinors is defined by A%I'* = ATTOA.
We are now ready to compute the fermionic torsion and extract the dualized RR fields by
comparing to (3.19). Following the same lines as above we find

- 1 e~ 1 ~p ~ - -
dE? = (TaE?) ECQc + 5E_BEﬁ‘TEUB —iE'TEL (E}NT E;)

L . 1
~ 2B B'T,E} (N E%) — EY E® (QM, — 2HabcE1‘3> NITE?. (3.29)

Extracting the F*E'-terms we can read of the RR bispinor which takes the form
S = A8 + 16iAEINITES . (3.30)

The first term is a Lorentz transformation acting on one side of the original bispinor in
agreement with the NATD transformation rules first proposed in [4], by analogy with the
abelian case. The second term starts at quadratic order in fermions if one dualizes on a
bosonic algebra. However, in cases involving fermionic T-dualities the bosonic background
is affected by the second term. In the case of a single fermionic T-duality it reproduces the
transformation rule derived in [22].19

"Note that (3.9) implies E = E+ — QE‘GEIQN_{,JEJ.
18We also find the spin connection of the dualized background

- _ _ _ 1 _ 1
Q" =E{Qc" —4iE T BN E,% —2F° (Q,c[“ - 5EldHcdla) N EM+Ee <Qﬂb+ §E1de“b) NYE;,
—4iE° BN EArY ER N* B —2iE° E*NT E2T . EX N* " E,".
19Tn the pure spinor formalism used there one does not directly see the Lorentz transformation acting on
half of the fermionic directions since the pure spinor description has a larger symmetry with independent

Lorentz transformations for bosons and the two fermionic directions. However, setting the fermions to zero
A becomes trivial and all transformations, including those of the RR fields, match.
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To be sure that the sigma model after NATD still has kappa symmetry, or equivalently
that the background solves the generalized supergravity equations [23], one must also verify
that H = dB satisfies the correct constraints (3.24) (up to dimension zero). A direct
calculation using (3.7) and (3.9) shows that H is indeed of the right form (3.24).20 This
proves that the dual model is indeed a Green-Schwarz string invariant under the standard
kappa symmetry transformations, and it completes the derivation of the dualized target
space fields which therefore solve the equations of (generalized) supergravity [23].

4 Deformations

NATD may be viewed as a solution-generating technique for supergravity backgrounds.
Here we slightly modify the procedure to generate continuous deformations of the dual
model, which will be called deformed T-dual (DTD) models. Later we will show that a
subclass of DTD models may be recast in the form of a deformation that reduces to the
original sigma model when sending the deformation parameter to zero. This subclass will
be identified with a generalization of YB deformations.

4.1 Deformed T-dual models

In order to define DTD models, we start from the original sigma-model, before applying
NATD, and we shift the B-field as

Brj— Brg—Cuwry. (4.1)

Here wy; is constant and anti-symmetric in its indices. We use ( as a parameter to keep
track of the shift, or in other words the deformation. The shift affects only the components
of the B-field along g, and it does not spoil the global G isometry. We demand that the
new term appearing in the action (i.e. ((¢7'dg)! A wrs(g'dg)”) should not modify the
theory on-shell, in other words that it should be a closed B-field. It is easy to see that this
happens if and only if w;; satisfies the 2-cocycle condition

wI[JfII(L] =0 y (42)

where the antisymmetrization involves all three indices J, K, L. We further demand that
the B-field ¢(g~'dg)! A wrs(g~dg)” is closed but not exact, i.e. the shift should not be
a gauge transformation. Thanks to this additional condition, after applying NATD the
resulting deformation is non-trivial, i.e. the (-dependence cannot be removed by a field
redefinition. The non-exactness of B is equivalent to w;; not being a coboundary, i.e.
wWrJj # Ci f}({] for any constant vector cx. Non-trivial deformations are therefore classified
by elements of the second Lie algebra cohomology group H?(g).

290ne also finds

~ 1 3 .
Hape = _5 abe EA[adec]d - 6EI[aNiJQ\J\bC] - 122(EI[G,N~I%JE|2J\)Fb(E|K|c]NfLEi) .
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We can view the 2-cocycle as an element of g* ® g* by writing w = wryT7 A T7.
Alternatively we may view it as a map from g to the dual vector space (we continue to call
this w without fear of creating confusion) w : g — g*, whose action is given by

W(TK) = WIJTItI"(TJTK) = leTI . (4‘3)

To proceed further we will endow the dual vector space g* with a Lie algebra structure
with structure constants f{g so that g has a bialgebra structure. Therefore g&® g* becomes

a Lie algebra with Drinfel’d double commutation relations?!

[T, Ty = BTk, [T, 7= fYTE, (1,77 = 4,75 + fi5Tx. (44)

This is always possible since we can always take g* to be abelian with ]H J = 0. In general
this construction is far from unique and there exist many possible choices of Lie algebra
structure on g*, however this choice will have no effect in what follows. The 2-cocycle
condition (4.2) can now be written

[Ty, Ty] = P*([wT1, Ty] + [Tr,wTy)) (4.5)

where PT projects on g*. Note that if we take g* to be abelian we can drop the projector
and this equation just says that w is a derivation on the Lie algebra g @ g*. This is the
choice that is most useful for the general discussion here.??

Apart from the shift By; — Brj; — (wry, nothing changes in the derivation of the
transformation of the action and of the background fields under NATD. Therefore, the
transformation rules derived in section 3 and presented in section 2.1 are valid also for
DTD if we shift By; — Brjy — (wry. The resulting DTD background is a deformation of
the NATD background, and it reduces to it when ¢ = 0. We refer to [15, 16] for some

explicit examples of DTD models obtained from PCM or from the superstring on AdSs x S°.

4.2 Yang-Baxter deformations

We will now construct deformations of the original background, rather than its NATD.
We introduce a deformation parameter n such that n = 0 gives back the original sigma
model. These deformations will be obtained from the DTD construction, where we identify
n = ¢!, We identify them with Yang-Baxter deformations, since they are generated by
solutions of the classical Yang-Baxter equation and they generalize the original construction
for PCM and (super)cosets to generic (Green-Schwarz) sigma models.

The construction is possible when wy s is invertible. Writing R = w™! : g* — g it is easy
to verify that the 2-cocycle condition for w implies that R solves the classical Yang-Baxter
equation

[Rz, Ry] — R([Rz,y] + [, Ry]) =0, Va,yeg, <= RHRMIFE _o  (46)

*'This is very similar to how one realizes NATD as a special case of Poisson-Lie T-duality [48] and it
would be interesting to consider the extension of our construction to the Poisson-Lie case.

*2Tn the PCM case considered in [15] or the supercoset model case considered in [16] there is a natural
Lie algebra structure on g*, inherited from the full isometry group. This is the structure that was chosen
in [15, 16]. Nevertheless, as already mentioned this choice has no consequence in our construction, and a
more natural choice may be for example to take g* abelian.
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where the action of the operator is again defined by R(T!) = TxR¥!. The above is
equivalent to the more familiar form of the classical Yang-Baxter equation

[r12,713] + [r12, 723] + [1r13,723) = 0, (4.7)

written in terms of r = RI/T; ATy € g® g, where the subscripts of r;; denote the spaces in
g®g®g where it acts. To recast the DTD model as a deformation of the original model we
need to replace the coordinates vy, which parametrize the dual space, by a group element
g € G. The invertible map w : g — g* allows us to do this by writing [15]

1—Ad,!
vy = Ctr (TIIOgAdggwlogg> . (4.8)
Using the 2-cocycle condition it can be shown that this implies??
dvy =n~" (R (g "dg)), , vic [Ty =n""Ryy =0 (Ry s, (4.9)
where Ry = Adg_lRAdg. Using this in the definition of N/ in (2.4) we get
N =nRy (14+n(G—B)Ry) "' =n(1+nRy(G—B))"' Ry. (4.10)

With these substitution rules it is easy to check that the DTD action is recast into the

following form?*
T B - S . -
S = 2/ ((g 1dg)l A (Grj*—Bry)(g 1dg)‘] + 2d2M A (Gpr*—Bur)(g 1dg)‘]
>

+ (=D)NdM A (Gun = Bun)dz™ =7 (dgg ™) A wa(dgg_l)J) , (411)

where we isolated the last term which does not behave well in the » — 0 limit. This term
is again a closed B-field thanks to the 2-cocycle condition satisfied by w, and therefore it
does not contribute to the equations of motion. We define the action of the YB model as
the above one where the closed B = 7! (dgg~')! A wrs(dgg~")” is removed. Dropping it
we do not modify the on-shell theory, so that if the original model is classically integrable
this property is inherited also by the YB deformation. In this way we can also achieve
a non-singular 7 — 0 limit, which yields the original undeformed model as is clear from
the expressions given below. This also implies that YB deformations may be viewed as
interpolations between the original model (obtained just by sending n — 0) and the dual
one (which is recovered in the equivalent DTD formulation after sending ¢ — 0, which
is n — o0).

23 The easiest way to show this is to extend w to act as a derivation on the universal enveloping algebra

of g. With this definition we can write nv = g~ !

w(g) € g*. We can now compute dv and the two equivalent
expressions w(dg) = w(gg™'dg) = ngrg~'dg + gw(g~'dg) and w(dg) = w(dgg'g) = w(dgg™")g + ndgv.
This gives us the two equations.

21We still use tilde to denote transformed metric and B-field, but now they differ from the ones of NATD.

The transformations rules are given below.
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Setting fermions to zero and assuming a bosonic group G, we then read off

Giun = G = 0[(G = B)NRy(G = B)] .+ (4.12)
Gt = 5@~ B)N],, + 5 [N@ =B, Gu=[G-B)R],,,
Buin = Bun +n[(G — B)NRy(G = B)] ... (4.13)

~ 1

B =—3[(G-B)N],, s Bri=-[(G-B)N]

1.
+§[N(G_B)] (1]’

while the RR bispinor is again transformed by a Lorentz transformation A acting on spinor
indices from the left?
12 = As2, A% — b _ QUEIGNIJ(Rg)JKEKb- (4.15)
In the above we have also defined
N7y =[6" )+ n(Ry) ™ (Grs — Br)]
Ny? = [8,7 +0(Gyx — Byg)(Ry) X'~ = [R;'NR,),” .
Using (4.9) in (3.17) and (3.18) we find?¢

(4.16)

1 . N _
K™=0, K!'=n[Rm]", Xm:(?m<¢+21ndetN>—an1[Rgn]I, X7 =-nBrs[Ryn)’.

(4.17)
At this point we wish to comment on the possibility of having “trivial” solutions of the
generalized supergravity equations, namely ones that solve the more restricting standard
supergravity equations while K does not vanish. This is possible if [27]

0= KI(G—B)[J = —n[nRg(G—B)]\AﬂJ = [H(N—l)]J = KI(G—B>[J =0, (4.18)

i.e. the original G — B must be degenerate. Such trivial solutions are possible for YB
deformations since we do not need to assume that G — B is non-degenerate. They are, at
least naively, not possible for NATD since there they would imply that the dual G — B
is degenerate, which is not allowed by assumption, see section 3. This discrepancy has to
do with the fact that when going from DTD to YB we did not just change coordinates,
we also shifted B by dropping the extra closed term in (4.11). Explicit trivial solutions
were found in [50], and more recently in [43] by double field theory fS-shifts starting from
AdS3 x S x T* with non-zero B-field. It is clear from the present discussion that these
solutions can be equivalently generated from the construction of YB deformations provided
here. An example is provided in section 4.3.2.

#For YB deformations A € SO(1,9) and it is therefore useful to parametrize it in terms of an anti-
symmetric matrix A*® as A = (1+ A)~'(1 — A) which implies A = (1 — A)(1+ A)~*, where we lowered one
index with 74 to obtain e.g. A%,. Then the Lorentz transformation on spinor indices AT, = ATFaj\ can
be written as a finite sum [49]

n=>5
A=[det(n+A)]" 2 E (—%Aabl““b) , R (%Aabl““b) =1+ #Aalbl o Ag,p, D01 b (g 1)
n=1

*In the expression for X we have used the fact that d(Indet[nRy]) = tr(R,'dR,) = 2f};[g" 'dg]” =
2(g~'dg)"nr.
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4.2.1 A convenient rewriting

As remarked in the introduction the deformed metric and B-field can be obtained from the
original G and B by the following generalization of the open/closed string map used by
Seiberg and Witten

G—B=(G-DB)1+nR,(G—B)". (4.19)

This is readily seen after noticing that, since 174 has only I.J indices, the following operator
is of block form

oMy 0
L+ aRs(G - B) = (ng(G B 675+ Ry (G B>]1J> B

and it is straightforward to invert it giving

[1+nR,(G— B) ™ = (—n[NRj(m(;— -y N%J) , (4.21)

where we used N7; = [07; + n(Ry) ™ (Gky — Biy)|'. Tt is easy to check that (4.19)
indeed reproduces the formulas (4.12)—(4.13) for the transformed metric and B-field.

So far we have worked with explicit group elements and algebra indices. It is sometimes
convenient to translate the results so that the information on the initial isometries of the
model is encoded in a set of Killing vectors. Thanks to this rewriting the YB deformation
may be applied without the need of introducing an explicit parametrization of the group
G. Isometries of the metric and B-field are translated into equations for a family of Killing
vectors k? , where I = 1,...,dim(G) is the index to enumerate them. In particular, the
metric possesses an isometry when shifting infinitesimally the coordinates X* — X* +
eIkl + O(e?), if kY satisfy the Killing vector equation

V#k?[y + V,,km =0. (4.22)

In order to make a connection with the formulation in terms of the group element g,
it is enough to notice that its variation dg under an infinitesimal transformation can be
understood in two ways, either as dz°0;g, or as €/ Tyg, the latter being the infinitesimal
version of the global transformation g — exp(e/T7)g. We recall that indices i, are used
to label coordinates z* on the group G. This leads to the identification

ki = K{e] = te(T7Ad ' Ty) = (Ad,"){,  where g~ 'dg = ¢'Ty . (4.23)

Obviously, E{L and k7 are non-zero only for p = i. The structure constants of the Lie
algebra may be recovered by computing

Li kg, — Li ki, = — ki, (4.24)
where L is the Lie derivative. Now let us notice that we can rewrite

0! = (Ry)" = kL R* kK], (4.25)
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and that, before fixing any local symmetry (if present), the matrix fil is invertible. Let us
denote the inverse by ¢4 so that o 0 = 5§. This allows us to convert all algebra indices I, J
in (4.19) into curved indices 7, j. Therefore the YB deformation of the metric and B-field
may also be written as

G—-B=(G-B)1+70(G-B) . (4.26)

This formula is then equally valid both when we use indices {m, I} or {m,i}. When a
local symmetry is present we arrive at the same result since the local invariance can be left
unfixed until the end. With a similar reasoning we may rewrite also the transformation
rule for the dilaton when n; = f{ ;7 = 0. In fact, when computing the determinant of N1
we may as well extend it to all u, v indices. Since the (inverse of the) operator is in the
block-form (4.20), it is clear that det(N#,) = det(N';). This also means that we can
obtain the deformed dilaton simply by calculating

1
O=0¢— 5 Indet[1 + n©(G — B)]. (4.27)
More generally, when n; # 0 we may write
KMt =n0"n,, X, =0, —nB.,0"n,. (4.28)

4.3 Two examples of YB deformations

We wish to work out two examples of YB deformations that do not fall under the (su-
per)coset construction. In addition to the intrinsic interest of the following (deformed)
backgrounds, the calculations also illustrate the applicability of our method.

4.3.1 YB deformation of the D3-brane background

Our first motivation is to understand a YB deformation of AdSs x S° generated by an
R-matrix that cannot be interpreted as a sequence of TsT transformations. In particular,
we want to use the formula (4.26) to “uplift” the YB deformation from the AdSs; x S°
background to the full D3-brane background, before taking the near-horizon limit. This
is in the spirit of [51, 52], where the uplift to the brane background was done for YB
deformations that are (sequences of) TsT transformations. For the sake of the discussion
we focus on the NS-NS sector, where the dilaton is constant (we set it to zero for simplicity),
B =0 and the metric is
( O/)Q L4
rd 7

ds? = H™'V2 dzydz’ + HY?(dr? + 72 ds%s) H=1+ (4.29)
where i = 0,...,3 and n;; = diag(—1,1,1,1). The above metric has an ISO(1, 3) Poincaré
isometry acting on the 2? coordinates, and an SO(6) isometry acting on the five-dimensional
sphere S°. We will now deform the background by exploiting the Poincaré part of the
isometries. The Killing vectors in this case may be written as

Translations: kf; )= ot Lorentz: k!

by = —O0iwj+ 0w, ij=0,....3. (430)
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We wish to “uplift” the YB deformation of AdS; x S° worked out in section 6.4 of [47],
where the R-matrix was chosen to be

R =pi Ap3+ (po+p1) A (Joz + J13) - (4.31)

That is possible since this R-matrix is constructed out of generators that are isometries also
of the D3-brane background before the near-horizon limit. Following (4.25) we therefore
construct

O =2 [Klh kit + (Kl

[p1] ™[ [po] + kY )(kﬁfos} + k,[/JIS]):| —HEUV. (4'32)

[p1]

More explicitly, in the block with p,v =0,...,3 it is

0 0 0 -z
0 0 00—z +1
QMY — 9 4.
0 0 O 0 ’ (4.33)

xx —10 0

where we introduced the standard light-cone coordinates = = 20 + 2. Now, using (4.26)
and (4.27) we obtain the following deformed metric, B-field and dilaton

ﬁzng—lﬂdﬁ H-1/2 (H _ 27725_) dé‘_dx+ B ?¢]2H*1/2(dx+)2

= —are) T 2(H -4 (H — 4% )
+ H 2z} + ;I_l/igfg_ + HY2(dr® + 12 ds?s) (4.34)
p=JiE I L), exp(-29) =1 - T
We chose 7 as deformation parameter and to simplify expressions we redefined £ = 22~ —1.

We now want to check that the near-horizon geometry of this YB deformation of the D3-
brane background indeed yields the YB deformation of AdSs; x S° of [47]. In the near-
horizon limit one sends » — 0 and o/ — 0 while keeping the ratio r/a/ fixed. We achieve
this by rewriting » = o’/L?/z and 7 = nL =2 /a/, and then sending o/ — 0. We obtain

2 2 -1
ds” _ - <1—4n 6) [Z“dm?—n?(dz*)Q—idf- (€2 g +2da* ('~ 2% )

w0l L2 24
dxo?+dz?
LA g
B dzP N (2dat +E_dé_ An?é_
:Q &€ ( r +€ 5 )’ llm 672¢):1_ 775 ,
o0/ L2 2 24 —dn2é a'—0 24

(4.35)
which indeed reproduces®” (the NS-NS sector of) the deformation of AdSs x S® appearing in
section 6.4 of [47]. Uplifting the YB deformation to the D3-brane background is particularly
interesting since it also allows us to go far from the brane and understand how the flat space

2TIn this paper we have a different convention for the sign of the B-field.
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in which it is embedded has been deformed. In the limit » — oo we have simply H — 1

gt — PEde (1-202¢ ) dSdat pP(dat)?
4 (1 —4n2¢-) 2(1—4p%¢-) (1 —47%¢)
; do 2 4.36
+d$2+m+d8R6 ( )
A 3 +
B fda® A (2da™ + - dE-) e 1 _ 4P

2 1—4R2¢_ ’

Obviously, the above background may be also obtained directly as a YB deformation of flat
space with © given by (4.32). In the AdS/CFT correspondence one looks at open strings
stretching between D3-branes in flat space, whose low-energy limit produces N' = 4 super
Yang-Mills. In the presence of a B-field as in the case considered here, open strings feel an
effective metric g, and a non-commutativity parameter 6# that are related to the metric
and B-field G,,,,, By, of the closed string by [37]

1%

= G = Bu) ™, (4.37)

g +

where g"¥ is obviously obtained by taking the symmetric part of the right-hand-side, while
0" the antisymmetric part. In general, if we apply the open/closed string map to a back-
ground obtained by a YB deformation we get

0 S
-1 =(G-B)'=[(G-B)'+n0

9t o ( ) [( )" +n6], (4.38)
— g '=(G-B);", 0 =2rd[(G - B)," +n0],

where we directly relate the open-string quantities to the metric and B-field G, B of the
original model before the YB deformation, and subscripts s and a indicate the symmetric
and antisymmetric parts. In our specific example, before deforming, the brane system is
in a flat spacetime with vanishing B-field, meaning that the effective open-string metric
will coincide with the flat one, and the non-commutativity parameter will be essentially
defined by the YB R-matrix

9w = G, O = 2raln OM . (4.39)

This discussion is obviously generic and is not confined to the current example. Apart from
uncovering the non-commutativity structure, at this point one should also take the low-
energy limit of open strings in the non-commutative spacetime. Here we are considering
a case with an electric B-field, and these instances are known to produce problems when
trying to take the low-energy limit [53]. It is therefore not clear whether the low-energy
limit yields a non-commutative gauge theory with 6 as non-commutativity parameter. The
relation between gravity duals of non-commutative gauge theories and YB deformations
was first pointed out in [54].

28 As it is written, this open/closed string map assumes the invertibility of (G — B). The generalization
(of the inverse transformation) to the case of degenerate (G — B) is in fact given by our (4.26).
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Certain YB deformations of AdS5 x S® are constructed out of generators that are not
isometries of the brane background and that become isometries only after taking the near-
horizon limit. For these examples it is not clear how to uplift the YB deformation to the
brane background. It would be interesting to see if YB deformations can be extended also
to cases without isometries by using Poisson-Lie T-duality.

4.3.2 YB deformation of AdSs x S3 x T* with H-flux

We now want to apply the YB deformation to a background with degenerate G — B, and we
will compare our results to those of [43]. There it was indeed shown that YB deformations
of AdSs x S° are equivalent to local B-transformations of the double theory, and it was
proposed that local S-shifts should be the natural way to generalize YB deformations to
generic backgrounds, including cases with degenerate G — B. The example we consider is
that of AdS3 x S x T* with non-vanishing H-flux

dx;dxt + dz? 1
ds® = %;_Z +dshy +dsty,  dsks = 1 [d6? + sin? 0d? + (dyp + cos Odyp)?]
0 1
1
B= wjuzcosedgwdw.

(4.40)
G — B is degenerate because of the rows (or columns) ¢ = 0,1. The dilaton is constant
and for simplicity we set it to zero. To generate a YB deformation we will make use of the
Killing vectors of the Poincaré isometry

Translations: k:’[;_} = ol', Lorentz: k!

) = =0tz + 5;.%1‘ , 1,7=0,1. (4.41)

In order to compare to the results of section 4.2.2 of [43] we take R = c'p; A Jo1 or

O = (Cik/[;i})kfjm] —pv, (4.42)

where we sum over ¢ = 0, 1. The classical YB equation is satisfied only when the parameters
satisfy ¢’ = +c'. Now using (4.26) and (4.27) we obtain the YB deformed background

doidai  d2?
d82:$+i+d5%3+d5%’47
22 —2ncjal - 22
da® A dat 1 2nc;x (4.43)
B=————+4 —cosfdp Nd 21— :
22 — 2nejad geostdy v c 22

which agrees with the background obtained in section 4.2.2 of [43]. This confirms in
a specific example the expected equivalence of YB deformations and local g-shifts even
beyond the standard (H = 0) supercoset case. As already noticed in [43] the above
background is actually a trivial solution since the vector K decouples from the generalized
supergravity equations.
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5 Conclusions

We have derived the transformation rules for the supergravity fields under NATD by car-
rying out the dualization in the general case for the Green-Schwarz string. This generalizes
the derivation performed for the case of the supercoset in [16]. If the dualized group G
is not unimodular there is in general an anomaly, which is reflected in the fact that the
resulting background solves the generalized supergravity equations of [23, 24| rather than
the standard ones. We have also discussed a generalization where one adds a closed B-field
to the action prior to performing the duality transformation. This leads to so-called DTD
models and, in special cases, a generalization of Yang-Baxter models [28, 29]. We have also
seen that this gives us an interesting way to find examples that avoid the anomaly from
non-unimodularity of G along the lines discussed in [27].

Non-abelian T-duality can be embedded in the even more general framework of Poisson-
Lie T-duality [48]. Also this case can be formulated at the path integral level and an
anomaly arises in a similar way [55] (see also [56]). It would be interesting to extend our
analysis to this case which would also make further contact with [42]. It would also allow
us to extend DTD and YB deformations to cases without isometries, and perhaps help
to uplift all YB deformations of AdSs x S° to deformations of the brane background. It
would also be interesting to consider the case of open strings along the lines of the recent
paper [57].

We have found that a natural way to rephrase YB deformations is in terms of a
generalization of (the inverse of) the open/closed string map of Seiberg and Witten, thus
extending what was observed in the case of both homogeneous and inhomogeneous YB
deformations of PCM or (super)cosets. Since the inhomogeneous case cannot be formulated
in terms of our construction we have only considered the homogeneous one here, but it
would be interesting to see what happens if we take R in (4.19) to solve the modified classical
YB equation on the Lie algebra of G. The lessons learned from the supercoset case [24, 47,
58, 59] suggest that the resulting sigma model will possibly be kappa-symmetric, but that
the background fields will probably only solve the equations of generalized supergravity
rather than the standard ones.

When applied to classically integrable sigma models, the deformations studied here
preserve the integrability. It would be interesting to extend the integrability methods
developed in the context of the AdS/CFT correspondence [60, 61] also beyond the “abelian”
YB deformations considered so far, namely the “diagonal abelian” deformations (considered
e.g. in [62] and with an exact spectrum encoded in the equations of [63]), and the “off-
diagonal abelian” deformations (addressed e.g. at one loop in [64]).
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A Conventions

Let us summarize our index conventions in the following table

Py Uyt labels of all bosonic coordinates
I,J,...: indices of g (the Lie algebra of G) and of the dual g*
2 R labels of coordinates parameterizing the group G
M,N,...: labels of spectator coordinates, of which
MMyt labels of bosonic spectator coordinates (A.1)
a, ... labels of fermionic spectator coordinates
AB,...: indices of tangent space, of which
a,b,...: indices of bosonic tangent space
a,B,...: indices of fermionic tangent space

When working with (super)forms we define the components as A,, = %dzM" A dzMn—1
coo Nd2MY Apg gy, and we take the exterior derivative to act from the right, so that
d(Ap NAp) = Ap NdAy + (—1)™dA, A Ay, The (graded) anti-symmetrization of n indices
is denoted by [-- -] and it includes a factor 1/n!.

B An example with local symmetry

To make the discussion in section 3.1 more concrete we will here apply the rules of NATD
to an explicit example with local symmetry (a case also referred to “with isotropy”). We
will follow the discussion in section 3.1 and show that we reproduce an example worked
out in section 4.1 of [20]. The starting point is the AdS3 x % x T* background with pure
RR flux, and the goal is to apply NATD on the SO(4) global isometry of S%, which has
obviously also a local SO(3) symmetry. The metric and the flux are given by

ds® = dsigg, + dsks +dsqa,  Fi =2 (vol(AdS3) + vol(5%)). (B.1)

We describe S? in terms of the coset SO(4)/SO(3), where the generators of so0(4) satisfy
[Jaba ch] = Opedad — Oacdbd — OvdJac+9adJpe and admit the matrix realisation Jup = Eup— Epg,
in terms of the matrices (Egp)cqd = daclpg- Following [20] we enumerate the generators of
the coset part as 77 = Jy ;41 where I = 1,2, 3, and the generators of the subalgebra so(3)
as Ty = Jog, 15 = Joyg,Tg = J34. The metric of the original S3 comes from the piece of
the action %fAI AGryx A7, where A= g~'dg, g € SO(4) and Gy = diag(1,1,1,0,0,0)
projects on the coset part of the algebra. We do not need to look at AdS3 and T, since the
off-diagonal blocks G, are 0 and therefore the AdSs and T spaces are not affected by the

NATD transformations, see (2.2). It is easy to construct Gy — vk fF; that in this case is*

1 vy vy —vo —1v3 0
—U4 1 Vg 141} 0 —U3
—UVs —Ug 1 0 141 1) B

: (B.2)
vo —U 0 0 Vg —Us
Vs 0 — V1 —Ug 0 vy
0 vy —UVy Vs —Ul4 0

*9This is the transpose of M of [20].
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and invert it to obtain N'/. Notice that G is not invertible, but we can invert Gy; —
VK ff{]. For special values of the coordinates vi also Grjy—vi f [{(] becomes degenerate. Af-
ter fixing the gauge, some of these degeneracies will produce singularities in target space.
Taking the symmetric and antisymmetric parts of N/ we can compute the deformed met-
ric and B-field. In the action the contributions are respectively % [ dviN () « dvy and
—% f dv N1 qy 7. These are still written in terms of all six dual coordinates vx, meaning
that we should fix the gauge. We fix it as in [20] setting 11 = v» = 15 = 0, and we also
rename v3 = x1, V4 = T, V5 = x3. In agreement with [20] we find that the B-field vanishes
and that the metric of the dualised sphere and the dilaton are

2
a3 (a3 — 3)° + oo} + a3) | @3+ a3 +)ass

ds?, =
2xodrodrs (—x? + 22 + 23 + 1 2d (B.3)
+ i ( 21 2 3 ) + 1 (.Z‘deQ + £C3d3;‘3) + dx%,
xriT3 T

e = x%x%

In order to compute the transformation of the RR fields we first need to compute the
Lorentz transformation A. Suppose we use labels in tangent space a = 0,...,9 so that
a = 3,4,5 are the labels for the tangent space of the sphere. Then we can take E;* to
be B3 = Ex* = E3® = 1, and 0 otherwise. Calculating A% = n® — 2E;°N!/E;? in the
above gauge for vy we easily find (for the block with a,b = 3,4,5) A = diag(1,—1,—1).
As expected the Lorentz transformation is an element of SO(1,9), since we have dualized
an even-dimensional group. In this case it is a simple reflection along a = 4 and a = 5.
Therefore on spinor indices it is realised just as the product of the two corresponding ten-
dimensional gamma matrices. The transformed RR fluxes obtained from & = AS then
agree with the ones of [20].

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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1 Introduction

In this paper we investigate further the deformed T-dual (DTD) supercoset sigma mod-
els introduced in [1], and we find results that are of interest also when considering the
undeformed case, i.e. when applying just non-abelian T-duality (NATD).

The construction of DTD models is equivalent to applying NATD on a centrally ex-

1" The models are constructed by picking a

tended subalgebra as first suggested in [2].
subalgebra of the (super)isometry algebra g C g — the canonical example is the AdS5 x S°
superstring where g = psu(2,2|4) — and a 2-cocycle, i.e. an anti-symmetric linear map

w: g ®g— R satisfying

WX, [Y, Z) +w(Z,[X,Y]) +w(Y,[Z,X]) =0, VX,Y,Z€eg. (1.1)

!The first hint of the relation of YB models to NATD appeared in [3] for the case of Jordanian defor-
mations.



Together with an element of the corresponding group § € G, the 2-cocycle defines a 2-form
B = w(§'dg, g 'dg) which is closed, i.e. dB = 0, thanks to the 2-cocycle condition. The
idea behind the construction is to add this topological term to the supercoset sigma model
Lagrangian and then perform NATD on G. If ¢(B is added to the Lagrangian, with ¢
a parameter, the resulting model can be thought of as a deformation of the non-abelian
T-dual of the original model with deformation parameter . The classical integrability of
the original sigma model is preserved by the deformation, since both adding a topological
term and performing NATD preserve integrability. We refer to [1] for more details on how
this procedure relates to the construction of [2]. Let us remark that DTD models may
be constructed starting from a generic o-model, for example the principal chiral model as
in [1], and the starting model does not have to be (classically) integrable. In this paper we
will only consider the supercoset case.

It was proven in [1] that the so-called Yang-Baxter (YB) sigma models [4-7], defined
by an R-matrix solving the classical Yang-Baxter equation (CYBE), are equivalent to DTD
models with invertible w. This relation was first conjectured and checked for many examples
— in the language of T-duality on a centrally extended subalgebra — in [2]. See also [8] for
a more detailed discussion of some of the examples. In [1] we used the fact that when w is
invertible its inverse R = w™! solves the CYBE, and therefore defines a corresponding YB
model; by means of a field redefinition and relating the deformation parameters as n = ¢!
we could prove the equivalence of the two sigma model actions [1].

Note that simply by setting the deformation parameter to zero, DTD models include
all non-abelian and abelian T-duals of the original supercoset model, including fermionic
T-dualities. Therefore all the statements we prove for DTD models apply also to (non-
abelian) T-duals of supercoset models. They are also easily seen to describe all so-called
TsT-transformations of the underlying supercoset model. In fact we will argue here that the
class of DTD models is closed under the action of NATD, as well as certain deformations,
meaning that applying these operations yields a new DTD model. They therefore represent
a very broad class of integrable string sigma models.

It was shown in [1] that these models are invariant under kappa symmetry, which
is needed to interpret them as Green-Schwarz superstrings. From the results of [9] it
follows that their target spaces must solve the generalised supergravity equations of [9, 10]
that ensure the one-loop scale invariance of the string sigma model. To have a fully
consistent superstring, however, we must require the stronger condition of Weyl invariance,
which implies that the target space should be a solution of the more stringent standard
supergravity equations. Here we show that Weyl invariance of the DTD model is equivalent
to the Lie algebra g being unimodular, i.e. its structure constants should satisfy ffj =0. In
fact, this condition is precisely the one found in [11, 12] when analysing the Weyl invariance
of bosonic sigma models under NATD by path integral considerations. The presence of w
and the deformation does not modify the supergravity condition. When w is invertible the
condition is also equivalent to unimodularity of the R-matrix R = w™!, as defined in [13],
which was shown there to be the condition for Weyl invariance of YB models. The fact
that these conditions are the same was in fact an important hint that the latter should
have an interpretation involving NATD [2].



Here we give the detailed proof of kappa symmetry for DTD models and extract the
target space superfields from components of the torsion as was done for n (i.e. YB) and
A models in [13]. In particular, the RR fields and dilaton are difficult to extract by other
means but we find that they are given by the simple expressions

e =sdet’O, S = _8i[Ad)(1+4Ad; 'O T Ady)| K12 (1.2)

with O defined in (2.4) and S defined in (5.2) — for definitions of the remaining quantities
see sections 2 and 5. A by-product of these expressions is a formula for the transformation
of RR fields under NATD for the case of supercosets. As we show in section 5 it agrees,
for bosonic T-dualities, with the formula conjectured in [14], see also [15], but our formula
is valid also when doing fermionic T-dualities.

An advantage of the formulation of DTD models is that many statements about the
sigma model boil down to simple algebraic statements about the Lie algebra g. One
example is the Weyl invariance condition already mentioned, while another concerns their
transformation under NATD — possibly including additional deformation. The advantages
are clear also when discussing the isometries of these models. We show that they fall into
two classes; in fact, besides the standard ones, i.e. the unbroken part of the G isometries,
there are also certain (abelian) shift isometries. We prove that T-dualising on either type of
isometry we get back a DTD model; in particular, T-dualising on the first type of isometries
is equivalent to the simple operation of enlarging g by the corresponding generators, while
T-dualising on the shift isometries removes generators from g. The latter operation can
be used to prove, in this context, that solutions of the generalised supergravity equations
are (formally) T-dual to solutions of the standard supergravity equations [10]. For more
general NATD, where one applies T-duality on both types of isometries at the same time, we
propose that the resulting model is still obtained in a similar way, namely simply by adding
to g the isometry generators that lie outside of it and removing from it the generators that
are inside. We show that this conjecture is indeed consistent, i.e. the resulting model is a
well-defined DTD model, which turns out to be quite non-trivial. As already mentioned
this suggests that the class of DTD models is closed under (bosonic and fermionic) NATD,
including also the deformations considered here.

It was suggested in [1] that it might be possible to think of all DTD models as non-
abelian T-duals of YB models. Here we show that this is in fact not true by providing an
example of a DTD model which cannot be obtained from a YB model by NATD.

The outline of the paper is as follows. In section 2 we introduce the DTD models based
on supercosets, discuss their gauge invariances and the equivalence to YB models when w
is invertible. Section 3 describes the two classes of global symmetries, or isometries, of
these models. We also address the question of what happens if one performs NATD and
deformation of a DTD model and argue that this gives a new DTD model, proving this in
simpler cases. Models which cannot be obtained by NATD of YB models are also discussed.
In section 4 we demonstrate the kappa symmetry of DTD models and write the DTD model
as a Green-Schwarz superstring. Given these results it is then straightforward to derive the
target space fields of the DTD model from components of the superspace torsion, which we



do in section 5. This includes a derivation of the Weyl-invariance condition for these models.
In section 6 we work out the supergravity background for two examples of DTD models.
The first is equivalent to a well known TsT-background but is useful to demonstrate the
procedure. The second example is one of the new examples which cannot be obtained
from a YB model by NATD. We finish with some conclusions and open problems. Three
appendices contain some useful algebraic identities, a derivation of the DTD model action
and a proof of integrability.

2 The deformed T-dual models

As described in the introduction the deformed T-dual (DTD) models are constructed as
follows. We start with a supercoset sigma model, e.g. the AdSs x S° superstring [16] or
one of the other examples in [17, 18]. We single out a subalgebra g C g of the (Z4-graded)
superisometry algebra and write the group element as ¢ = §f with § € G and f € G. This
parametrization is of course redundant and introduces a corresponding G gauge symmetry
g — §l~1_1 and f — h f on which we will comment below. The second ingredient, which is
responsible for the deformation, is a Lie algebra 2-cocycle w on g satisfying (1.1). We add
to the original supercoset sigma model action the term

T PR
Sw:4/2 Cw(g'dg,§dg), (2.1)

where ( is a parameter introduced to keep track of the deformation — if there exist many 2-
cocycles we could introduce a parameter for each.? As explained already, this is equivalent
to adding a B-field to the action, which is closed by virtue of the 2-cocycle condition.
This term is therefore topological and has no effect on local properties of the theory —
issues with boundary conditions are more subtle and will not be considered here. The final
step is to perform NATD on g. This is done in the usual way by gauging the global g
symmetry and integrating out the gauge field. This procedure guarantees that properties
like integrability are preserved, see appendix C for an explicit proof. However, since T-
duality is a non-local transformation of the fields of the sigma model, w will now affect
local properties of the deformed model.

If w is a coboundary, meaning that w(X,Y) = f([X,Y]) for some function f: g — R,
the B-field is exact; this is equivalent to no deformation at all since B is pure gauge —
alternatively a field redefinition can remove the ¢ dependent contributions in the deformed
model. Therefore non-trivial deformations are classified by the second (Lie algebra) co-
homology group H?(g). The same group also classifies non-trivial central extensions of g,
consistent with the interpretation of these models as arising from NATD on a centrally
extended subalgebra of the isometry algebra [2].

Performing the above procedure one obtains the DTD supercoset model action

T ij _ ¢ty R ~ . . .
S = —2/d20 FYTGStr(Jidej + <8ZV — d?Ji)O_l(ajV + dej)) , Y7 =+—hhY,
(2.2)

2If w has mixed Grassmann even-odd components the corresponding deformation parameter ¢ would be
fermionic. Since the interpretation of such a fermionic deformation is not so clear we will generally assume
that w has only even-even and odd-odd components and that ( is real.



and we refer to appendix B for the details of its derivation. Here J = df f~! encodes the
degrees of freedom in f, while v € g* denotes the dualised degrees of freedom coming from
g. We have further defined

dy = AdgdAd;",  d=PW42P® - pE)  dl'=_pl)42p@ 4 PO (23)

where P project onto the corresponding Z4-graded component of g = Z?:o g and o1
is the inverse® of the linear operator O : g — g*

O = PT(d; —ad, — Cw)P. (2.4)

Given a basis {T;} of g and using the fact that g has a non-degenerate metric given by the
supertrace, we define the Lie algebra g* C g dual to g by taking as dual basis {T"}, where
Str(TVT;) = (53 . Then we have P and PT which are projectors onto § and §* respectively.
At the same time we are thinking of the 2-cocycle w as a map w : g — g* so that the
cocycle condition takes the form

wlz,y] = P" (wa,y] + [z,wy]) ,  Vr,yeq. (2.5)

Therefore, modulo the projector on the right-hand-side, w acts as a derivation with respect
to the Lie bracket, similarly to ad, which is a derivation thanks to the Jacobi identity.

In general one needs to make sure that the inverse O~ exists in order to be able to
define the model, and this puts some restrictions on the subalgebra g. By expanding in the
parameter ¢ we can think of the DTD model as a deformation of the non-abelian T-dual
of the original model, since taking ¢ = 0 reduces to ordinary NATD. Therefore, at least
for a small deformation parameter the invertibility is guaranteed if one can apply NATD
with respect to g. There may also be cases in which NATD cannot be implemented but the
operator is invertible for finite values of (, i.e. the cocycle removes the 0-eigenvalues of 0.

We now want to turn to the discussion of the gauge invariances of the action (2.2) of
DTD models. Besides the fermionic kappa symmetry, which will be discussed separately
in section 4, the action has two types of gauge invariances:

1. Local Lorentz invariance:

f—=fh, heH=aG". (2.6)
2. Local G invariance:
~ ~ 7 1 — etd= ~ e A
f—hf, v—=P Adﬁy—i—Cwa , h=e"e€eGCAQG. (2.7)

The former is obvious and, as in the case of supercosets, it boils down to the fact that
PO i missing in d. As mentioned at the beginning of this section, the latter comes about
from the decomposition of the original group element as g = gf where multiplication of g
from the right by an element of G can be compensated for by multiplying f on the left by

3Notice that OO~ = PT and OO = P rather than 1.



the inverse group element. To verify that the action is indeed invariant under the second
type of symmetry we use the identities (A.7) and (A.8) that say how the transformations
of O and dv can be rewritten. Then the difference of the actions after and before the
transformation (2.7) is proportional to

/ dzaeifsw(zaiuirlaj% + R l0;h(ady + gw)(iflajh)) . (2.8)

The terms involving v combine to a total derivative, and the one with w is closed as already
remarked, meaning that it is also a total derivative at least locally. This establishes the
invariance of the action under the local transformation (2.7). This gauge invariance is
obviously present also in the case of NATD, where the shift of v is absent since ¢ = 0.

The classical integrability of DTD models may be argued by the fact that they are
obtained by adding a closed B-field and then applying NATD to the action of a supercoset,
since neither of these operations breaks classical integrability, see e.g. [19] for the argument
in the case of NATD. In appendix C we give a direct proof of the classical integrability of
these models by showing that, similarly to what was shown in the case of DTD of PCM
in [1], the on-shell equations can be recast into the flatness condition

€ (0L + L;L;) =0, (2.9)

for the Lax connection
1

1
Li=A 4240 4 5 (427 AP 4 5

Yijel* (2_2 - z2) AZ(-2) + 2_1A§3) , (2.10)
where 2 is the spectral parameter, A = A% + A’ and A} = Ad;l(flﬁt +J1), with A% given
in (B.5). See appendix B for our notation. Notice that the presence of the Lax connection
still implies that we have conserved charges corresponding to the full original g symmetry.
However, in contrast to the case of supercosets, for DTD models one cannot argue any
more that they are all local, see appendix C.

2.1 Relation to Yang-Baxter sigma models

Given a DTD model with a cocycle w which is non-degenerate on g, we can show that the
action can be recast into the one of a YB model via a field redefinition. This result was
first presented in [1] and we collect here more details of the proof.

Given a non-degenerate w we denote its inverse by R = w™!. From the cocycle condi-
tion for w it follows that R solves the CYBE on g*. Conversely any solution of the CYBE
on g defines an invertible 2-cocycle on a subalgebra? g, which demonstrates the one-to-one
correspondence between DTD models with invertible w and YB sigma models based on an
R-matrix solving the CYBE. The field redefinition that relates the two models is

1 —Adyg

v=C(PT— 3Rz, g=eecq, (2.11)
adRa:

4This follows from the fact that the subspace on which R is invertible must be a subalgebra due to the
CYBE [20]. Since w = R™! is a 2-cocycle on this subalgebra the subalgebra is quasi-Frobenius. Note that
these results are true also for non-semisimple algebras and superalgebras.



with x € g* so that Rz € g. In fact, using the identities in (A.5) and (A.4) we find
dv =P"(ady, + (w)(g'dg),  PTad, P = (PTAd;'wAdzP — (w, (2.12)

and the action (2.2) becomes, after a bit of algebra,

T [, A — € 1 A Rgci 1 —1g = ——1g =
= —— _— i 1—-—F i i v i ,
S 2/d 0 —5 Str(g 0igd Ryd— g 0j9+ g 0ig(ad, + Cw)g~ " 0;g
(2.13)

where we have defined g = gf and Ry = Ad;lRAdg. The last term vanishes up to a total
derivative and we are left precisely with the action of the YB sigma model [6, 7]
7 1
S = —g /dQO' #Str (g_lc'?ig d(1-— nRgcf)_l(g_lajg)) , (2.14)
with deformation parameter = (~!. In the special case when g is abelian the DTD model
is equivalent to a TsT transformation of the original supercoset sigma model, in agreement
with the YB side for abelian R [2, 21].

Let us mention that one can also construct a YB model for an R-matrix solving the
modified CYBE, whose action takes essentially the same form as the above one [6]; however,
in that case it is not clear how to define the operator corresponding to w, and the relation
to DTD models remains unclear. This case should be related by Poisson-Lie T-duality to
the A-model of [19, 22].

We will argue in the next section that all (bosonic and fermionic) non-abelian T-duals
of YB sigma models can be described as DTD models with certain degenerate w. The
converse is not true, in fact it is possible to identify DTD models which are not related to
YB models by NATD; we refer to section 3.2 for an example and a discussion on this.

3 Global symmetries

We will now describe the global symmetries, i.e. superisometries, of DTD models. Setting
¢ = 0 and ignoring the presence of w this discussion reduces to what one would have in
the case of NATD. In order to identify the global symmetries of these models we study the
global transformations that leave the action invariant, modulo gauge transformations with
a global parameter, since the latter would not produce any Noether charge. We find two
types of global symmetries:®

1. Unbroken global G-transformations:

f—=a9f, V—)f’TAdgou, go € G and gy ¢ G,
) i i i (3.1)
such that (1 — P)Adg, P =0, PTAd,'wAdy,P =w.

The requirement gy ¢ G comes from the fact that for gy € G a combination of this
isometry and the shift isometries described below is equivalent to a global G gauge
transformation.

5The two sets of transformations do not commute and their commutator is a transformation of the
second type.



2. Global shifts of v:
v—=v+ A, A€ g* such that PladyP =0. (3.2)

Note that the set of such A’s will in general not close into a subalgebra, although the
corresponding isometry transformations of course commute since they are just shifts
of v.

In the case when w is invertible, which is equivalent to a YB sigma model with R = w™!,

it is not hard to show that these isometries coincide with the ones of the YB model which
are normally written as ¢ € g such that Rad; = ad; R.

Having global symmetries at our disposal means that we can gauge them and im-
plement further NATD. Before discussing the details of this in the next subsection, we
would like to exploit this possibility to make a comment regarding Weyl invariance of DTD
models. As we prove in section 5, the target spaces of DTD models solve the standard
supergravity equations if and only if the Lie algebra § is unimodular, i.e. fu? = 0. The
standard supergravity equations are equivalent to the Weyl invariance at one-loop for the
sigma-model, as opposed to just the scale invariance implied by the generalised supergrav-
ity equations [9, 10]. In the non-unimodular case f.;” # 0, and this defines a distinguished
element of §; we can rotate the basis so that this element is 771, i.e. fi5? # 0 and fa° = 0
for a # 1. The important observation is that the dual of the generator 7} corresponds to
an isometry. In fact, taking the trace of the Jacobi identity we find f;' = 0 and therefore

Str(TyadT,) = fabl =0, (3.3)

where T% € g*. This confirms that T satisfies (3.2) and can be used to generate a shift
isometry. Using the results of the next subsection, applying T-duality along the isometry
direction T one obtains a DTD model where T} is removed from g, so that the subalgebra
that is left is now unimodular. Therefore, to each DTD model which is not Weyl invariant
we can associate a Weyl invariant one obtained by (formal®) T-duality along a particular
isometry direction. Obviously this possibility fails if there are obstructions to carrying out
the T-duality, e.g. if the isometry in question is a null isometry. More generally, solutions
of the generalised supergravity equations are formally T-dual to solutions of the standard
supergravity equations [9, 10], and the above argument shows this relation in the specific
context of DTD models.

3.1 DTD of DTD models

It is interesting to start from a DTD model as in (2.2) and further perform NATD, possibly
including a deformation by a cocycle. We do this on the one hand to show that the
application of these transformations on the sigma model does not require to start from
a supercoset formulation, on the other hand to show that after these transformations we

50ur discussion of isometries is at the level of the classical sigma model action, where the dilaton only
appears in the combination F = e® F — together with RR fields — and in derivatives ¢. When performing
the T-duality we ignore the Fradkin-Tseytlin term, which will break the isometry referred to here.



obtain a new DTD model. We will also use these results to argue that the example of the
next subsection is not related to a YB model by NATD.

We can apply NATD by gauging the global isometries discussed above and dualising
the corresponding directions. Obviously, the choice of the type of isometries that we want
to dualise will produce qualitative differences. In fact, if we consider isometries of the first
type (3.1) and dualise a subalgebra g, we essentially enlarge the subalgebra g. If instead we
consider isometries of the shift type (3.2) and dualise a subspace V* C g*, then we remove
generators from the subalgebra g. The combination of isometry transformations that we
consider here is therefore

f=af, v=Pl(Adgy' +)), with g§e&, AeV*. (3.4)

After gauging them in the usual way we obtain a sigma model action which is just the one
in (2.2), where we replace’

f—=f, J=J+A,  dv—do+ PTIA 0] +a, (3.5)

where A € ¢ is the non-abelian gauge field corresponding to the G isometries and @ € V*
is the abelian gauge field corresponding to the shift isometries. We add to the action

the terms®

—T / o Str(DFy_ + pfy_ —CALDA_), (3.6)

where Fiy_ = 8, A_ —9_A, + [/1+,fl_] and f,_ = dya_ —0_a,, ¥ and p are two new
Lagrange multipliers, and & is a cocycle on g. Integrating out 2 and p one obtains the
action from which we started; to apply NATD we integrate out A and @ instead.

We will now describe what happens when we dualise either § or V*, and then use it

to argue what should happen in the most general case where one dualises on both at the
same time."
Dualising type 1 isometries. Consider first isometries of type 1 above, where we have
P+ P =P and PP =0. After a bit of algebra and dropping primes, we find that the new
action takes the form S = —dezaStr(JJrcifJ, + (O4v — J?JJF)Q(a,V + affJ,)) where
v =0+ and Q is an operator acting on § = § @ g which can be written in a 2 x 2 block
form as

Ol +0-1(d; — ady)U " Hd; — ady)O~! —O~1(d; — ady)U~!

~U~Y(dy — ady)O~* Ut

"We will now use the notation © € § for the field and the subalgebra of the DTD model from which
we start. Similarly, we will denote the corresponding operators as P, O, etc. We do this because we want
to reserve the usual notation for the DTD model that is obtained at the end, after applying the further
deformation of NATD.

8For the sake of the discussion here we fix conformal gauge 77~ = ~

ct=7+0.In principle it is also possible to add a deformation for the second type of isometry by adding

T =t = -t = 2 where

a term aw’a, but we will not consider this possibility further here.
In the rest of this section we absorb the parameter ¢ into w to simplify the expressions.



where!® U = O — PT(a?f - ad,;)@fl(czf —ady)P. Tt is straightforward to check that if we
take w = & + @ and define O as in (2.4), then its decomposition in block form is

_ O PT(ds — ad;)P
o=\ . . . R , (3.8)
PT(ds — ad;)P O

and that Q = O~!. Therefore performing DTD by exploiting the unbroken isometries of
the first type is equivalent to the simple operation of enlarging the dualised subalgebra
as § = § @ g, which is a Lie algebra due to the isometry condition [g,§] C g. As for the
deformation, we are just adding new contributions, and w = @ + @ is a 2-cocycle on g due
to the isometry conditions in (3.1).

Dualising type 2 isometries. For isometries of type 2 we have PT that projects on
the space V*, so that PP = PP = P and P = P — P. When integrating out a+ we get
equations where PO~1 appears, so that it is convenient to use the block decomposition on
the space g @V

~ PR _ -1
3 @ PT(d; — ady — ©)P
O_l = - . o (Af ) B (39)
PT(df—ad,;—oU)P PT(le —adl;—a))P
<(51 + 071 (df —ady — @)U Y(dy —ady —)O~! —O~(dy —ady — @)U )

*U_l(cif —ady — @)6_1 Ut

where U = PT(Jf —ady —0)P — PT(df —ady — dz)@‘l(cif —ady — w)P.

Note that g = { € §|Str(z)\) =0, VA € V*} is indeed a subalgebra since for =,y € §
we have Str([z,y]\) = —Str(zad)y) = 0 as a consequence of (3.2). In fact for z,y € § we
have in the same way [r,y] € g. This means in particular that if V closes into a subalgebra
it must be abelian. Clearly & reduces to a 2-cocycle @ = PTGP on §.

After some algebra and dropping a total derivative dvdp-term, the dualised action
becomes

~T /d2oStr((J+ +04p)dp(J- +0-p) + (947 — d} )OO (O_ir + dyJ )
+ (040 — dF 1) O~ (dy — ady — ©)0-p — 94 p(dy — adsy — @)O~H(O_0 + dyJ)
— 8y p(ds — ady —©)O7Y(dy — ady — ©)0_p — B4 plady + w)a_ﬁ) . (3.10)

As expected 7 = v—0 has dropped out, since we have dualised the corresponding directions.
Finally p can be removed by the field redefinition

- ~ 1 — Adj - 5

f—hf, v—PT (Adhu—i—dhwp> , h=e", (3.11)
adp

which resembles a G gauge transformation except for the fact that A ¢ G. To check that

we match with the DTD action in (2.2) we use the fact that under the above redefinition

0The operators O, O are obtained from O by dressing v,w and the projectors with checks or hats.
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O — PTAd;L@AdF_LlP which follows from!!

PTady P — PTAd; P"ad, PAd, ' P + PTAdj0Ad ' P — &,
) o o (3.12)
dir — PTAdy (dv — ad, (h~'dh) — w(h~'dh)).

The calculations are simple when V is a (abelian) subalgebra since in that case h~'dh =
—Ad,{ldﬁ and the last dpdp term vanishes up to a total derivative. When V is not a
subalgebra it is clear that it must still work since these are abelian isometries and we can
just T-dualise one at a time. It is nevertheless instructive to show this explicitly. To do
this we use the fact that h='dh + Ady Ldp is in § since it involves commutators of elements
from V. This simplifies the left-over terms to [ do?e¥Str(h=10;h &(h~10;h)) which indeed
is a total derivative term and can be dropped. As anticipated, we get that T-dualising on
the shift isometries is equivalent to shrinking g by removing the generators in V.

Dualising type 1 and 2 isometries. We have seen that dualising on the isometries
outside of g has the effect of adding the corresponding generators to g. Similarly dualis-
ing on isometries inside g effectively removes the corresponding generators. The natural
conjecture is then that dualising on both types of isometries at the same time again just
adds/removes the generators outside/inside g to give the g of the resulting model.

To be more specific, start from a DTD model with a cocycle on the subalgebra!? § and
imagine the most general NATD of this DTD model where we dualise isometries t; ¢ § of
type 1 asin (3.1) and A\; € §* of type 2 as in (3.2). Our conjecture is that this results in a
new DTD model where now

g= {.%' =y+ait;,y€Q ’ Stl"()\[:l]) =0, VA7 such that Stl"()\[[ti,tjb =0 ,Vti,tj} . (3.13)

In other words, g is obtained by adding to g all generators t; and by removing all elements
which are dual to A;, except when these are generated in commutators [t;,¢;]. In fact,
we want the last condition on A\; because the commutator of two isometries of type 1 can
generate an isometry of type 2, and if we are adding the t; we want to make sure that
they close into an algebra. Here we will not work out explicitly the transformation of the
action under this NATD since this is quite involved, we will rather just check that this
expectation makes sense and such a DTD model is well-defined.

To start, we must assume that the isometries on which we dualise form a subalgebra
of the isometry algebra. This implies the conditions

ti,t;] = it + &% T, @(p) =60 1,  PTady,dr = it/ Ay, (3.14)

7. The generators fgr € § appear because, as

with some coefficients cijk, éijk and ¢;1
already mentioned, the commutators of two t; can generate an element in g. These must

still satisfy the second condition in (3.1) which translates to the second condition above.

" These are proved using (A.4), (A.5) and PAd; P = Adj, P, the last being a consequence of [z,y] € § for
any .,y € g.

12 Also here we prefer to change notation and call § the original subalgebra, so that § will be used for the
algebra obtained after applying NATD.
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The first consistency check is to show that g defined above indeed forms a subalgebra of
g so that the corresponding DTD model can be defined. Commuting two elements of g
we get

L?] +a;t;, 2 + bjtj] = [Q, Z’] — b,-adtz.gj + aiadtié + aibj [ti, tj] . (315)

The isometry conditions in (3.1) indeed imply that the second and third term are in g§.
Taking the supertrace with \; satisfying Str(A;[t;, t;]) = 0 we get

Str([, 2]1Ar) + bicir7Str(yAs) — aicir”Str(2X ;) = —Str(gady, 2) =0, (3.16)

where we used the conditions (3.14) and the fact that g,Z € g and, in the last step, the
isometry condition (3.2) for A;. This proves that indeed g in (3.13) defines a subalgebra
of g. To define a 2-cocycle on § we take w = PTOP — we could also add an additional
deformation in the ¢; directions but we will not do so here— and we find

W[ + agts, 7 + bitj] = PL ([wy 2 4 biti] + [ + aits, @3] + aibo[t:, tﬂ)
= PT[ng, Z 4+ biti] + IBT[Q + aiti,wé] + aibjf)TcZz[ti, tj] R (3.17)

where we used the cocycle condition for w, the fact that ad;, commutes with & (3.1), and
in the last step we used (A.1). The first two terms are precisely what we want, it remains
to show that the last one vanishes. By the conditions (3.14) this term is proportional to
a combination of A; and therefore the PT projection means that this term vanishes unless
Str([tg, tiJw[ti, t;]) # 0 for some k,l. However

St([tk, 1)l 1)) = 5 Str(@ [t 5], v, 1)
=SSPl 15, [k, t]) + 5 St [, 5], &, )
= %éijIStr(]—:’Tad)\I [tk, tl]) — %éklIStr(PTadAI [tm tj]) = 0, (3.18)

where we used the cocycle condition and the isometry condition in (3.2). Therefore w is
indeed a 2-cocycle on g and the corresponding DTD model is well-defined.

3.2 DTD models not related to YB models by NATD

Here we want to present an example of a DTD model which is not related to a YB model
by NATD.'® To argue that this is the case we use two important facts concerning the
dualisation of the two types of isometries discussed above. First, when dualising isometries
of type 1, thanks to the condition (3.1) the original § will become an ideal of the larger
algebra g that is obtained by adding the generators ¢;, i.e. by applying NATD. That means
that starting from a YB model — or, rather, its corresponding DTD model with non-
degenerate w — NATD on isometries of type 1 will produce a DTD model with a cocycle
non-degenerate on an ideal of g. When we include also isometries of type 2 it remains true

13Let us mention that it is possible to find examples where w — as well as any 2-cocycle in its equivalence
class — is non-degenerate on a space which does not close into an algebra. This corrects a statement in the
first version of [1].
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that what is left of § forms a proper ideal inside g, on which, however, w does not have to
be non-degenerate. We also remark that, since they are realised as linear shifts, isometries
of type 2 are commuting and are therefore still present even after applying abelian T-
duality along them. After the dualisation the corresponding symmetry will be realised as
an isometry of type 1.

Consider the following algebra and corresponding 2-cocycle

gzspan{pl)p27p3u J12}7 w:k3/\<]12) (319)

where we refer to [13] for our definitions and conventions on the generators of the conformal
algebra s0(2,4). The above 2-cocycle is defined on a space which is not an ideal of g, and
it is clear that adding an exact term to w cannot change this, since the only terms that
we could add are ki A Jis and ks A Jia. According to the above discussion, this rules out
the possibility of this example coming from dualising isometries of type 1 of a YB model.
In fact, since there is no proper ideal in g that contains the subspace {ps, Ji2} where w
is defined, a combination of isometries of type 1 and type 2 is also ruled out. This leaves
only the possibility that this example is generated by T-dualising isometries of type 2 only.
If it were true that it comes from a YB model by dualising isometries of type 2, these
should be realised here as isometries of type 1 and we would be able to dualise them back
to find a YB model (in DTD form). However, in this example the only isometry of type 1
corresponds to pg, and adding pg to g does not help in making the cocycle non-degenerate
on the dualised algebra. We therefore conclude that the above example is not related to
a YB model by NATD,' and we refer to section 6.2 for the corresponding supergravity
background.

The above example may be obtained by dropping one of the two terms in Ry; in table
2 of [13], and similar examples coming from dropping a term in other rank 4 R-matrices

of [13] are e.g.
g = span{p1, p2, p3, po + J12}, w = k3 A (ko+ J12), from R .
g = span{po, p1, p2, Ji2}, w=ko A Jia, from Ri3. (3.20)
g= span{pl, D2, J12, JU3} ) w = Jia A Jos, from Ri4 .

In each case it is easy to see that w cannot be defined on an ideal in g even if we add
exact terms — in the first case the only terms that we could add are kj A (kg + Ji2) and
ka A (ko + J12), in the second and third case they are kj A Ji2 and kg A Ji2. In the first case
the only isometry of type 1 corresponds to pg, while in the second and third there is no
isometry of type 1. Note that the second case can be embedded into so(2,3) and therefore
gives a deformation also of AdSy.

4 Kappa symmetry and Green-Schwarz form

As we will show in a moment the action of DTD models is invariant under kappa symmetry
variations, and this will allow us to put it into the Green-Schwarz form. To show invariance

147t would be interesting to understand whether this or similar examples are related to YB models in
other ways, e.g. contractions.
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under kappa symmetry we need to consider the variation of the action under the fields v
and f, as well as the worldsheet metric /. The variation of the action with respect to the
fields is computed in (C.1). To define a kappa symmetry variation we should also say how
0f and dv are expressed in terms of the kappa symmetry parameters jo ), each of them
being a local Grassmann parameter of grading j. We define A% = Ad;l( A, + J%), where
subscripts + indicate that we act with the worldsheet projectors in (B.3) and fl’i is given

n (B.5); we take!®
dT(f716.f) = Ad o = — (iR, AP} 4+ {iml), AP (4.1)

This relation is fixed by noticing that after we impose it the total variation of the action
with respect to the fields simplifies considerably, and we find

(67 +6,)8 = — /d20 astr (AP AL 7]+ AP AP AC) i)
=-3 / o 5[ str ( A‘_”A(E)J) str (wiall), i) (4.2)

+ Str (A(Q)’A( ) ) Str (W[A?Q,mf)]) ] .

Here we used the property A’ Bi = AiBi, which follows from the identity Pij Pl =
PP as well as the identity

i 2 1 i 4(2)j i
AR AR W Str(AP AP 4 di1g (4.3)

where ¢ is an expression which is not interesting for this calculation, and W =
diag(14, —14) is the hypercharge. The above variation does not vanish but it can be com-
pensated by the contribution coming from varying the worldsheet metric. In fact, we first
notice that the contribution of the terms involving the worldsheet metric to the action may
be written as

T g
S, = —2/d20*y” Str (EZ-(Q)EJ(?)) ; (4.4)

where we have two possible choices for the bosonic vielbein which are related by a local
Lorentz transformation, either E() = A(f) or E? = A(f), where

Ay =Ad ' (J+ 0 T(dv—df]), A =Ad'(J— O Ydv+dsJ)). (4.5)

The subscript on A4 is here used only to distinguish the two fields and should not be
confused with the + used to denote the worldsheet projections; however, we choose this
notation since projecting on Ay with Pi after reintroducing worldsheet indices we obtain
in fact the A% used above.'® We declare the kappa symmetry variation of the worldsheet
metric to be

Syl = —% [str (WP im17)) + st (W[A®" imH)| | (4.6)

5We write the kappa symmetry transformation in this way rather than the one in [1] because we want
POAd 60 =0.

16 A caveat is that the projections of A+ in (4.5) with Pij do not vanish, while P:’?Aj:j = 0. We trust
that this will not create confusion, since the notation has clear advantages and those projections will never
be needed.
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so that the total variation of the action under kappa symmetry transformations vanishes
(0f+6,+94)S = 0. The kappa symmetry transformations for the fields may be also recast
into the form

i5.:E? =0, i5.ED =PV EP}, i .E® =PIk EPY, (47)

where k(1) = Adh/?a(l) and @ = £®) and where we made a choice for the bosonic and
fermionic components of the supervielbeins

E® = A® ZAd,A® B =Aq,4AY . E® = 4®) (4.8)

The above transformations are the standard ones for kappa symmetry, and the action also
takes the standard Green-Schwarz form

r 2 ij (2) p(2)
S:—2/d oy’Str(E;"E7) —T | B, (4.9)
where the B-field is
1 . - .
B = Ste(J Ady] + (dv—d; J)NO Y (dv +dyT)). (4.10)

As already noticed, Af) and A? are related by a local Lorentz transformation, A? —

AdhA(E) for some h € G, For later convenience we can also relate other components of
Ay and A_ as follows!”

A =MA,, POM = Ad; PP (4.11)
M =Ad;'[1-P- 010" —407'Ad PP Ad;! (1 - P)Ady

=1-4Ad;'0"'Ad; PP,

while M~! is given by the same expression as M but with O replaced by its transpose
o = ]?’T(d? + ad, + Cw)P. From this we can derive the useful relation

Mt —1=—(M—-1)Ad,. (4.12)

5 Target space superfields

In this section we will derive the form of the target space supergravity superfields for the
DTD model. The calculations are very similar to the ones performed in [13] for the 7-
model and A-model. Once the action and kappa symmetry transformations are written in
Green-Schwarz form as in (4.9) and (4.7), the easiest way to extract the background fields
is by computing the torsion T% = dE® 4+ E* A ,® and T® = dE — %(FabE)a A Q% where

17 As a consequence of this we have for example Af) =E® — pG® M E®,
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Q9 is the spin connection superfield. It was shown in [9] that the constraints on the torsion
implied by kappa symmetry take the form!'®

"= — BB,
al 1 al 1 3 al 3 1 a. ol 1 3 a 3. N\al
T =SB Ex+ 5(0”E)" Eo”x = 1 BB (Y = 1Ev0”E (y%0°X)
1 1 1
- P (Ec®~y")T H . — SE (EaS)*T + §EbE" el (5.1)

for the type IIB case.'” The target space superfields contained here are the dilatino super-
fields xar, the gravitino field strengths wg‘f , where I = 1,2 denotes the two Majorana-Weyl
spinors of type IIB, as well as the NSNS three-form field strength H = dB and “RR field
strengths” encoded in the anti-symmetric 32 x 32 bispinor

§ = —io™" Foy = 50" Fae — 5
Kappa symmetry implies that the target space is generically only a solution of the gener-

Z‘02")/OLbCCle-Fabcde . (52)

alised type II supergravity equations defined in [9] and first written down, for the bosonic
sector, in [10]. However, when the (Killing) vector
K¢ — _1176(7a03)alﬁjvalx5] (5'3)
vanishes one gets a solution of standard type II supergravity, and a one-loop Weyl invariant
string sigma model. In that case there exists a dilaton superfield ¢ such that xor = Var¢
and the RR field strengths are defined in terms of potentials in the standard way F =
e?dC + - -+ [23, 24].
Given that the supervielbeins for the DTD model are defined in terms of A as in (4.8)
we need to compute the exterior derivative of A1 defined in (4.5) to find the torsion. With

a bit of work one finds the deformed “Maurer-Cartan” equations?’
1 1, 1~
dAL = {Ap AL} - 5Adflo TAdy (dT{As, Ay} — 2{A4,d"ALY), (5.4)
1 1 ~ - A
dA-=_{A A }- §Ad]71(’)_1Adf (d{A_,A_} —2{A_,dA_}), (5.5)

where we have used the identity (A.1) and the fact that, due to the Jacobi identity and the
2-cocycle condition (2.5), both ad, and w effectively act as derivations on the Lie bracket.
Projecting the first equation with P(®) and using (4.8) and (4.11) we get

@ _ 140 gy, Lipo po Lip® g _ (g6 p® 2)
dE {ALE }+2{E E }+2{E , BV} —{EY PYME\“}
_ p®? MT{E(Q) E(3)} + 1{p(3) ME®R) p®) ME(z)}
) 2 Y

+ POMT{E® PO ME®Y} — %P(Q)MT{E(Q), E®)} . (5.6)

8This is valid only for a suitable choice of the spin connection, which can however be extracted from the
same equations. We have dropped the A’s for readability.

9Essentially identical expressions hold for type ITA, cf. [23].

20We use anti-commutators rather than commutators because the objects that appear are one-forms, and
therefore naturally anti-commute.
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Using ASS) = %A‘fJab, E® = E°P, etc. and the algebra in appendix A of [13] this gives the

form for the bosonic torsion 7% in (5.1) provided that we identify the spin connection with?!
. 3Z C (0% 1 C
Qap = (Ap)ap + 2i(Eyp) s M%) + 5 EM 21a(1)apMP? g + S B (Mape = 2Mefa)) - (5.7)
In a similar way, using (4.8) and (5.5) we find that
dE®) — {AS?), EGY + (PONME® @)Y
+Ad,H{EW + POALG,ME® E®} + 1JDC”)M{EC”) EG)}
) 2 )
+2P@Ad; O Ady (2Adg1{E<1) + PWAd,ME® E®}+Ad {ED EO }),
(5.8)

which leads to the torsion 7%2 taking the form in (5.1) with the background fields given by??
Heape = 3M[ab,c] - SiMQQ[a(rYb)aﬁMﬂZC] )

Sa1ﬁ2 - _ 8i[Adh(1 + 4Ad]71(A/jfTAdf)]ozlwll/c\’yllﬁ7 (59)

1
ch = - §7§5Mﬁ2aa

_ L1
vap = 2(Ad; O Ad A K™ + L[AdRM) (7 S™2)5"

Here KAB denotes the inverse of the metric defined by the supertrace Str(TaTg) = Kan,
see appendix A of [13] for more details on our conventions.

Since the DTD model contains NATD as a special case we obtain as a by-product the
transformation rules for RR fields under NATD — starting from a supercoset model. As
a check we can compare this to the formula conjectured in [14] based on analogy to the
abelian case [25] — consistency of that formula was checked in some particular cases also
in [8]. Setting ¢ = 0, which removes the deformation, and restricting to a bosonic g, so
that P = P(P) 4+ P@) = (PO + P@)P, we find??

5172 = —8i[Adnlg—o*' 2 K7"* + fermions, (5.10)

which agrees with the transformations conjectured in [14]. Note that our result generalises
this to the case where also fermionic T-dualities are involved.
Finally we must compute 7% to extract the other dilatino superfield xy'. We find

dEW = {Ad,AY — dhh ', EW} 4+ Adp{E®, E®) — PO ME®)Y
1
- §P<1>Ath—lAd,;l{EU), EMWY

+2P(1)AdhAd;15_TAdf(Q{E(z)’E(S) — POMED]} + {E@),E(?)}). (5.11)

2 The components of M are defined as MTy = TeM?PB 4.
22These expressions have obvious close analogies with the ones found for the n-model in [13].
% Note that (P + P@)Ad; P = 0+fermions.
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Taking the exterior derivative of the equation Af) = AdhA(_Q), cf. (4.11), we find the
relation

(AQWAY — dhh ™y = Qup — 5 B Hape + 2(B ool Adu M, (5.12)

which can be used to show that the torsion again takes the form in (5.1), where the

remaining components of the background fields are?*

Xo = %(Va)aﬂ[Ath]ma, o = 2[Ad,Ad; O~ Adg]™ caKap™ — i(SIQ'Y[a)aﬁMB%] :
(5.13)
It remains only to analyse the question of when this is a solution to the standard or the
generalised type II supergravity equations, in other words to identify the conditions under
which K defined in (5.3) vanishes. We do this in the next subsection.

5.1 Supergravity condition and dilaton

By analogy with the calculations performed in [13] there is a natural candidate for the
dilaton superfield for the DTD model namely?”

e % = sdet/O. (5.14)

We will now show that this guess is indeed correct by verifying that its spinor deriva-
tives reproduces the dilatini found above. Using the formula for the supertrace StrM =
KCABStr(TyMTg) we find

dp = — %Str(d@@‘l) = —%EABSH{([J, dfTy] — df[J,Ta] + [dv, Ta]) O Tp}
- _ %IEABStr{([J, dfTa) — dF[J, Ta] + [Adpd" Ay, Ta]
+ [(ady + Cw)(Ads Ay — J), Ta)) O~ Ti}
- %IEABStr{TA (d[A+, Ad; O~ Ad,T)
+[d" Ay, Ad; 'O Adf T — Ay, dAd; 'O AdTs)) }
+ KAPStr{[(Adf Ay — J), Ta]PTg} . (5.15)

If the last term vanishes, then using (4.8), (5.13), (5.9) and (4.11) one may check that the
EW(3)_terms are indeed equal to

BN 4+ B2 (5.16)

Therefore xor = V¢ which implies that K® in (5.3) vanishes and we have a solution to
standard type II supergravity. Since (AdyA; — J) € g can be regarded as an arbitrary

24 Just as in [13], one finds a superficially different expression for Hype namely
Hape = S[Ath][ab,c] =+ 3i[Ath]al[a(’yb)ag[Athlﬁlc] .

However consistency requires this to be the same as the expression in (5.9) and this can also be verified
explicitly similarly to [13].

Z5The prime on the superdeterminant denotes the fact that we must restrict to the subspace where Ois
defined, i.e. the subalgebra g.
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element of the Lie algebra, the vanishing of the last term in (5.15) is equivalent to fap? = 0
for the structure constants of g, i.e. g must be unimodular. This condition is therefore
sufficient to get a standard supergravity solution. Following a calculation similar to the
one done in [13], computing K® in (5.3) and requiring it to vanish one finds that this
condition is also necessary.?°

Our results imply that the DTD model gives a one-loop Weyl invariant string sigma
model precisely?” when the subalgebra g is unimodular. This is in fact the same condition
that was found long ago for NATD on bosonic sigma models by path integral considera-
tions [11, 12]. Since the DTD model includes NATD as a special case, the analysis here
coupled with the results of [9, 10], gives an alternative derivation of the Weyl anomaly for
NATD of supercosets.

A nice fact is that we do not have to impose extra conditions on the cocycle w used
to construct the deformation. When w is non-degenerate unimodularity of g is equivalent
to unimodularity of R = w™! as defined in [13], see the discussion there; this is consistent
with the fact that the YB models are a special case of the DTD models.

6 Some explicit examples

Here we would like to collect some formulas that are useful when deriving the explicit
background for a given DTD model, and then work out two examples in detail. We denote
the generators of § C g by Tj, i = 1,..., N = dim(g), and those of the dual g* by T%. They
satisfy Str(T'T}) = (5; The action of the projectors on a generic element z € g may be

written as
P(x) = Str(T'z)T;, PT(z) = Str(Tjz)T*, (6.1)
where summation of repeated indices is assumed. Given a cocycle w = %wijT i ATI with
wj; = —wjj, its action on an element of the algebra is
w(r) = wi T Str(TV ), (6.2)

and it must satisfy the cocycle condition, which may be written as
Str (Th(IT, T)) - [T W) + [,wT)) =0, VRLTTheq  (6.3)

With the above definitions one may easily construct the operator O : g — g* defined
in (2.4), that can be encoded in an explicit N x N matrix

0y = Str(O(T)Ty), (6.4)

26In very special cases it is possible for K® to decouple from the remaining generalized supergravity
equations. One then obtains a background solving both the generalised and standard supergravity equations
depending on if K* is included or not. One such example is the pp-wave solution discussed in appendix B
of [26]. We thank B. Hoare and S. van Tongeren for pointing this out.

2TThis is modulo possible subtleties with the special cases mentioned in the previous footnote. One should
also note that this condition is true provided one only allows a local (Fradkin-Tseytlin) counter-term. If
one relaxes this condition one can find a non-local counter-term also when K is non-zero, since solutions of
the generalised supergravity equations are formally T-dual to solutions of the standard ones; see also [27].
This being said, cases where K¢ is null may be subtle and deserve further study.
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so that (5(TZ) = OijTj. The matrix O can be inverted with standard methods and used
to construct the action of the inverse operator as O~ *(z) = Str(2T;)(O~1)¥ T}, so that on
the basis generators O—1(T%) = (O~1)4T;. Obviously, when choosing a parametrisation
for the group element f, one should make sure that the corresponding degrees of freedom
cannot be gauged away by applying the local transformations discussed in section 2.

To obtain the background fields we use the results of section 5. The metric reads
as ds?> = n®E,FE,, where the components of the bosonic supervielbein are obtained by
E, = Str(A;PF,), and the B-field is given by equation (4.10). From the superdeterminant
of the matrix O it is also straightforward to compute the (exponential of the) dilaton
e? = (sdet O)_% In order to determine the RR fields one first identifies the components of
the matrix My, = Str((M P,)F;) and then one constructs the local Lorentz transformation

on spinorial indices

1
- Z(IOg M)abrab Ba ) (6.5)

(Adp)?, = exp [

so that Ath‘aAd}:1 = Mabe, where ', are 32 x 32 Gamma-matrices.?® From (5.2)
and (5.9) one finds that the expression for RR fields is obtained by solving the equation
(F“Fa + %F““Fabc + ;aF“deeFabcde>H = ¢ [Adu(1 + 4Ad; 'O~ TAdy)) (4T 012301,

(6.6)

where II = %(1 —T'11) is a projector?? and (—4T'g1234)II corresponds to the 5-form flux of

AdS5xS°. In order to find the component Fy, _g,,,., it is then enough to multiply the above

equation by I'y;. s, and take the trace. As already explained, when the subalgebra g

is bosonic the above result simplifies considerably, and only Ad; remains inside square

brackets. After obtaining the components in tangent indices we translate them into form

language using F(?m+1) = mjf?”m“ N NEY g g -

6.1 A TsT example

First we will work out a simple example where we dualise a two-dimensional abelian sub-
algebra of the isometry of the sphere s0(6), so that the deformation is equivalent to doing
a TsT there [28-30]. This example was worked out already in [2] for the NSNS sector, and
the RR fields were taken into account in [8] by following the T-duality rules of [14]. Here
we will use the matrix realisation of the psu(2,2|4) superalgebra used in [13], see also [31].
We take g to be the abelian algebra spanned by two Cartans of s0(6), 11 = Jgs, To = Jyo,
and for the dual generators we may just take T = Jgg,T? = J79. We parametrise the

bosonic fields as?®°

V= QEiTi, f = fa-exp(pPs)exp(—E&Jgg) exp(— arcsinrPy), (6.7)

where f, is a coset group element parametrised by fields in AdSs. We take w = T A T?
which obviously satisfies the cocycle condition. The matrix corresponding to O is very

28 Alternatively one can use the 16 x 16 gamma matrices used in the previous section.
29With these conventions the self-duality for the 5-form is F® = «F®),
30The group elements parametrised by ¢, € and 7 coincide with those in (A.1) of [32].
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simple

—¢  2r?cos?¢

OU:(QTQS”IQg : ) (63

and it is easily inverted. Following the above discussion we immediately find the fields of
the NSNS sector

r2 dr?

2 59 Qe 122 | a2 72 N1 2 | 2.9
ds” =dsg + C2+r4sin2(25)(cos §dP1+sin” £dgy) + (1 —r7)dg” + r7de” + 1—r2’
b _ (02 1 A2 (06~ b _ ¢ dprNdpy
e (¢° +r*sin®(28)) " 2 2 sl (26
(6.9)

where als?l is the metric of AdSs. After computing the matrix My, and the local Lorentz
transformation®! we get that only F®) and F®) are non-vanishing

F®) = 473 sin(26)dep A dE A dr,
3 $in(2€) d@y A d@s A dp A dE N dr) (6.10)
C2 + r4sin?(2¢)

FO = —2¢(1 + %) (

Since w is non-degenerate on g we can relate the above background to a YB deformation of
AdS5xS?, see also section 2.1. In this particularly simple example the R-matrix of the YB
model is abelian, and therefore it corresponds just to a TsT transformation on the sphere,
see also [21]. In fact, consider the following TsT transformation on AdSsxS®

p1 = T(p1),  w2—=p2=20T(p1),  T(p1) = 1, (6.11)
which produces the following background??

2 dr?

2 _ 5.2 2 2 2 2 2y 7 2 | 2 ¢2
ds* = ds; + 14_772714$ir12(2§)(cos Edps +sin”Edey) + (1 — r9)de” + rd&” + T2
4sin?(2€)dpr A d
¢ _ (1 2,4 6in2(9¢)) "% B:_Wsm( Y1 $2
e ( + n°r”sin ( f)) s 1+772r4sin2(2§) )
(6.12)
for the NSNS sector and
F®) = anr3sin(2¢)de A dE A dr,
FO = (1 4 ) (r?’ sin(2€) dip1 A dipa / dip A d€ dr) (6.13)
B 1+ n2rtsin?(2¢) ’

for the RR sector. To match with the above TsT background we need to implement the
field redefinition (2.11) at the level of the DTD background, which in this case just reduces
to p1 = n" g, Pa = —n "Ly since g is abelian. We find agreement only if we also use the
gauge freedom for B to subtract the exact term %dcpl A dipo; moreover we also need to
redefine the constant part of the dilaton to reabsorb a factor of n, which then appears in
front of the RR fields.

31For 32 x 32 Gamma matrices we find convenient the basis used in [31].
32 As a starting point we take the undeformed AdSsxS® background as written in [31].
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6.2 A new example

Let us now consider the example in (3.19)

1 1
57427 — ks, —J12} w=~k3AJia.

2
(6.14)
In this case we have just one isometry of type 1 corresponding to pg, and the isome-

- Yy 1
g = span{p1, p2, p3, Ji2}, @ = Span{ — §k1’ —

tries of type 2 are k3 and Jj2. Inspired by the parametrisation used in (6.19) of [13] we

parametrise®?

v==EJig+7 ki + 2 ks, f = exp(x"pg) exp(log zD) . (6.15)

The above is a good parametrisation because it is not possible to remove degrees of freedom
by applying gauge transformations. This will be confirmed e.g. by the fact that we get a
non-degenerate metric in target space. We find that the (matrix corresponding to the)
operator O is

%2 0 0 0
- 0 % 0 2F
O;j = z , 6.16
! 00 % % (6.16)
0 =27 =2¢ 0
which is clearly invertible. We find the following NSNS sector fields
s —(da®)?+d22 dE> 7222 (di?)? )
ds =—a +drez —1—422(@_’_?2) = +ds;
_1 . (6.17)
16 (¢2+72)\ ° Cdé A di?
e = | 2> B=_>>""
24 ’ 2(¢2+72)’
where ds? is the metric on S°. In the RR sector we have only three-form flux
0~ iz

25

According to the discussion in section 2.1 the above background is not related to a YB
model by NATD.

7 Conclusions

We have argued that DTD models based on supercosets represent a large class of integrable
string models which is closed under NATD as well as (certain) deformations. Besides
being a useful tool to generate new integrable supergravity backgrounds it would be very
interesting if these deformations could be understood on the dual field theory side. In
the case when the 2-cocycle is invertible these models are equivalent to YB sigma models,
which have been argued to correspond to non-commutative deformations, e.g. [33, 34],

33Even if present, one could remove ko in v by means of a gauge transformation.
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of the field theory [35-37] (see also [38]). This interpretation is consistent with the fact
that TsT transformations are special cases of these models [21, 39] and this includes the
so-called 3 and ~-deformations which have a known interpretation in N' = 4 super Yang-
Mills [28, 29, 40, 41]. Recently a certain limit of the y-deformation has been used to
construct a simplified integrable scalar field theory [42, 43] and it would be very interesting
to explore similar limits of the more general class of deformations considered here to see
whether one can learn more about the AdS/CFT duality for those cases.

Another important question is how the DTD model relates to the other known de-
formations of the AdSs x S° string, i.e. the n-model with R-matrix solving the modified
CYBE [44] and the A-model [22]. These two deformations are related by Poisson-Lie T-
duality and the fact that the latter is Weyl-invariant [13] while the former is not [10, 31]
is explained by the fact that the obstruction to the duality at the quantum level again
involves the trace of the structure constants [45].3% The fact that NATD is used also in the
construction of the A-model suggests that there might be a bigger picture relating it to the
DTD construction considered here. In fact this seems to be part of an even bigger picture
of general integrable deformations of sigma models where T-duality and its generalizations
play a central role, see for example the recent paper [46].
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A Useful identities

A useful identity is

which is easily proven by taking the supertrace with an element of g. We will also need
some relations related to the well-known formula for the derivative of the exponential map
1 —e2de
de" = e ——dx. (A.2)
ad,

Let z € § and define a similar looking object u = PTe %§e®, where ¢ is the derivation
acting as d(z) = w(x) on = € g. Note that this derivation is compatible with the Lie
bracket due to the 2-cocycle condition (2.5), and following the same computations needed
to prove the identity above, one may show that

ol — —ady
w= PT%MLU. (A.3)

34We thank A. Tseytlin for this comment.
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Taking y € g, from the definition of p we find PTaduy = PTAd 1(S(Ademy) — 0y which
implies
PTad, P = PTemadryerde P — . (A.4)

Another useful identity valid for the derivative of u is
dp = pe~"de” + §(e *de”) + PTde "e" 1 = PT(ad,, + w)(e "de”). (A.5)
Now, the identity (A.1) implies that
PTadpr g, P = PTAdjad, Ad; P = PTAd; PTad, PAd; ' P (A.6)
and together with (A.4) it implies that if we redefine v — PT (Ad;v + () as in (2.7) then
the operator in (2.4) transforms as
O — PTAd;OAd; ' P. (A7)
Moreover, using (A.5) we also find

dv — PTAd; (dv — (ad, + Cw)(h~'dh)). (A.8)

B Derivation of the action

To derive the action of DTD models we start from the action of a supercoset sigma model,
see e.g. [47] and we rewrite the group element as ¢ = §f, where § € G C G. We then
gauge the G symmetry and introduce the gauge fields A;. If we fix the gauge § = 1 we
essentially achieve §~'d§g — A when comparing to the initial supercoset action. At this
point we add a Lagrange multiplier to impose the flatness of A;, plus a w-dependent term
which deforms the model

S:—T/dQG[MStr((A + J)ds(A; + ;)
2 2
— €9Str <V(8Z-f~l + A;A)) — g wflj> ] (B.1)
Instead of integrating out v we integrate out A, so that we obtain the equations of motion
P (04 + 05w +dypJ;) + PP (OT4; — v + df Jj) =0, (B.2)
where - g
pii 7 :2'””, (B.3)
are projectors
Py +PY =~ pip,J=pP/  PlP =0 (B.4)
Here we used also 797 = €*y;,€7. We also define Vi = f V;, and it is useful to remember

A B; = A:F%]B] We then solve for Ay

A= 07 (v —dpat), Ay =07 (+0lv - dfTL) . (B.5)
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The action on the solutions to the equations of motion is

T . - . .
S=-5 /d20 Str [Jﬂ-dfjj + (@ — dE )0 (@ v + dez)]
T N . N ) (B.6)
-5 /d202 Str | Jidy J; + (0w — dF )0~ (00 + dy )|

C Classical integrability

Here we wish to be more explicit and show that the on-shell equations of DTD models
can be recast into the flatness condition for a Lax connection. The argument follows the
one presented in [1] in the case of DTD of Principal Chiral Models. First we compute the
equations of motion for f and v, which are obtained by the straightforward variations ;5
and 9,5 of the action

2
5,8 = —:g/d% str (v F4) = —g/d% Str ((Adj*ov)F4),

618 = WL /dQUStr (ftefc),
(C.1)

where we defined

C =0 (dA) + 0y (dTAL) + [Ays, dAL] + [A_;, dT AL, -
FA= 04 AY — 0 AL + (A, AL = —€9(9;A; + AiAj), (©2)
and similarly for FA. Notice that POC = 0. For convenience we also introduced the
(projections of the) field A% = Ad;l( A, + J), where A’ is given in (B.5). On the one
hand, imposing the equations of motion §,.S = 0 is enough to get F4 = 0. Notice that this
equation is equivalent to imposing separately FA=0and F/ = Opidt—0_; I —[Jys, JU) =
0. On the other hand, the equations of motion §;S = 0 imply that C vanishes only on
a certain subspace of the superalgebra g. In fact, in the special case when the whole
superalgebra is dualised g = g, there is no f for which we can compute the variation of
the action, and we should find an independent argument to claim that the equation C =0
holds. We will now show that an appropriate (rotated) projection of C by PT indeed
vanishes without appealing to the equations of motion for f. Consider the equations of
motion for A% in (B.2) and let us rewrite them as £L — M%- = 0 where

EL = +(0" +ad&r)y— d?(Ji + AL — CwAY,

. . N - - (C.3)
&L =—(0L +ady Jv —df(JL + AL) 4 CwAL.

Since we choose MjcL to take values only in the complement of g*, taking PTEjE = 0 gives
indeed (B.2). Clearly (04, +adAH)(Ei — M)+ (0, "‘adA,i)(gi — M) = 0 is identically

true since it just follows from the above equations, and working out all the terms we find

AdpC = [, FA) + wFA — (0_i+ad; )M — (4 +ady, )M (C.4)

7 7
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After projecting with PT all terms with M+ disappear. The remaining terms on the
right-hand-side of the above equation vanish thanks to the flatness of A (F A = 0) implied
by the equations of motion for v. To conclude, we obtain PT(Ad;C) = 0 as wanted,
which together with the equations of motion for f is enough to claim C = 0 on the whole
superalgebra.

The on-shell equations F4 = 0 and C = 0 formally take the same form as those for a
supercoset, where in that case A is the Maurer-Cartan form, see also [47, 48]. Therefore
one may follow the derivation done in the case of the supercoset, and find that they are
encoded in the flatness condition

(DL + LiLy) =0, (C.5)
for the Lax connection
L; = Al(.o) + zAZ(-l) + % (22 + 2_2) AZ(-Q) + é%-jejk (2_2 - 22) AZ(-Z) + z_lAl(-?’), (C.6)

where z is the spectral parameter. The existence of a Lax connection implies the presence
of a tower of conserved charges, see e.g. [49] for a review. However, differently from the
case of the supercoset, now fewer of them can be argued to be local. In fact, thanks to the
gauge transformation it is always possible to define

L =heh™t —0;hh7t, (C.7)

so that L] is also flat. In the case of the supercoset, after noticing that £;(z = 1) =
A; = g~ 10,9, one may choose h = g so that the new Lax connection vanishes at z = 1
L}(z = 1) = 0. Expanding around that point one finds

Liiz=1+w)=wg (Af.” Ly | AE‘”) g1+ O(w?), (C.8)

so that the flatness condition for £ at order w implies the conservation 0; A" = 0 for the
current

Al = g (A§1) _ 27jk€klAl(2) _ A§_3)) gL (C.9)
This is how in the supercoset case one can argue from the Lax connection that the isometries
corresponding to the superalgebra g correspond to local charges. In the case of DTD models
A is not of the Maurer-Cartan form, and in general it is not possible to find a group element
h for which a gauge-equivalent Lax connection vanishes at z = 1. With the exception of
the isometries discussed in section 3, we therefore expect that the initial symmetries of the
undeformed model are traded for non-local charges.
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We present a method to deform (generically non-Abelian) 7 duals of two-dimensional ¢ models, which
preserves classical integrability. The deformed models are identified by a linear operator @ on the dualized
subalgebra, which satisfies the 2-cocycle condition. We prove that the so-called homogeneous Yang-Baxter
deformations are equivalent, via a field redefinition, to our deformed models when @ is invertible. We
explain the details for deformations of 7 duals of principal chiral models, and present the corresponding

generalization to the case of supercoset models.
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Introduction.—Integrable models in two dimensions
have played a pivotal role in the understanding of (quan-
tum) field theory, have numerous applications in condensed
matter theory, and have recently attracted attention also in
the context of the AdS/CFT correspondence [1], which
relates certain string theories on (d 4 1)-dimensional anti—
de Sitter (AdS) backgrounds to conformal field theories in
d dimensions. The most studied example that exhibits
integrable structures is that of the superstring on AdSs x S°
[2] and its dual N' =4 super Yang-Mills theory in four
dimensions [3], see Refs. [4,5] for reviews. On the string
side the two-dimensional world sheet theory is classically
integrable; i.e., there is a Lax pair whose flatness condition
is equivalent to the equations of motion of the & model. The
Lax pair depends on an auxiliary spectral parameter z, and
its expansion around a fixed z; yields an infinite set of
conserved charges, see Ref. [6] for a review. Integrability
has provided the most stringent tests of AdS/CFT, culmi-
nating with the possibility of computing the spectrum of the
quantum theory in the large N limit exactly [7-10].

Given this tremendous success it is natural to ask whether
other theories that are not maximally (super)symmetric are
still integrable. Integrability could then also be a guiding
principle to discover new models that are interesting in their
own right. The f deformation [11-13] or certain gravity
duals of noncommutative gauge theories [14,15] are exam-
ples that are integrable but reduce to the maximally
symmetric case only when a deformation parameter is sent
to zero. These instances actually fall into a larger class that
goes under the name of Yang-Baxter (YB) models [16-19],
sometimes also called # deformations after the deformation
parameter. A YB model is identified by an R matrix solving
the classical Yang-Baxter equation (CYBE), which in
general has a rich set of solutions. Each R generates a
background that reduces to the undeformed model (e.g.,
AdSs x S°) in the # — 0 limit. Here, we will not consider
the case of the “modified” CYBE.

In this Letter we explore another possibility; we deform
the original & model by adding a topological term (a closed

0031-9007/16/117(25)/251602(5)
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B field) and then apply non-Abelian 7" duality (NATD) [20]
with respect to a subgroup G of the isometry group G. The
special case when G is Abelian gives so-called TsT
transformations [11-13]. We refer to the resulting actions
as deformed 7 dual (DTD) models, since sending the
deformation parameter ¢ — O they reduce to NATD.
DTD models are in one-to-one correspondence with the
2-cocycles w of the Lie algebra of G. The cocycle condition
(3) guarantees that integrability is preserved, and plays the
same role as the CYBE for YB models.

The analogy goes even further. When w is invertible its
inverse R = w~! solves the CYBE, and each solution of the
CYBE corresponds to an invertible 2-cocycle [21]. We use
this identification to show that the action of YB models can
be recast in the form of DTD models, where the two
deformation parameters are simply related by = ¢!, As
explained later, this translates into our language a recent
conjecture by Hoare and Tseytlin [22]. We prove it by
providing the explicit field redefinition that relates YB to
DTD models. The field redefinition is local, albeit in
general nonlinear, and it allows us to interpolate between
a certain ¢ model ({ - o) and its NATD ({ — 0). In the
case when w is degenerate, the DTD model is equivalent to
a combination of YB deformation and NATD.

We first construct the DTD of the principal chiral model
(PCM), since it provides a simpler setup where all the
essential features already appear. Later, we generalize it to
the case of supercosets, which is more relevant to the study
of deformations of superstrings. The supercoset case will be
described in more detail elsewhere [23].

DTD of the PCM.—We start from a PCM parametrized
by a group element g € G, with the familiar action
Slgl = =3 [Tr(g7'0,997'0_g). Since we want to dualize

a G subgroup of the left copy of G [24] we rewrite [25]

S[f A ] = —%/Tr((fL FIOA 4T ) +F,). (1)

© 2016 American Physical Society
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Here, J = dff~' is a right-invariant Maurer-Cartan form
for f € G, depending on fields that remain spectators under

NATD. At the same time A € § and v € §* identify each of
the two T-dual frames. If T; are generators for g, a basis for

the dual algebra g* is given by T', where Tr(T;T/) = 5{ .
The curvature of A is F,_ =d,A_ —9_A, +[A_ A_].
The original PCM is recovered upon integrating out v since
F+_ = 0 implies that Ais pure gauge, i.e., A=gldjfora
g€ G, and we get the desired action with g = gf. The
NATD with respect to G, on the other hand, is obtained by

integrating out A.
We now add a deformation with parameter { given by

S'[f.A.U] = S[f.A, 1] +g/Tr(A+wA_). (2)

Here, w: ¢ — @* is a linear antisymmetric [i.e., Tr(xwy) =
—Tr(wxy)] map satisfying the cocycle condition [26]

wad,y = ad,wy —ad,wx, VY x,y € g. (3)

This property is needed to have local G invariance also
for ¢ #0, which ensures that # d.o.f. = dim(G) [27].

Equations of motion for A give 1l Tr(éAJFSi) = 0, where
E.=(1+ad, +w)Ay F v+ .. (4)

This implies PE, = 0, where P projects onto g, P onto
g". We solve these equations by defining the linear operator
O = P"(1 — ad, — ()P, which is a map § — §*

A =0Y-0w-J), A, =0T0.v-1.) (5

and O7 is the inverse of its transpose. Note that

O7'O = P as the lhs is defined only on g. Evaluating S’
on the solution we get the DTD action

S'[f.u] = —;/Tr(J+J_ + (v =T )OO +T)).
(6)

A second interpretation of DTD comes from integrating out
v rather than A from Eq. (2), which gives again A = §~'dg.
The resulting action is a topological deformation of the
PCM, since the cocycle condition implies that B =
¢w(g7'dg, g7 'dg) is closed. At the classical level adding
this term has no effect, and in fact this picture of a
deformation that is trivial in the dual frame is reminiscent
of YB models: in some cases they correspond to TsT
transformations [22,28-30], which are just field redefini-
tions in a 7T-dual frame. Since DTD is a NATD of a
topological deformation of the PCM, it is classically

integrable, where NATD can be applied thanks to closure
of B. In fact, the equation A= g~ 'dg with A given in
Eq. (5) allows us to relate the variables of the deformed
model to those of the original PCM. In the special case of
Abelian subalgebra g the relation simplifies and the
deformed model becomes equivalent to the PCM with
twisted boundary conditions, consistent with the TsT
interpretation [12].

A third interpretation of DTD comes from the possibility
of applying NATD to a centrally extended subalgebra. This
idea first appeared in Ref. [22] and was the original
motivation for considering the deformation (2). One can
indeed replace A in Eq. (1) with A’ € g.. = 3@ ¢ and ¢
central; similarly / € §¢.. We decompose A’ = A + A,
V' = v+ 1 with obvious notation, and extend the defini-
tion of the trace Tr(c?) = 1, Tr(cg) = 0. Equations for
A imply that v is constant, v = {c. At this point
Tr(VF'_) = Tr(vF ) + (£,A“ A", where f,, are the
structure constants introduced by the central extension
T, Ty = f,T.+ f,c. Introducing a map w whose
components are ., = —f,, we just notice that it is
antisymmetric and satisfies the cocycle condition, a con-
sequence of the Jacobi identity in g, . projected on c.

For some @’s DTD reduces to just NATD; i.e.,
the deformation parameter can be removed by a field
redefinition. This happens when w is a coboundary, i.e.,
o(x,y) = f([x,y]) for some function f. Therefore, non-
trivial deformations are in one-to-one correspondence with
2-cocycles modulo coboundaries, i.e., with elements of the
second cohomology group H?(g). The same holds also for
nontrivial central extensions. In particular, there are none
for semisimple g. Trivial deformations are equivalently
described as adding an exact B field to the PCM.

An example.—Before continuing our general discussion,
let us provide an explicit example: a PCM on U(2). We use
generators T; = io; € $1(2) and Ty = i1, with duals 77 =
—(i/2)o; and T* = —(i/2)1. We parametrize the group
element by g=exp(i01)exp(i¢p 0,)J(&)exp(i¢_o,), where
o = (1 £ ¢2)/2 and (&) = diag(i7/2¢¥, i/2¢7). The
PCM action yields the metric of S x S!

ds* = d& + sin’édgp? + cos*Edgp3 + d6>. (7)

Suppose we want to dualize the coordinates ¢, in S* and 6
in S!, corresponding to the Abelian subalgebra g =
span{T,T,}. We take f = g(&)exp(i¢p_o,) and v =
2(¢, T + OT*), where ¢, 0 are dual coordinates. We
deform the dual theory by taking @ = 27" A T*; namely,
oT, = =2T*, oT, = 2T". From Eq. (6) we find the action
of DTD §' = [0, X'(G;; — B;;)0_X/, with the metric and
B field

251602-2
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ds? = d& + (1 + )" (dg? + (& + sin®2¢)dp>
+ d6? + 2¢ cos 2EdOd¢p_),
B = (1+¢%)"Y(cos2edp_ —¢dO) A dgp., . (8)

The ¢ — 0 limit yields the 7-dual model of S?x S!
with respect to g. To relate this simple example to a YB
model it is enough to take v =5~ 'R(9T* + ¢, T") with
R =4(Ty A T,). However, when g is non-Abelian, the
field redefinition is more complicated, see Eq. (13).
Integrability.—Above we argued that DTD models must
be integrable; however, it is instructive to show this
explicitly to see how the cocycle condition enters and
write a Lax connection. We will show that the equations of
motion formally resemble those of the PCM, for which a
Lax pair is known. Suppose we consider a PCM with group
element g = gf, with g € G, f € G. We prefer to rewrite its
on-shell equations in terms of the left and right currents
A =g 'dgand J = dff". To start, the flatness condition

for A = g~'dg is equivalent to F’/ =0, FA=0

Fl=0J_-0_J,-[J.,J],
FA=0,A_—0_A, +[A, . A (9)

Moreover, the equations of motion for the PCM, i.e.,
conservation of A, become C = 0,

C=0,(J_+A)+0_(J, +A,)
+ AL I F AT, (10)

Let us now rederive the above equations for DTD models,
where now importantly A is identified as in Eq. (5). To start,
the flatness condition F’/ =0 still follows from the
definition of J. Flatness for ;l, instead, now arises as the
equations of motion for v, which are §,5[f,1] =
—1 [ Tr(suF") = 0. It is nice that the known mechanism
familiar from 7T duality of trading flatness for an equation of
motion still holds for DTD models.

The equations of motion for f are &6.5([f.1] =
+3 [ Tr(5ff~'C) = 0, essentially as in the previous exam-
ple of the PCM. However, in that case it is only thanks to
the equations of motion for g [i.e., [ Tr(g~'6gC) = 0] that
one can claim C = 0. In analogy to the PCM, it is then clear
that our task is to show that P”C = 0 also for DTD models.
We generalize the argument of Ref. [31] for NATD of the
PCM, and consider the equations £, = M+, for some M+
for which P"M+ = 0. They imply P’ £, = 0; i.e., they are
equivalent to the solutions for A as in Eq. (5). They
obviously imply also the equation (0, + ady WE_-—ML)+
(0_+ad; )(£, —M+) =0, which reads as

C= [8_ + adA_, 0_,_ + ad;dy
- (8_ + ad;L)Mi - (8+ + ad/L)Mi
+[w(0,A-—D_A,) + ad/La);l_ —ad; wA,].

The first line on the right-hand side is rewritten as [v, F,_],
and hence vanishes thanks to the flatness of A. The second

line vanishes upon projecting with P’ [32]. Finally, the last
line vanishes thanks to the cocycle condition: using Eq. (3)

it is rewritten as —Ce(F, _), which is again zero. Since also

P'Cc=0 holds, we conclude that the whole set of on-shell
equations for the DTD models is formally equivalent to

those of a PCM, provided the proper A is used. We can
furthermore write the Lax pair as

(14 272)Ad (Ay +J.) (11)

N[ =

Li:

with z a spectral parameter. In fact, the flatness condition
0,L_—0_L, +[L,,L_]=0isequivalent to the on-shell
equations just derived.

Relation to Yang-Baxter models.—We now prove that
YB deformations for the PCM on the group G are
equivalent to DTD. This was checked for many particular
examples in Ref. [22]. YB models are identified by an R
matrix solving the CYBE on the Lie algebra g. If g € G

1 1
vl == [ (7007 a00). (12

9

R is invertible on a certain subalgebra and its inverse is a
2-cocycle [21]. As anticipated, we identify R = ™!, where
w is the operator defining the DTD model. Then, R: g* — g.
The two deformation parameters will be related by = ¢~

We first split the group element parametrizing the YB
model as g = gf, where g € G and f € G. We identify f
with the homonym appearing on the DTD side. Our proof
of equivalence of the two actions will then consist in giving
the field redefinition relating g and v. Since R is invertible,
we can always take g = exp(RX) for some X € g*. One
can check that taking X = nv + (>/2)PT[Rv,v] + O(1®)
the two actions are equivalent up to terms that are at least
cubic in 7. The generalization to all orders can be obtained
by requiring that the dfdf terms in the two actions match.
This leads to the condition (1 —nR;)™' =1 - O™ whose
solution can be shown to be

—adgy - 1- Adgl

log Ad;

rl—e

1-
v= =-P wlogg. (13)
n

1-
n adgy
It follows that dv = (PT — c’))g-ldg or, equivalently,

AL =Ad7'(J, +Ay), (14)
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where we defined A = (1 £5R,)~(¢7'0.g) on the YB
side. Using these relations it is not hard to check that the
two actions are the same up to the topological term
Cw(57'dg, 57'dg), which has no effect in the classical
theory as remarked earlier.

We have proven the equivalence of the DTD and YB
models when @ is nondegenerate. In the case of a
degenerate w it is always possible to choose it in such a
way that it is nondegenerate on a subalgebra § C g [33] and
acts trivially on its complement § in g, also an algebra
thanks to Eq. (3). We interpret it as NATD on ¢ of the YB
model corresponding to restricting @ to g.

DTD of supercosets.—The construction of DTD models
for supercosets follows the steps explained in the simpler
case of the PCM. Here, we only present the main results,
whose derivation will be collected in Ref. [23].

We still denote by G the group of superisometries, e.g.,
PSU(2,2|4) for superstrings on AdSs x S°, see Ref. [34]
for a review. Its Lie superalgebra g admits a Z, decom-
position, and we denote by PU) the projectors onto the four
subspaces. They typically appear in the combination
d=PWY +2P@ — pB) or its transpose d’. The absence
of P in d is necessary for the local ¢() invariance of the
action, i.e., local Lorentz transformations. The action for
DTD models of supercosets is [35]

S'f.v]
:_g / St(J.dp_+ (D,w -0 )0 (O_v+d,T)).
(15)

where d r=Ad fEZAd‘;l. We keep the same definitions for J,
v, which however now take values in superalgebras.
Moreover, now O = P'(d - —ad, — (w)P.

The model is integrable since we can write down a Lax
pair. This is more conveniently expressed in terms of

A = Ad7'(A + J), where
A, =0T (+ow—dlJ,),
A=0""(~0v—diJ_). (16)
The flatness condition 0, L_—0_L, + [L,.,L_] =0 for
Ly =AY 424 + 27240 + 140 (17)

is equivalent to the on-shell equations of the DTD model.

DTD models of supercosets possess kappa symmetry,
and therefore correspond to solutions of the generalized
supergravity equations of Refs. [36,37]. Kappa symmetry
transformations are 5ff~! = d;(&/) = p1_ +p34, Where

pix = {iadxD), JP + A1 (18)

and k), j = 1, 3 are two local parameters of grading j. The
action (15) is invariant under these transformations upon
using the Virasoro constraints. If we were not fixing
conformal gauge, the variation of the action would be
compensated by the variation of the world sheet metric.
From these kappa symmetry transformations it is possible
to extract the background fields of DTD models [23].

The equivalence to YB models for invertible w’s
holds also in the case of DTD models of supercosets.
Remarkably, the field redefinition is still given by Eq. (13)
as for the PCM. We have further verified that kappa
symmetry transformations of YB models [18] take the
above form under this field redefinition, when we fix the G
gauge to get 5ff~' = df (6v).

Conclusions.—We provided a unified picture of (non-
Abelian) T duality and homogeneous YB deformations as
DTD of 6 models. As pointed out in Ref. [22], an advantage
of this formulation is that it can be realized at the path
integral level, giving a better handle on the quantum theory.
In fact, it also explains why the condition for one-loop
Weyl invariance, i.e., unimodularity of g, is the same for
both the YB model and NATD [30,38,39].

Despite the close relation, it is still worth viewing the
DTD models as a distinct class of deformations. In fact, the
field redefinition that relates it to the YB model is singular
in the two undeformed limits; the YB model becomes
degenerate when taking the undeformed (i.e., { — 0) limit
of DTD models, and vice versa. Therefore, the interpreta-
tion as deformation applies to just one of the two models in
the 7-dual pair. It would be interesting to understand if
there is any connection to the 4 model of Refs. [31,40,41],
which is also a deformation of NATD and is related to the
inhomogeneous YB deformation [16—18].

Although our motivation was integrability, such defor-
mations can be applied also to nonintegrable models, which
provides an interesting and potentially useful way to
generate new supergravity solutions.
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1 Introduction and summary of results

A remarkable property of the AdSs x S° superstring sigma model is its classical integra-

bility [1], see [2] for a review. In fact, this property extends to several other symmetric

space string backgrounds [3, 4]. Recently two interesting deformations of the AdS5 x S°

superstring sigma model' were proposed which preserve the integrability. The n-model [5]

and A-model [6], named after the corresponding deformation parameters. The former is

based on the Yang-Baxter deformation of [7—9], it generalises the case of bosonic coset

models [10], and its essential ingredient is an R-matrix which satisfies the modified clas-

sical Yang-Baxter equation (MCYBE). The A-model was originally proposed by [11] and

!These deformations extend to any Zj-symmetric supercoset sigma model, i.e. symmetric space RR

string background preserving supersymmetry.



it extends the case of bosonic cosets [12] (see also [13]). The construction is based on a
G /G gauged Wess-Zumino-Witten (WZW) model, and it is more naturally interpreted as
a deformation of the non-abelian T-dual of the original string. The two deformations are
closely related; in fact, in both cases the original symmetry algebra gets g-deformed [14, 15]
(with ¢ real and root of unity respectively), and the two models are related, at least at the
classical level, by the Poisson-Lie T-duality of [16, 17], see [18-20].

The attempt of interpreting these deformations as string theories has raised interesting
questions. In fact, both models possess a local fermionic symmetry believed to be the stan-
dard kappa symmetry — which was expected to guarantee a string theory interpretation.
However, the target space of the n-model derived in [21, 22]? does not solve the type IIB
supergravity equations [22], but rather a generalisation of them as suggested in [25]. These
generalised equations ensure scale invariance for the sigma model, but are not enough to
have the full Weyl invariance, which is present only when the target space satisfies the
standard equations of supergravity. For the A-model, on the other hand, it was shown that
the target space does solve the supergravity equations, at least in the case of A-deformed
AdSy x §% x T® [26] and AdS3 x S3 x T* [27] string sigma models.?

A possible resolution for the puzzle posed by the n-model could have been that, after
all, the possessed local fermionic symmetry was not the standard kappa symmetry of Green-
Schwarz. However this state of affairs was clarified recently in [30] where it was shown that,
contrary to what was commonly believed, kappa symmetry of the type II Green-Schwarz
superstring does not imply the full equations of motion of type II supergravity.* Rather it
implies a weaker (generalized) version of these equations, whose bosonic subsector coincides
with the equations written down in [25]. These generalized supergravity equations involve
a Killing vector field K“, and reduce to the standard type II supergravity equations when
this vector field is set to zero. This fact implies that kappa-symmetric backgrounds whose
metric does not allow for isometries must in fact solve the standard type Il equations.
The A-model falls into this class, which is consistent with the fact that the corresponding
target spaces were found to be supergravity backgrounds.® On the other hand, the 7-
model typically leads to a target-space metric which possesses isometries, so that a priori
it is not possible to exclude the possibility that it solves only the generalized supergravity
equations. It should be mentioned that, given a solution of the generalized supergravity
equations and provided that K is space-like, it is possible to find a genuine supergravity
solution which is formally T-dual to it [25, 32] (i.e. only at the classical level of the sigma
model, ignoring the fact that the dilaton is linear in the coordinate along which T-duality
is implemented). We will not consider this possibility here.

2See [23] for lower dimensional examples of bosonic truncations and [24] for a review.

3These results differ from the ones proposed in [28]. The metric in target space of the A-deformed
AdSs x S® was obtained in [29].

“Barlier indications of this was seen in the pure spinor string in [31].

SWe will actually see that the kappa symmetry transformations of the A-model take the standard form
only after inserting proper factors of i (see section 2.2). This leads to a target space geometry which is a
solution of type IT* rather than type IT supergravity. In the case of AdSs x S? x T° [26] it was shown how
one can get a standard (and real) type IIB background by analytic continuation, or equivalently by picking
a different coordinate patch. The same should be true for the deformation of AdSs x S x T* [27], and
probably AdSs x S°.



Target space supergeometry. The procedure for the 1-deformation can be generalised®
also to the case when the R-matrix satisfies the classical Yang-Baxter equation (CYBE) [33—
35]. Therefore several solutions exist and the question is which choices lead to a string
theory, i.e. a target space that solves the standard type Il supergravity equations. Here
we will answer this question and find a simple (necessary and sufficient) condition on R.
We will also determine the form of the target space (super) fields for both the n and the
A-model in terms of the ingredients that define them (see section 2 for their definition);
we check that the models can be written in Green-Schwarz form and we work out the
superspace torsion. The target space fields can then be read off by comparing to the
expressions in [30, 36]. This gives a simple way of extracting the target space backgrounds,
much simpler than previous methods. The metric and B-field are easily read off directly
from the sigma model Lagrangian, see (2.7). The NSNS three-form and RR fluxes are

found to be given by the expressions’
772 R N
Hape = 3Mgp ) — 3i \2 Ma?[a(’Yb)dBMmc] ; (1.1)
§a182 _ 82‘{ [Ady (1 + 2772 — 40;1)]01171 }@1527 (1.2)
IA[AdR (L + A1 = A0

where the upper (lower) expression in curly brackets refers to the n (\) model and 7 =
/1 —cn?. The RR field strengths are encoded in the bispinor defined as [30, 36]

1
a7 ! ’Yabcfabc -

_ 2. a _
S = —ioc" ' F, i

5 E iUQ'Yadeefabcde ’ (1'3)
where for standard supergravity backgrounds F = e®F contains the exponential of the
dilaton. The remaining ingredients in these equations are defined in section 2, in particular
the operators Oy, M and the group element h are defined in (2.5), (2.2), (B.2) and (2.12).
From our computation we obtain also the Killing vector of the generalised type 1l equations

i

K= ——
16

(’Ya)dﬂ(Vme — Vaz2Xxzy) s (1.4)

where x! (I =1,2) are the would be dilatino superfields

ifon e E > _ 1)\ e e
- b [Ad M), pp—— * MP2, 1.5
2{_1}%6[ nM]7 Xa 2{M}’Ya (1.5)

When K vanishes we have a standard supergravity solution and the dilaton is given by®

(o3
I

X

e2% = sdet(Oy). (1.6)

SWe will use the names “n-deformation” and “Yang-Baxter deformation” for both the homogeneous
(CYBE) and inhomogeneous (MCYBE) cases, as we can treat them both at the same time.

"Note that here we write the A\-model as a solution of type IIB supergravity, and the corresponding RR
flux is imaginary. The background is real when written as a solution of type IIB*. The reason for this is a
non-standard sign in the kappa symmetry transformations of the lambda model, see sec 2.2.

8For the A-model this formula was argued in [6]. It is also consistent with the form of the bosonic dilaton
suggested in [37] for the n-model based on bosonic R-matrices.



For the A-model K automatically vanishes and the target space is always a supergravity
solution, consistently with the observation of [30] and the previous findings [26, 27].

The n-model as a string. For the n-model the situation is more subtle. Let us review
some details at this point and recall that the n-deformation is defined by an antisymmetric
R-matrix on the algebra R : g — g, RT = —R, satisfying the (M)CYBE

c=0 CYBE
[R(z), R(y)] = R([R(z),y] + [, R(y)]) = clz,y], Vr,yeg, { " 41 MOYBE (1.7)

In section 4.1 we prove that the condition K = 0 for the n-model is equivalent to the
following algebraic condition on the R-matrix®

STr(Rad,) =0, Vo € g (i.e. RB A f4pc = 0). (1.8)

We will refer to R-matrices satisfying this condition'® as “unimodular”, for reasons that
will be clear in section 5. Therefore the n-model has an interpretation as a string sigma
model precisely for the unimodular R-matrices.

Let us consider the 7-deformation based on an R-matrix which is a non-split!! (¢ =
1 in (1.7)) solution of the MCYBE for the supercoset on AdSs x S° with superalgebra
psu(2,2[4), as in [5]. A standard choice is to take R that multiplies by —i (+4) positive
(negative) roots of the complexified algebra, and annihilates Cartan elements. Choices of
different real forms of the superalgebra correspond to inequivalent R-matrices, but one can
check that none of the examples considered so far [5, 14, 22, 39] are unimodular, which
is consistent with the findings of [22, 39]. We are not aware of a complete classification
of solutions of the MCYBE for psu(2,2[4), which leaves open the possibility of having
unimodular non-split R-matrices that would lead to genuine string deformations. We will
not analyze this question further here.

As first pointed out in [33], there is a rich set of solutions to the CYBE (¢ = 0 in (1.7))
which can be used to define an 7n-deformation of the supercoset. These R-matrices can
be divided into two classes: abelian and non-abelian. Writing the R-matrix as (sums over
repeated indices are understood)

1 .. .
R = 57’”192- A by, (R(x) = r7b;Str(bjz), = € g), (1.9)

abelian R-matrices are the ones for which [b;,b;] = 0 Vi,j while non-abelian ones have
b, b;] # 0 for some 7, j. The unimodularity condition (1.8) takes the form

r[b;, bj] = 0. (1.10)

9Essentially the same condition was argued to appear from the analysis of vertex operators of the j-
deformed AdSs x S° superstring in [38], see equation (87) there. That discussion would correspond to the
truncation of our deformed action at order O(n?). We thank Arkady Tseytlin for pointing this reference
out to us.

19Tt is easy to see that this condition is compatible with the (M)CYBE.
"For the split case (c = —1) there exist no solution for the compact subalgebra su(4) C psu(2,2|4). It
seems then not possible to have a split solution for the full superalgebra.



This is trivially satisfied by any abelian R-matrix, which is consistent with observations in
the literature, see e.g [37, 40, 41]. This is also in line with the expectation that abelian R-
matrices always have an interpretation in terms of (commuting) TsT-transformations'? [35].
For non-abelian R-matrices the unimodularity condition (1.10) is non-trivial, and it is
interesting to find all the compatible ones. In fact, as explained in section 5 it rules out
most of the R-matrices of the so-called Jordanian type, which is the only class considered
in the literature so far [33, 35, 37, 40, 41].

Here we will focus on the problem of classifying all R-matrices which satisfy the CYBE
on the bosonic subalgebra s0(2,4) @ s0(6) C psu(2,2|4) and are unimodular. The question
is non-trivial only for non-abelian R-matrices, which we classify by the rank. From (1.10),
any unimodular R-matrix of rank two R = a A b must be abelian, i.e. [a,b] = 0, so non-
abelian unimodular R-matrices have at least rank four. In tables 1 and 2 we write down all
non-abelian rank four R-matrices for s0(2,4) (the second table gives the inequvalent ones
from the point of view of the string sigma model), and in table 3 we provide the bosonic
isometries and the number of supersymmetries that they preserve. These R-matrices are
constructed in section 5, where we also show that the only other possibility is rank six.
The extension to s0(2,4) @ s0(6) is essentially trivial as it turns out that they must be
abelian.!? in s50(6). Therefore there are no new marginal deformations of the dual CFT.!4
Notice that Rg, R13 and Rj5 can be embedded in s0(2,3) and can therefore be used to de-
fine deformations of AdSs;. To have non-abelian deformations of AdSs3, instead, one must
involve also generators from the sphere.

Because abelian R-matrices seem to generate backgrounds which can be equivalently
obtained by doing (commuting) TsT-transformations on the undeformed model, one might
suspect that n-deformed strings always correspond to TsT-transformations. With the ex-
ception of the last three R-matrices our results appear to be consistent with this expecta-
tion, see section 5 for a discussion.

The outline of the rest of the paper is as follows. In section 2 we first review the
definitions of the deformed models, we introduce a notation that highlights their similar-
ities, and prove that the local fermionic symmetries of both deformed models are of the
standard Green-Schwarz form. In section 3 we derive the target space supergeometry for
the A-model, and by comparing to the results of [30] we extract the corresponding back-
ground fields. Section 4 achieves the same goal for the n-model. Here we also show how the
unimodularity condition for the R-matrix is derived. In section 5 we study this condition
in detail. We discuss its compatibility with Jordanian R-matrices, and derive all rank-four
non-abelian unimodular R-matrices for so(2,4) which solve the CYBE. In section 6 we
consider the case of backgrounds generated by R-matrices which act only on the bosonic

12T9T stands for T-duality — shift — T-duality [42-44]. Here we use it in the most general possible
sense, e.g. including non-compact and fermionic T-dualities.

13This includes R-matrices mixing generators of AdS and S, e.g. as in the so-called dipole deformations
of [45].

1 This statement remains to be true also if we further allow the R-matrix to act non-trivially on super-
charges: after imposing unimodularity, preservation of the s0(2,4) isometry, reality and CYBE, we find
that the only possible R-matrices are abelian and they act just on so(6).



Ry =p1 Ap2+ (po+p3) A (Jor — J13)

Ry =p1 Ap2+ (po+p3) A (s + Jor — J13)

R3 = p1 A (Jo2 — Ja3) + (o + p3) A (p2 + Jo1 — J13)

Ry = (p1 — Jo2 + J23) A (ko + k3 + 2p3 — 2J12) + 2(po + p3) A (p2 + Jo1 — J13)
Rs = p1 A (Jo2 — Ja3) + (po + p3) A (D + Jos)

Re = p1 A Jog + 2po N\ ps3

R7 = Jog A\ J12 + 2po A p3

Rs =p1 Ap2+ (po +p3) A Jiz

Ry = p1 Ap2 + (po +p3) A (ps + Ji2)

Rig = p1 Ap2+p3 A (po + J12)

Ri1 =p1 Ap2+p3s A Jiz

Ri = p1 Ap2+po A (p3 + J12)

Ri3 =p1 Ap2+po A Jiz

Ryiqa =p1 Ap2+ Jia A Jos

Ris = p1 Aps + (Jo1 — J13) A (po + p3)

Rig = p1 Ap3 + (p2 + Jo1 — J13) A (po + p3)

Ri7 = p1 A (p3 + Joz — J23) + (po + p3) A (p2 + Jor — Ji3)

Table 1. All non-abelian unimodular rank-four R-matrices (CYBE) of s0(2,4) up to automor-
phisms of the corresponding subalgebras (see section 5).

subalgebra. We work out certain examples generated by the R-matrices previously derived,
and we check in some cases that they are equivalent to sequences of TsT transformations
on the original undeformed model.

2 7 and A-deformed string sigma models

The 1 and A deformations are deformations of supercoset sigma models that preserve
the classical integrability of the original models. In the string theory context the most
studied example is the deformation of the AdSs x S° string!'® described by a %
supercoset sigma model [47]. However, there are many other backgrounds where at least
a subsector of the string worldsheet theory is described by a supercoset sigma model, e.g.

AdS, x CP? [48-50], AdS3 x S3 x T* [51], AdSy x S? x T® [52] and several others [3].

We start by reviewing the definitions of the deformed models. The relevant superalge-
bra conventions are collected in appendix A.

!5 Another supercoset closely related to this is the pp-wave background of [46].



Ry = (p1 +a(Jo1 — J13)) Ap2 + (po + p3) A (Jo1 — J13)

Ry = (p1 + a(ps + Jo1 — J13) + b(po + p3)) A p2 + (po +p3) A (p3 + Jo1 — Ji3)

Rz = (p1 + a(p2 + Jo1 — J13)) A (p1 + Jo2 — J23) + (po + p3) A (p2 + Jo1 — J13)

Ry = ((p1—Joz+Ja23) +2a(p2+Jo1 — J13) +2b(po+p3)) A (ko+ks+2p3—2J12+c(po+ps3))

+2d(po + p3) A (p2 + Jo1 — J13)
Rs = p1 A (Jo2 — Jaz) + a(po + p3) A (D + Joz)
R = p1 A Jog + 2po A p3
R7 = Jog A\ J12 + 2po A p3
Rs = p1 Ap2+ (po+p3) A Jiz
Ry = p1 Ap2+a(po+p3)A(ps+ Ji2)
Rio=p1 Ap2+aps A (po+ Ji2)
Ry =p1 Ap2+p3s A Jia
Riz =p1 Apa+apo A (ps + J12)
Ri3 = p1 Ap2+po A Jiz
Ryiqa = p1 Ap2+ Jia A Jos
Ri5 = (p1 + alpo +p3)) A ps + (Jor — Jis) A (po + p3)
Rig = (p1 + alpo +p3)) Aps + (p2 + Jor — J13) A (po + p3)
Ri7 = (p1 +a(po + p3)) A (p1 + p3 + Jo2 — Ja3) + (po + p3) A (p2 + Jo1 — Ji3)

Table 2. All non-abelian unimodular rank four R-matrices (CYBE) of s0(2,4) up to inner auto-
morphisms.

2.1 Lagrangians of the deformed models

The n-model Lagrangian takes the form [5, 33]

(A +e®)® o -1 5m—17 —1
L=——"—"-(vY —£eY)St 09 dO 0j 2.1
11— 0772)(7 e?)Str(g™ 9ig dOZ" (g™ 059)) , (2.1)
where g is a group element of G, i,j are worldsheet indices, 4% is the (Weyl-invariant)
worldsheet metric and %' = 41. Here 7 is the deformation parameter, and setting 7 = 0
yields the Lagrangian of the undeformed supercoset sigma model. The deformation involves
the Lie algebra operators

Oy =1+nR,d",  O_=1-nR,d, (2.2)

where R, = Adg_lRAdg, RT = —R and R satisfies the (M)CYBE (1.7). Our derivation is
general and we will not need to pick a particular solution of (1.7): we only need to assume
the above properties for R, and we will treat the homogeneous (¢ = 0, CYBE) and the
inhomogeneous (¢ = 1, MCYBE) cases at the same time. In the Lagrangian the following



supercharges|bosonic isometries
Ry 8 po+Pp3, p1, p2, po —p3 — 2(Joz — J23), (a=0)
8 po + p3, p1+a(Jo1 — J13), p2, (a #0)
Ry 8 po +p3, p1, P2, o —p3 — Jo1 — Joz + Ji3 + Jaz,  (a=0)
8 po + p3, p1+a(Jor — Ji3), P2, (a #0)
R 8 po +p3, p1, Joz — Jas, (a=0)
8 po +p3, p1+ (Jo2 — Ja3), Jo2 — Jag — a(Jor — Ji3 +p2), (a#0)
Ry 0 —Joz + J23 + p1 + 2a(Jor — J13 + p2), po +p3, 2J12 — 2p3 — ko — ks,
Rs 8 D + Jos, po+ ps,
Rg 0 Jos, p1, D2
R7 0 Jos, Jiz,
Ry 0 po, p3, Ji2,
Ry 0 Po, P3, J12,
Rio 0 Pos p3, Ji2,
Ry 0 Po, P3, J12,
R 0 Po; p3, Ji2,
Ry3 0 Po, P3, J12,
Ry 0 Jos, Ji2,
Ris 8 Po + p3, p1, P2,
Rig 8 Po + p3, P1, P2,
Ry7 8 po + 3, p1, Jo2 — Jog — p2 + ps,

Table 3. For each R-matrix of table 2 we indicate the number of unbroken supercharges and we
list the unbroken bosonic isometries.

combinations of projection operators appear

d=PW 4 2772p? _ pB) f=+1-cn?.
5T s ap (2.3)
U = —pW 4 2572p@ 4 pB) where d + d! = 4772P® .

The A-model is defined as a deformation of the G/G gauged WZW model. To get a stan-

dard string sigma model one integrates out the gauge-field which leads to a Lagrangian'6

somewhat similar to that of the n-model, namely [6]

koo iy B ~ o
L= 547 = W)Sux(g ™ g(1 + By — 207") (g 9s9)) (2.4)

16This is the classical Lagrangian. At the quantum level there is also a Fradkin-Tseytlin term R(2)¢
present, where ¢ is the dilaton superfield, generated by integrating out the gauge-field, whose form will be
discussed in section 3.



Here k is the level of the WZW model,'” and the Lie algebra operators O are now defined
_ -1
O_=1-Ad; Q. (2.5)

as
Oy =Ad,' — 0",

In this case things are written in terms of the combinations of projectors
(2.6)

Q= PO AP A2Pp@) L \PB)
QT = POLAPD L A2PA LA -1PB) 10T =1-0TQ = (1 -1 P?

Both the Lagrangian (2.1) of the n and (2.4) of the A-model can be formally written
(2.7)

T .. ~
AP)ACH) T eiiStr(A_BA_;),

in the same way'®
T

L= —E'yUStr( =
(2.8)

in terms of the one-forms
Ax =05 (g7dg),
where the string tension 7" and the operator B (responsible for the B-field) in the two cases

~2
"7 A
= ?(p(l) —pB 4 ndTRgd) ’
(2.9)

B

are
B=(\"*-1)"Y(0TB,0_+9TAd,—Ad,; Q).

14 cn?

n—model: T = (1—0772
(A_4_1)7

2
)

ol

A—model: T =—
T
(2.10)

An important role is played by the operator
M=0"'0,

which relates A_ to Ay as A_ = M A, . Using the expressions in (B.2) it is not hard to
(2.11)

show that
MTP@ )y = p@)
which implies that the operator P@ M P®) implements a Lorentz transformation on the
subspace with grading-2 of the superisometry algebra. This implies that there exists an
element h € H = G ¢ G such that
PAMP® = Ad; ' PP = PPIAG,!. (2.12)

The fact that Ady, is a Lorentz transformation implies the basic relation between the action
(2.13)

on vectors and spinors
A ) b
[Adh]’y&’YgS[Adh] B = [Adh]ab’)/&ﬁ .
We refer to appendix B for some useful identities satisfied by the operators entering the

deformed models.
—Eg is related to the original WZ-term, see section 3.
= —R,.

171
Bo =
"$We have used (2.3), (2.6), Ad} = Ad;' and R}



2.2 Kappa symmetry transformations in Green-Schwarz form

Both the n and A model have a local fermionic symmetry which removes 16 of the 32
fermions, and here we show that it takes the form of the standard kappa symmetry of the GS
superstring. The transformations for the local fermionic symmetry take the form [5, 6, 33]

07 g 0ng) = PR, AP} + ¢ PR, AP} (2.14)

where we denote the parameter by &, which is related to the kappa symmetry parameter s
of the GS string as explained below. The above transformations are accompanied by the
variation of the worldsheet metric

C2

S SR, (P ADY]) + SV I(P-iE®), (P A®Y ), (215)

5uy" =

where we have defined

S i 0 — del
P =~ (yiiteid), (= " , s = 1 model (2.16)
2 A 1 A — model
Using the fact that A(_2) is related to Af) by a gauge transformation, i.e.
(2) _ p(2 (2) _ A q-142)
AY = pOpAY = Ad;tAY (2.17)
we can write the kappa transformations as'®
is, EO =0, i, BV =Pix BV, is BE® = P {islY, EP)
(2.18)

561 = S WPy is®), (PLEOYY) 4 Sstr(W(P_is®), (P-EO))),

where k(1) = ¢Ad,E™M and k@ = (—i)*C&®). This shows that the kappa symmetry

variations have the standard GS form, and at the same time it allows us to identify the

supervielbeins with projections of A4 as?®

E®=pgop, =AY, EO=ENQL = cAd, AV, E® = 522Q% = i7cA® . (2.19)
In terms of these the Lagrangian (2.7) takes the standard form

T .. T ..
I = —E'y”Str(EZ-(Q)E](-z)) + §5mBij ) (2.20)

where the B-field can be read off from (2.9).

9Tn writing the transformations in this form we used (B.4).

20The explicit 4 in £ and £ in the case of the A-model is needed to put the transformations in the
standard type IIB form. The reason for having i can be traced to the relative sign between P and P®
in (2.6) compared to (2.3). Alternatively, insisting on manifest reality of the model, the kappa symmetry
transformations and superspace constraints become those of type IIB* rather than type IIB. This is rather
natural since the A-model is a deformation of the non-abelian T-dual of the AdSs x S® string, which involves
also a T-duality in the time direction.

,10,



Since the action and kappa symmetry transformations take the standard GS form,
it follows from the analysis of [30] that the target superspace of these models solves the
generalized type Il supergravity equations derived there. If the Killing vector K appearing
in these equations vanishes, they reduce to the standard supergravity equations. In the
next sections we will derive the form of the target space supergeometry for the n and A-
deformed strings. Having identified the supervielbeins of the background superspace we

can find the supergeometry by calculating the torsion?!

. . 1 .
T =dE*+ E* Ay, T =dEsf — Z(%bEI)a AQ® (I=1,2), (2.21)

and reading off the background superfields by comparing to the general expressions derived
in [30]. These are valid for a generalized type II supergravity background and reduce to
those of a standard supergravity background (see e.g. [36]) only when K% = 0. We will
see that the A-model background is a solution to standard (type II*) supergravity. For the
n-model background we will derive the condition on the R-matrix of the n-model for it to
give rise to a standard type II background.

3 Target superspace for the A-model

In this section we present the derivation for the A-model. We refer to appendix B.1 for
more details. The supervielbeins are defined in terms of projections of Ay by (2.19). To
calculate the torsion we therefore need to calculate the exterior derivative of Ay. Using
Ay = 07 (g 'dg) where Oy are defined in (2.5) we find

dAy = 071 (dO4 N AL) + O (g dg A g tdg)
— —07 g "dg, Ad; AL} + %Oll{g_1d97g‘1dg}
_ —%OIl{Ad;1A+,Adg_1A+} + %Oll{QTA+, QT AL}
= UL ALY - JOTOT{AL ALY - {074, 0T ALY, (3.1)

where we used the fact that g~ 'dg = O, A, = (Ad;1 — QT)A, to write everything in
terms of A,. An almost identical calculation gives

dA- = L{A A )+ JOTAQ QA A}~ {0404 }). (3.2)

In the above equations it is useful to expand out the expressions inside parenthesis,
see (B.5), (B.6). Projecting equation (B.5) with P(®) we find

1 1 0 .
dE®?) — 5{E(l),E(l)} + §{E(3),E(3)} _ {AQ,E(Q)} _ M{E(S),P(?’)ME(Q)}

1 1
CPAMTIED EON _ 2\20pB) pr @ pG Ay E@Y _ I p@yTip? 5@
INPEMIED, BO} - oXH(POIMED, POIMED) — - POMT{E®, E®)
—NPAMT{ED POMEP)Y . (3.3)

210Qur conventions are the same as those of [30]. In particular d acts from the right and components of
superforms are defined as w, = %EA” A NEMwa g,

— 11 —



where the result has been rewritten in terms of the supervielbeins (2.19), and we have
used (B.4) and (2.12). Using the explicit form of the commutators in (A.1) and (A.2)
we find that the component T of the torsion takes the standard form (here and in the
following we drop the A’s for readability)

T = dE° + E*Q,° = —%EW‘IEI - %E%GE?, (3.4)

if we identify the spin connection as??
N 31 N 3 1
Qap = _(A+)ab - QA(EQPY[a)&M(ﬁb] - EAQECMQQ[Q(’WJ)@BMBQC] + §EC(Mab,c - 2Mc[a,b]) :
(3.5)
To derive the other components of the torsion we first need to compute the exterior
derivative of the fermionic supervielbeins. Using (B.6) and (2.19) we find

1 (0
dE®) — §AP(3)M{E(3),E(3)} _ {A+)’ E(3)} + {p(O)ME(Z), E(3)}
— A1+ A1 - A" HPE (O Ad ' ({EP, BV} — {E@, Ad,PYMED})
+ %)\(1 — A PO (OT) 1 Ad H{ED, E@Y (3.6)
Since we have already identified the form of the spin connection (3.5) from the previous

computation, we can now find the corresponding component of the torsion (2.21) and
compare it to the standard form given in [30], i.e.

ab >

(3.7)

where H is the NSNS three-form, § the RR bispinor, Xé the dilatino and @bg‘bf the gravitino
field strength superfields. We find that 792 takes the above form if we identify

. . 1 L1 A 1 o1 A
Ta2 _ Ea2 E2X2 _ §E27aE2(7aX2)a + gEa(EQ'}’bC)aHabc o gEa(El’yaSm)a + 5EbEvaon

Heape = 3]\4[ab,c] + BiAQM&Z[a(’Yb)&ﬁM,Bzc] ) (38)
SH12 = _gA[Ady (1 + A(1 — AH O] ¥ 5 K782 (3.9)
1 N
2 _ - a pnrB2
Xa = 5M55Ma s (3.10)
a2 _ 1 - —1pq-1162 & ed _ L 3 J16
Ve = Z/\(l — A0 T A, ¥ K — Z[Ath]Bl[a('Yb])B:,Sﬂ 2 (3.11)

As already remarked, the RR bispinor superfield is imaginary if we interpret the A-model
target space as a solution of type II supergravity, as here, rather than type IT* supergrav-
ity.?> This determines the bosonic target space fields, with the exception of the dilaton
which we will determine shortly. First, let us calculate also the remaining components of
the femionic superfields, which we will extract from the corresponding component of the

“Here we rewrote Agg) = %AibJab and used the relation between components of M and M T in (A.11).
ZLet us recall that at least in some cases it is possible to define a real type II background, after analytic
continuation or proper choice of coordinate patch [26, 27].

— 12 —



torsion, T%!. From (B.5) and using (2.19) we find

1
dEW = —{Ad, A + dnn ' EW} + A= AHPOAGLO A {ED, EV)
—iAd{E® B} - N2Ad, {E®, POME®} —iX2(1-A"4PWAL,0 H{E®, E®)}

— %A(l A HPOALOT({EP, EP} +222{E® PO ME®Y). (3.12)
Using this expression we find?*

. . 1 L1 A 1 1 A
Tal — Eal EIXI _ §E17aE1(7aX1)a - gEa(El"}/bC)a he — gEa(EQ’)/aSQI)a + §EbEa¢g¢bl ,

A A (3.13)
is again of the standard form given in [30], where S#?¢1 = —S9152 and
i 3 é 1 - 14l oed b & 3
Xa="5 LplAdM] Yy, ab1:_§)‘(1_/\ DIAdLOTM il d—i)\(Su’r[a) GM7y.
(3.14)

We complete the set of background superfields for the A-model by noting that the B-field
can be written in the two equivalent forms

1
B=W\1-1)"1 [Bo + Str(g~tdg A A, dBy = §Str(g*1dg A g tdg A g ldg),
=\ —1)7[By —Str(g 'dg A QT AL)],
(3.15)
and that the dilaton is given by
e 2% = sdet(04) = sdet(Ad, — Q). (3.16)

This result for the dilaton arises from integrating out the gauge-fields in the deformed
gauged WZW model [6]. To verify that the A-model gives rise to a standard supergravity
background?® it is enough to verify that the dilatino’s found in (3.10) and (3.14) are indeed
the spinor derivatives of ¢

7 ~Ays

Vazs = 5MPPSTH(QEMIQE, Q) = X2
) (3.17)

(1= AH[Ad, P 4STe (PP O b FPal) = X4

1
Vard =5

24To calculate this component of the torsion we must first find the Lorentz-transformed spin connection
AdhAf) + dhh™* appearing in the first term, see equation (B.9) and the corresponding derivation.

25 As pointed out in [30] this was clear from the fact that the metric of the A-model does not admit any
isometries, so that the Killing vector K of the generalized supergravity equations vanishes.
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4 Target superspace for the n-model

The calculations for the n-model proceed along the same lines as those for the A-model
with only minor differences. We begin by calculating the derivative of A,

dAy = O71(dOL AN AL) + O (g7 dg A g~ dyg)
= 907 Ry{g~ dg, A7 AL}~ nOT gV g, Ryd" A1} + 507 g dg. g\ dg)
= %O;I{A+, A} + O Ry{AL,dT ALY + O Ry{Ryd" Ay, dT Ay}
- %nQO;l{Rgd”TA+, RydT AL}
_ %o;l{A+, A} %cn20;1{dNTA+,dNTA+} L0 RAALATALY, (4)

where we used the fact that g~'dg = O, A, and in the last step we used the fact that R
(as well as R,) satisfies the (M)CYBE equation, so that

{Ryd" A, Ryd" A} — 2R {Ryd" Ay, dT A} — c{d¥ Ay, dT AL} =0. (4.2)

The result for dA_ is simply obtained by changing the sign of 1 and replacing dT = d in
the above expression

iA_ = %O:l{A_,A_} - %cn2(’):1{a?A_,cZA_} COTRMA_ A}, (43)

After rewriting dA, as in (B.13) and projecting with P we find

@ _ 40 @1 L) v Lin®) pGy _onrp® p@®o-152)
dE {AD E®} 4 {EW, BV} 4 {E®, EO) —2i{B®, PO B}
+ 477_1P(2)(9;1{E(2), E(S)} _ 8P(2)(’);1{E(2), P(3)(9:1E(2)}
+2p{PBOTE®  POOTTE®Y 4 2pi 2 PP O R {EP, B} (4.4)

where we have used (2.19) to write the result in terms of the supervielbeins, together
with (B.4) and (2.12). We check again that the bosonic torsion T takes the standard
form (3.4), where we can now identify the spin connection for the n-model background as

Qap = (A+)ab + 2i77('7[aE2)dM&26} + %ﬁQEC MdQ[a('Yb)dBM52c] - %EC(2MC[a,b] - Mab,c) :

(4.5)

As before, we continue by computing the remaining components of the torsion. First,
from (B.14) we get

dE® = (A E®} 4 aP®o-{E®) E®} 4 2{PO0-1E?) E®)
+ PO O —1 - 277 HAd, H{EP, EW} — 20t PO O R AL E®, EP)Y
+2pPP (40" —1 - 2772){Ad, ' E®, PLOZ EY)Y, (4.6)
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which we use to check that also 7%? is of the standard form (3.7). To do this we make use

of the spin connection (4.5) and we identify the following superfields for the n-model

Hape = 3M[ab,c] - 3iﬁ2Md2[a(7b)dBM62d ) (47)
SHB2 = 8i[Ady(1+ 2772 — 407 1)]0, K182 (4.8)
2 lea grf2
Xa = —5MgM ™ (4.9)
& L1y — 1142 P e 1, 3 &
& = =20 [OZ RyAdy | eaay™ + 0 [AdR M) o (1) 87) 5 (4.10)

To identify the last component of the spinor superfields we must compute torsion T
Starting from (B.13) we find

dEW = {Ad,A'Y — dnht, EO} + 3PM A, 07 Ad H{ED By
+ PUA, (407 — 1277 {E®, E®} 4 20 L PWAA, 0 R {E®, E®)}
—27PWAd, (407 — 1 — 277 2){ED, PO O ER)} . (4.11)

Using this expression we can check?0 that 79! is standard, see (3.13), where Sh2a1
—8%P2 and

1 1

Xa = 5o AdR M)y 00 = 2007 AdLOT Ryl caKan™ — (S ) My

(4.12)
Let us also note that in the case of the n-model the B-field can be written in the two ways

1
4

~9 ~2
B = %Str(gildg ANdTAL) = —%Str(gfldg ANdA-), (4.13)
which are equivalent thanks to the properties of O+ under transposition.

4.1 Dilaton and supergravity condition

Unlike in the case of the A-model, the n-model does not come with a natural candidate
dilaton. Indeed, in general the target space geometry of the n-model is a solution of the
generalized type II supergravity equations of [25, 30] rather than the standard ones, and a
dilaton does not exist. One of our goals is to determine precisely when a dilaton exists for
the n-model. To do this, let us define a would-be dilaton in the same way as the dilaton is
defined in the A-model

e™2¢ = sdet(0, ) = sdet(1 + nR,d") . (4.14)

For this to be the actual dilaton of the n-model its spinor derivatives must coincide with
the dilatinos in (4.9) and (4.12). In (B.18) we write down the result for d¢. In particular

26 As in the previous section, we need to first find an expression for AdhAf) — dhh ™!, see (B.16).
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we find2?

Vas = —277 ' STr(P O [Q2, Pu]) — gﬁ—lﬁABSTr(TARg[TB, Q2])

a

= X4 — gﬁ‘lﬁABSTr([TA, RTgplgQ%g™"), (4.15)
. —118 /416 _ =
Vard = —i[Ad, | a (K1 STr(QF 0T [Q), Q) — S KAPSTR(Ta Ry [T, Q)
— x4+ gﬁ[Adgl]ﬂ@EABSTr([TA, RTp)9QL0 ") (4.16)

Therefore a sufficient condition for the n-model to lead to a standard supergravity back-
ground is that
KABSTr([Ta, RTBlgQLg™Y) =0, (4.17)

or, since g is an arbitrary group element (modulo gauge-transformations),
STr(Rad,) =0, Vzeg (ie. RE 40 =0, or RBCfA50 =0). (4.18)

To see that this condition is also necessary we calculate the Killing vector superfield K¢
appearing in the generalized supergravity equations of [30], which in general is given by
i

K= —E(v‘l)dﬁ(valxm = VazXs,) » (4.19)

and whose result is collected in (B.19). The n-model has a standard type II supergravity
solution as target space if K* = 0. In fact, it must be that it vanishes order by order in
the deformation parameter 7. At linear order we find the equation

KABSTr([T4, RT3)gP.g~ ") =0, (4.20)

which, since g € G is arbitrary implies (4.18). Therefore the condition (4.18) is both
necessary and sufficient, and also the higher order terms in 7 in (B.19) vanish when this
condition is fulfilled.

5 Non-abelian R-matrices and the unimodularity condition

In this section we study the unimodularity condition (1.8) for the R-matrix. First we
analyse its compatibility with a class of non-abelian R-matrices — the Jordanian ones —
and then we explain how to classify all unimodular R-matrices solving the CYBE on the
bosonic subalgebra of the superisometry algebra.

Following [53] we define an “extended Jordanian” R-matrix for a Lie superalgebra g as
follows: we fix a Cartan element h (deg(h) = 0) and a positive root e as well as a collection
of roots e, with i € {1,2,..., N} such that deg(e) = deg(e,,) + deg(e,_,) (mod 2) and
satisfying

[hv 6] =€, [hv 6%‘] - (1 - t%‘)e%‘ ’ [h7 e’Y—i] - t"/z’e’Y—i ) (t%‘ S (D)
ler el =0, ey, ey] =0k e, (k>1le{£l,£2,...,£N}). (5.1)

*"Here we used the fact that O7' P = P,
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The extended Jordanian R-matrix is then defined as
N
R=hAe+ Z(—l)deg(e”i)deg(e“’*i)e% Ney ;. (5.2)
i=1

It is now easy to see that for a bosonic deformation, i.e. deg(e) = 0, we have
’I“ij [bl, b]] = (No — N1+ 1)6, (53)

with N = Ny + Ni, Ny (N1) being the number of bosonic (fermionic) roots e,,. For this
to vanish we need precisely one more fermionic e,, than bosonic. This is clearly a very
strong restriction on the allowed Jordanian R-matrices. Let us note that this result is
compatible with the findings of [37, 40, 41], where Jordanian R-matrices acting only on
bosonic generators were found to produce backgrounds which do not solve the standard
supergravity equations. We have considered certain examples of bosonic Jordanian R-
matrices (namely R=Jn A (PQ - Pl), R = Jys N\ (J01 - J13) and R=DAp;, i=0,..., 3)
and we have checked that it is not possible to find a positive and a negative fermionic root
satisfying (5.1) without spoiling the reality of the extended R-matrix. If possible, it would
be interesting to find extended Jordanian unimodular R-matrices for psu(2,2/4), but we
will not analyze this question further here.

From now on we will restrict to the bosonic subalgebra so(2,4) @ s0(6) C psu(2,2[4).
Let us recall some known facts about solutions to the CYBE, (1.7) with ¢ = 0, for ordinary
Lie algebras. The first important fact, due to Stolin [54, 55|, is that there is a one-to-one
correspondence between constant solutions of the CYBE for a Lie algebra g and quasi-
Frobenius (or symplectic) subalgebras f C g (see also [56]). Notice that we do not need to
assume anything about the Lie algebra g, in particular it does not need to be simple. A
Lie algebra is quasi-Frobenius if it has a non-degenerate 2-cocycle w, i.e.

wz,y) =-w(y,z),  w(ryl2)+wzz]y) +w(yz2,r)=0, Vr,yzef. (54)

It is Frobenius if w is a coboundary, i.e. w(z,y) = f([z,y]) for some linear function f. If R
is a solution to the CYBE for g, then there is a subalgebra § on which R is non-degenerate.
This subalgebra is necessarily quasi-Frobenius, and writing R in the form (1.9) the 2-
cocycle is the inverse of the R-matrix, i.e. w(b;,b;) = (r~1);;. The converse is also true,
i.e. if f C g is quasi-Frobenius then the inverse of the 2-cocycle w gives a solution to the
CYBE, as is easily verified. Therefore, finding solutions to the CYBE for a given g reduces
to finding all quasi-Frobenius subalgebras®® of g. A fact with important consequences for
our analysis is that if g is compact then f must be abelian [58]. This leads to the conclusion
that deformations involving only S° (i.e. marginal deformations of the dual CFT) must
necessarily have abelian R-matrices.

We now show that the unimodularity condition (1.8) for the R-matrix adds a further
property to the quasi-Frobenius subalgebra §. If we write the structure constants as fijk
in some basis, the 2-cocycle condition is

(r i fey = 0. (5.5)

?8This was done for sl(2) and sl(3) in [57].
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f Defining Lie brackets
R -
b3 R [e1,e2] = e3
t31 @R | [e1,e2] = e2, [e1,e3] = —e3
t§70 ®R | [e1,e2] = —es, [e1,e3] = €2
g le1, e2] = —eu, [eq, €2] = e3

Table 4. The four-dimensional real unimodular quasi-Frobenius Lie algebras. In all cases the
2-cocycle can be taken as w = e! A e* + €2 A €3, where e’ denotes the dual basis of f*.

Contracting this equation with 7% we get (r=1); f;xr% = —2f%;, which together with the
unimodularity condition for the R-matrix written as (1.10), i.e. fijkrjk =0, implies

fla=0 < tr(ad,) =0 Vzef. (5.6)

Therefore § is a unimodular Lie algebra. Clearly the converse is also true and we have
established that solutions of the CYBE for a Lie algebra g which satisfy the condition (1.8)
are in one-to-one correspondence with unimodular quasi-Frobenius subalgebras of g.

For this reason we refer also to the R-matrices which satisfy (1.8) as unimodular.
A quasi-Frobenius Lie algebra must clearly have even dimension, and if the dimension
is two the algebra must be abelian to respect unimodularity. To find a non-abelian R-
matrix we must therefore consider at least the case of rank four. Luckily the real quasi-
Frobenius Lie algebras of dimension four were classified in [59], and the five unimodular
ones (Corollary 2.5 in [59]) are listed in table 4. The task of finding all R-matrices of rank
four which solve the CYBE and lead to a deformation of the AdS5 x S® string with a proper
supergravity background is therefore reduced to finding all inequivalent embeddings of these
subalgebras in s0(2,4) @ s0(6). The most interesting problem is to find the embedding of
the non-abelian algebras?” in s0(2,4). This is still quite challenging, but it becomes simpler
by the following observation. A unimodular quasi-Frobenius Lie algebra is solvable [58],
and solvable subalgebras of s0(2,4) must be embeddable in one of the maximal solvable
subalgebras of s0(2,4), see [60] for a proof of this. Besides the Cartan subalgebra which
is not relevant for our purposes, Patera, Winternitz and Zassenhaus in [61] showed that
there are two maximal solvable subalgebras of s0(2,4), s; and s2 of dimension 9 and 8
respectively. It is most convenient to write them using the conformal form of the so(2,4)
algebra, with dilatation generator D, translations and special conformal generators p;, k;
(¢=0,...3) and Lorentz transformations and rotations J;;. They are related to the form
of 50(2,4) in (A.1) with K" = —25%s]; by

pi =P+ Jia, ki=—P;+ Ji, D = Py, (5.7)

29The extension to s0(2,4) & so(6) is essentially trivial and amounts to adding in commuting generators
from s0(6) in such a way that the commutation relations of the algebra are preserved.
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and the non-vanishing commutators are

(D, pi] = pi, (D, ki] = ki, [pi, kil = —2miD + 2J;5, (5.8)
[Jijs ok] = 2005051 [igs kil = 2mpksy s [Jigy Tl = niedie — njedit — mad e + i -
The metric on the Lie algebra is given by tr(DD) = 1, tr(p;k;) = —2n;j, tr(JijJu) =

=2y - The two non-abelian maximal solvable subalgebras of s0(2,4) then take the
form

s1 = span(p;, Jor — Ji3, Jo2 — Jo3, Jo3, Ji2, D),
s9 = span(po + p3, p1, p2, Jo1 — Ji3, Jo2 — Jos, Ji2, Jos — D, ko + k3 + 2p3) , (5.9)

up to automorphisms. Our task is reduced to finding all embeddings of the non-abelian
algebras in table 4 in s; and so. To simplify this problem further we will single out the
element eg in this table3’ and use automorphisms generated by elements of s; (s2) to
simplify it as much as possible. Using this freedom we can bring e3 to one of the following

forms

si: (1) es=p1, (2) es=Jo2—Joz, (3) e3=pi+ Jo2 — Jo3, (4) ez =npo,
(5) es=p3, (6) es=po+p3, (7) e3=po—p3+Jo1—J13, (5.10)

so: (1) es=p1, (2) e3=po+ps, (3) es =api+bpa+Jo1—J13. (5.11)

The rest is a straightforward if slightly tedious calculation. The results are summarized
in tables 5-8. Note that in writing these embeddings we have used automorphisms of the
four-dimensional subalgebras which are not always inner automorphisms of s0(2,4). This
must be accounted for when constructing the list of inequivalent R-matrices. In table 1
in the introduction we write the corresponding R-matrices, R = e; A eq + e3 A eg up to
automorphisms. In table 2 instead we list the inequivalent, modulo inner automorphisms
of 50(2,4), R-matrices. This is the result which is interesting from the string sigma model
perspective, since inner automorphisms correspond to field redefinitions in the sigma model,
i.e. coordinate transformations in target space. In table 3 we write down the bosonic
isometries and the number of supercharges that each R-matrix preserves. Given a generator
t of the superalgebra g, the condition that it is preserved by the R-matrix is given by

t,R(z)] = R({t,z]), Vzeg. (5.12)

Most of these R-matrices all have a form which suggests that they should correspond

31 in the sense that they involve sequences of T-

to non-commuting TsT-transformations,
dualities along non-commuting directions. All but the last three R-matrices in table 1 have
the form

R=aNb+cNd, (5.13)

30The reason for picking es is that it always arises as a commutator of two other elements. Since the last
three generators in s or s are never generated in commutators, they do not appear in es.
31Here we use TsT in a generalized sense, where we can involve also non-compact directions.
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where [a,b] = [c,d] = 0 and ¢, d generate isometries of the corresponding background.
It is natural to conjecture that such R-matrices correspond to two successive TsT-
transformations, the first using isometries a,b and the second using isometries ¢, d. Note
that unlike in standard applications of TsT-tranformations, e.g. [62], the pairs of isometries
a,b and ¢, d do not commute with each other. This means that after the first TsT is imple-
mented, it is necessary to make a change of coordinates in order to realize the isometries
of the second TsT transformation as shift isometries. We will confirm this in section 6,
when we will check in some examples that the deformed backgrounds are indeed equiva-
lent to such sequences of TsT-transformations. These considerations suggest a very simple
picture for how TsT-transformations are interpreted at the level of the R-matrix: the TsT-
transformation involving isometries a, b should be simply implemented by adding a term
aAb to the R-matrix.?? Notice that the number of free parameters entering the definitions
of the R-matrices (plus the overall deformation parameter) does not need to be equal to
the number of TsT-transformations implemented. In fact, the number of parameters could
be reduced in some cases, if they can be reabsorbed by means of field redefinitions. In
other cases one might have more parameters than expected, which suggests the possibility
of applying TsT-transformations on linear combinations of the isometric coordinates.

The structure of the last three R-matrices in table 1 is different, and one observes
that now a, ¢ generate isometries. However, one can check explicitly that the background
corresponding to Rjs, for example, is self-dual (up to field redefinitions) under a TsT-
transformation involving a, c.3> This example is particularly instructive because it can be
embedded in s0(2,3): in this algebra, the deformed background does not preserve other
bosonic isometries than a, ¢, which suggests that backgrounds corresponding to the algebra
ny are not of TsT-type. Note that ny is the only algebra considered which is not the direct
sum of a three-dimensional algebra and a commuting generator. One possibility is that
non-abelian T-duality of the corresponding subalgebra should instead play a role in the
interpretation of these backgrounds. A hint towards this direction comes from the results
of [63], where it was shown that a conformal anomaly is encountered when implementing
non-abelian T-duality on a subalgebra, unless all generators have vanishing trace.?* In the
case of the adjoint representation this condition is precisely that of unimodularity of the
corresponding subalgebra.

Let us now consider the case of higher ranks, which can only be six or eight. We
have not done a systematic study for the case of rank six R-matrices. One would first
need to identify all 6-dimensional subalgebras of §; and s9, and check which of them are
unimodular and quasi-Frobenius. We have found that the subalgebra of s; generated by
{pi, Jo3, J12} has both properties. It is straightforward to find the 2-form w that solves the
cocycle condition (5.4), and invert it to find the corresponding R-matrix. For particular
choices of the free parameters this can be written e.g. as R = pg A p1 + p2 A p3 + Jo1 A Jog.

32Tt is easy to check that this is compatible with the CYBE, since a, b are isometries and satisfy (5.12).

33Note that this is consistent with our above proposal on how to interpret the action of TsT at the level
of the R-matrix; in fact, in this case the addition of the term a A ¢ to Ri5 can be removed by an inner
automorphism of s0(2,4). Here a, ¢ can be chosen to be p1,po + ps.

34We thank Arkady Tseytlin for pointing this reference out to us.
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hs ® R e1 2 e3 €4
L. p1 Jor —Ji3 po+p3 p2
2. P1 p3 + Jo1 — J13 po + p3 P2
3. p1 p2+Jor —Jiz po+ps  p1+ Jo2 — Jas
4. |3p1— L(Jo2 — Ja3) po + Jo1 — Jiz po + p3 ko + ks + 2p3 — 212

Table 5. Embeddings of hs ® R in s0(2,4) up to automorphism.

31 OR| e €2 e3 €4
1. =D —Jos Jo2 —J23 P11 po+p3

2. Jos Po—p3s po+ps D1

3. Jos po—p3s po+ps Jiz

(4) |D+2Jos pm potps -

Table 6. Embeddings of t3 1 @ R in s0(2,4) up to automorphism. The last case is an embedding
of v3 1 which does not extend to an embedding of t3 _; @ R. It is the only case where this happens
and included only since it is relevant for constructing all non-abelian R-matrices of s0(2,4) & s0(6).

té,o &R €1 €2 €3 €4

Ji2 p2 p1 po+p3
p3 + Ji2 p2 p1 po + p3
po+Ji2 p2 p1 p3

Ji2 p2p1 b3
p3+Ji2 p2 1 Po

Ji2 p2p1 po

No o N =

Jiz p2p1 Jos

Table 7. Embeddings of ¢ 3 @ R in s0(2,4) up to automorphism.

ny el e ez e4
L. p3 Jor —J13 po+p3 p1
2. p3 p2+ Jo1 — J13 po + 3 p1
3.1p1 + p3 + Joz — Jaz p2 + Jo1 — Jig po + p3 p1

Table 8. Embeddings of ny in s0(2,4) up to automorphism.
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We have also checked that there is no 8-dimensional subalgebra which is at the same
time unimodular and quasi-Frobenius. Therefore there is no rank eight R-matrix which
produces a background that solves the supergravity equations of motion. It is in fact
easy to check that so (which is 8-dimensional) is quasi-Frobenius but not unimodular.
To identify all 8-dimensional subalgebras of s; (which is 9-dimensional), we first define
e= 2?21 Ajej to be the generator which we want to remove, where e; are the generators
of s1. Then for a generic element X € s; we define its component perpendicular to e as
X+ = X — P(X), where P projects® along e. Then the condition to have a subalgebra
is P[ X+, Y] =0, VX,Y € s;. These equations give two possible solutions, depending on
some unconstrained parameters

(a) e = ArJi2 + AgJoz + Ao D,

(5.14)
(b) €= )\l(pO —p3) + )\8(J03 - D) .

In the case (a) we find3® that the subalgebra is unimodular if A7 = 0 and \g = 2)\s.
However, for this choice it is not quasi-Frobenius — the cocycle condition gives a 2-form
of rank six. In the case (b) the subalgebra is not unimodular for any choice of A1, Ag.

6 Some examples of supergravity backgrounds

In this section we give a brief discussion on the n-model backgrounds generated by solutions
of the CYBE (¢ = 0), when we restrict R to act only on the bosonic subalgebra. In most
cases a convenient parameterisation of the group element g = g, - gs € SO(2,4) x SO(6) is

Ja = €xp (m’pl) -exp (logz D) , (6.1)

where p;, D are the generators defined in (5.7). Here we will be interested only on defor-
mations of AdS, so we will not need to specify the parameterisation that we use for g5 on
the sphere. In this coordinate system the undeformed metric takes the familiar form

B nijda’ da? + dz?

ds%zo = 2 + ds?. (6.2)

Because of our restriction on R, it is enough to look at the action of the operators O+ on
the bosonic subalgebra. They take a block form

(6.3)

3¥We define P(X) = eSTr(Xe*), where e* is a dual to e, STr(ee®) = 1. We can take it as
e’ = Z?:l H:ﬁe'j, where [|\||? = 22:1 A7 and €’ are the duals of the generators in the basis such that
STr(eie’) = 47.

36Tn both cases (a) and (b) one needs to choose carefully a basis for the 8-dimensional subalgebra, in such
a way that the generators are linearly independent and non-degenerate for generic choices of the remaining
Aj. A way to do it is to pick an orthogonal basis, and normalise the vectors such that they can be degenerate

only if A; =0 Vj.

— 922 —



since3” O+ P©) = PO All the information about background fields of the deformed model
can be extracted by studying just the block (O )? o orin other words PP, P? . Notice
that the results for (O_), are simply obtained by changing the sign of the deformation
parameter 7. The dilaton of the deformed model is easily obtained by computing the
determinant of (O)°,

e? = (det OL) 712, (6.4)

The rest of the background fields are written in terms of (O;l)ba — the inverse of the

block (O4)%,. The vielbein components for the deformed model are
E" = (074t (6.5)

where e is the bosonic vielbein of the undeformed background, related to the Maurer-
Cartan form as )
g tdg = e*P, + iwabJab. (6.6)

The spacetime metric of the deformed background is then straightforwardly obtained, ds? =
Ny E*E®. The B-field can be extracted immediately from the action of the bosonic o-model,

and it reads as 1
Q(Ojl)ab e Nel, (6.7)

where it is assumed that indices are raised and lowered with 7,,. To get the Ramond-

1
B = §an ANdX" Bpn =

Ramond fields we first need to consider the local Lorentz transformation given by M
in (2.10) and write its action on spinors

~ 1 ~
(A, = exp |~ g M)t s, (6.9
where here we have introduced a basis for 32 x 32 Gamma-matrices.>® The RR fields are
obtained by solving the equation (note that (1.2) simplifies considerably for R-matrices of
the bosonic subalgebra)

1 1
<PaFa + =T Fp. + FadeeFadee> T = e ? Ady(—4T01234)11 (6.9)

3! 25!

where II = %(1 —T'11) is a projector and (—4p1234)I1 encodes the 5-form flux of the unde-
formed model. The various components of F’s are found by multiplying the above equation
by the relevant Gamma-matrix I'y; .a,,,,, and then taking the trace. This computation”
yields the F’s expressed with tangent indices, which are translated into form language by

F@em+l) L _pamti A ANEWE

@2m+1)! ar...a2m+1-

3TWe recall that P(® and P® are projectors on the subspaces spanned by the generators J,, and P,
respectively. A useful matrix realisation of the algebra generators can be found in [22]. Here we identify
P, =P, and Ju, = —Jap, where P, J,p are the generators used in [22].

38For a convenient basis see [22].

For FO) it is enough to look at half of the components, e.g. Fopede, and construct the corresponding
form f®). Then F©® = (14 )f®), such that F® = «F®),
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In the rest of this section we present some backgrounds solving the standard super-
gravity equations which we have derived by using the above procedure. We work out one
example for each of the 4-dimensional non-abelian subalgebras in table 4.

In section 5 we have argued that the R-matrices related to the subalgebras hs & R,
t50 @R, t3-1 @ R should produce backgrounds which can be obtained by sequences of
TsT-transformations starting from AdSs x S°. We check this explicitly for the back-
grounds that we have derived, where we follow the conventions of [32] for the T-duality
rules [64-66]. Because the isometries of the first TsT do not commute with those of the
second one, we will see that before doing the last step it is necessary to implement a
coordinate transformation, which realizes the second pair of isometries as shifts of the
corresponding coordinates. Let us mention that since we have chosen to have just one
overall deformation parameter 7 (i.e. we fix some free parameters in the definitions of the
possible R-matrices), the shifts of the two TsT-transformations are related to each other.
This does not need to be true for generic cases.

6.1 hsDR
Let us choose the R-matrix (this corresponds to Ry in table 1 with x! «» z3)
R = (Jo3 + J13) A (po + p1) +p2 A p3, (6.10)
which preserves 4 bosonic isometries
p2, p3, po+pi, po—p1—2(Joz+ J12), (6.11)

and 8 supercharges. Clearly, it is convenient to introduce lightcone coordinates & = 20 4+
z!, since a shift of 2T will correspond to an isometry. The spacetime metric that we obtain is

a2\ !
ds® = 272 <1 + Z) (4772274:E7dx7(2dx2 —xz dz) + dzo? + dx32)
z
(6.12)
—dr~dxt + dz? 9
+ 3 + dsj.
z
The dilaton depends only on the z-coordinate, while the B-field also on x~
4n? 12 2n(dxy — x=dx™) Adxs
=1+ B= : 6.13
’ ( +Z4) ’ (4n? + 2%) (613)

The RR-fluxes turn out to be quite simple

2dx~ Adzt Adxo Adxs Adz
z(2* + 4n?) ’

In order to show that this background can be obtained by a sequence of TsT-

4
FO) = U(Qx*dxg—dmﬂ/\dw*/\dz. (6.14)

FO) = (1+4%) —
z

transformations, we start from the deformed background and show that we can reach the
undeformed AdSs x S° by TsT-transformations. We will write T'(x;) to indicate that we
apply T-duality along the isometric coordinate z;, and denote by Z; the dual coordinate.
In this case we need to do the sequence

T(x2), x3 — x3 — 20T, T(Z2), T(), wh —wt -2, T(¥), (6.15)
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where we need to redefine the coordinates in the 013 space
T =20 +wh), T =2w", z3= 22w, (6.16)

before applying the last TsT-transformation. Obviously, starting from AdSsxS® and apply-
ing these TsT-transformations backwards, we find the deformed background presented here.
6.2 13, ®R

In this case we can choose an R-matrix which involves generators along spacelike directions
(Rll in table 1)
R=JiaAp3s+p2Apr. (6.17)

It preserves 3 bosonic isometries

Ji2, Do, P3, (6.18)

and no supercharges. It is more convenient to use the parameterisation

g = exp(&J12) - exp(rpy + 2%po + 2°p3) - exp(log 2 D), (6.19)

since ¢ will be isometric. In the undeformed case

9 —(dz)? 4 r2d€? + dr? + dx3® + dz?
dS 0 — 22

2
= + ds3, (6.20)

so that (r,&) are a radial and an angular coordinate in the 1,2 plane. Turning on the
deformation parameter we find

an? (1)
ds? = 276 <1+77(;+)> [dr2 (4n2r2+z4) +r224de? —8n?r drdas+das? (47]2+z4)]
n dz? — (da)?

SRR (6.21)

S

The dilaton and the B-field now depend on r and z

(6.22)

9/ 9o -1/2
e 1+4n (r*+1) 5 _ 2nrdE A (dr + rdzs)
24 ’ A+ 4n? (r2 +1)

For the RR-fluxes we find

4r da® Ndr AdENd d
rdr AdrAdgAdes Adz F(?’):S—n(dxg—rdr)/\dxo/\dz. (6.23)

z(z4+4n2 (r2+1)) 20

FO) = (14 %)

The sequence of TsT-transformations
T(x3), £ — &+ 2nis, T(T3), T(x1), xo — w2 — 2nT1, T(T1), (6.24)

(where r = /2% + 23, £ = arctan(z1/z2)) yields undeformed AdSs x S°.
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6.3 r3,—1 (&) R
The R-matrix (Rg in table 1 with 2! — 22, 23 — 1)
R = Jo1 A p2 +2po A pr, (6.25)

preserves 3 bosonic isometries
J01> b2, b3, (626)

and no supercharges. As before, it is more convenient to parameterise the group element
in a different way

ga = exp(tJor) - exp(pp1 + °p2 + 2°p3) - exp(log 2 D), (6.27)
so that ¢ is an isometry. In the undeformed case we have the spacetime metric

=Pt + dp? + dwo? + das? + d2?

ds;_g = + ds?, (6.28)
while the defomation gives
-1
_ dn? (p*+4
ds*=275 (1—(24) (—p2z4dt2—16772,0dpd:c2+d3:22 (24— 16172) +dp? (24—4772/)2))
drs?  dz? 9
+ g g st (6.29)
The dilaton and the B-field depend on p and z
a4+ p?)\ 2 pdt A (2dp — pd
R S o G0 A p = 2npdt (2dp— pdrs) (6.30)
24 24 —4An? (44 p?)

and the RR-fluxes are

dpdt Ndp N dzg N\ dxs A dz 78 8n(2dxs + pdp) A dxs A dz

6 — _ —
L St ey Y ) R -

. (6.31)

We can get back the undeformed AdSs x S° background by applying the sequence of
TsT-transformations

T(xz2), t — t+ 2nZa, T(Z2), T(z1), ®o = xo — 4Anzy, T(Z1), (6.32)
where x1 = pcosht, xg = psinht.

6.4 ny

Let us consider the R-matrix (R5 in table 1 with x! « 23)
R =p1 Aps+ (po+p1) A (Joz + Ji3) (6.33)

which preserves the 3 bosonic isometries

po+p1, D2, b3, (634)
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and 8 supercharges. The metric is given by
-1
2_ _—6 _47725— 45,2 2 +2_1 242 + (4 o 2
ds* =z e 2tdxs®—n(dx™) 4d§, (P& dé—+2dz™ (2 —2n7¢_))

s2, (6.35)

where we preferred to redefine £ = 22~ — 1. The dilaton and the B-field depend on &_
and z

o <1 - 47725_)1/2 | 5 (Edé 4 2dat) Ndes (6.36)

2 (2% —4n?¢)

The RR-fluxes are

dé_ Ndxt Adwo Adxs A dz
z(2% —dn?E)

We have checked that this background is self-dual (after field redefinitions) under a TsT-

transformation involving pg + p1 and p3. If we view it as a deformation of AdS, there

2
FO) = (14%) . F® = Z;g (6_de_ —2dx™) Adzy Adz. (6.37)

are no other bosonic isometries at our disposal, so it appears that this background cannot
be generated by (bosonic) TsT-transformations. As remarked earlier, it would be very
interesting to understand if it can be generated by applying non-abelian T-duality.

7 Conclusions

We have derived the target space geometry of the n and A-deformed type IIB supercoset
string sigma models. With this result we have checked that the A-deformation leads to a
(type IT*) supergravity background, while in general the n-deformation only to a “gener-
alized” one in the sense of [25, 30]. When this is the case, the sigma model is expected
to be scale invariant but not Weyl invariant, and therefore does not seem to define a con-
sistent string theory. We have identified the (necessary and sufficient) condition for the
n-model to have a standard supergravity background as target space. This is translated
into an algebraic condition on the R-matrix, which we refer to as the unimodularity condi-
tion. It imposes strong restrictions on non-abelian R-matrices, and in fact all non-abelian
R-matrices considered in previous works do not lead to supergravity solutions.

We have also analyzed the problem of finding all unimodular R-matrices which solve the
CYBE for the bosonic subalgebra s0(2,4) @ s0(6) C psu(2,2]4). The complete list of rank
four non-abelian R-matrices for s0(2,4) has been given and we have showed that the only
other non-abelian R-matrices in this case have rank six. We have argued that most of these
examples should correspond to a sequence of non-commuting TsT-transformations and have
verified this explicitly in some cases. It should be possible to understand these deformations
in terms of twisted boundary conditions for the string just as in the standard TsT case [44].
There are many similarities between the backgrounds we construct and that of Hashimoto-
Itzhaki/Maldacena-Russo [67, 68] and the dual field theories are expected to be certain
non-commutative deformations of N' = 4 super Yang-Mills, see [69] and in particular [70].

Many interesting open questions remain. It would be important to find all possible
unimodular R-matrices of psu(2,2]4) to have a complete list of Yang-Baxter deformations
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of AdSs x S® with a string theory interpretation. A question is whether any of them are
of the Jordanian type. It is particularly interesting to investigate whether it is possible to
have unimodular R-matrices that solve the MCYBE rather than the CYBE, to solve one of
the puzzles of [22]. One could also try to give an interpretation to backgrounds generated
by non-unimodular R-matrices; in many cases one can associate to them a formally T-
dual model which does describe a string sigma model, so it is natural to wonder what
these backgrounds correspond to. See [41] for some investigations along these lines. It
would be also interesting to clarify if these deformed models have a connection to non-
abelian T-duality, in view of the similarities between our unimodularity condition and the
tracelessness condition of [63].

Our results are also useful to make further progress in the case of the A-model. In
fact, we have written the NSNS and RR background fields in terms of the Lie algebra
operators which are used to define the deformation procedure, and after picking a certain
parameterisation for the group element this enables to obtain their explicit form. This
method is more efficient, albeit equivalent, to the ones used so far e.g. in [22, 26, 41]. One
could then check the proposal of [27] for the background of the A-deformed AdS3 x S3 x T4
string, and finally derive the one for the AdSs x S° case. It would be interesting to
understand whether there is room to modify the definition of the A-model, hence realising
other possible deformations of the string. In fact, in the current status the A-model is
related through Poisson-Lie T-duality to the n-model based on the MCYBE, but there is
no known counterpart for deformations based on the CYBE.
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A Zg4-graded superisometry algebras

In this appendix we review some facts about the relevant superalgebras and explain our
notation and conventions. In [4] it was shown that for all cases of interest here*® the
superisometry algebra — which admits a Z4-grading that extends the Zs-grading of the
bosonic subalgebra — can be written in the same form. The bosonic subalgebra is of the
standard symmetric space form

1~
[Jab7 Pc] = 2770[an] » [Pcw Pb] = EICadeJcch
[Jab, Jed] = Nacbd — MbeJad — NadIbe + MbdJac - (A.1)

Here a,b,c = 0,...,9 and Jy, generate Lorentz-transformations and rotations while P,
generate translations. Note that since the space is typically a product of factors Jy; is

40We restrict our attention to models with only RR flux since these have certain simplifying features like
Zs-symmetry.
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block-diagonal with components mixing different factors absent and this should be taken
into account in interpreting the last commutator above. In the case of RR backgrounds,
i.e. no NSNS three-form flux, the commutators involving the supercharges take the form
(here and in the rest of the paper we specialize to the type IIB case, but the type ITA case
works in the same way)

. =~ 1
[P, Q4] = —i(Q7K" va)a [Jab, Q4] = —i(Ql%b)&, (I,J=1,2)
{Q4,Q ={03. Q%3 =2 Pa, {Q4, Q%) = (°K"Y") 45 Jab - (A2)
Here & = 1,..., N where 2N is the number of supersymmetries preserved by the back-

ground. For AdSs x S% (psu(2,2[4)) N = 16 and ’ygé are the standard 16 x 16 symmet-
ric Weyl blocks or ‘chiral gamma-matrices’ (see for example the appendix of [36]). For
AdS3 x 8% x T* (psu(1,1]2)?) N = 8 and for AdSy x S? x T (psu(1,1[2)) N = 4 and the
gamma-matrices 'yg 3 involve an extra projector to make them 8 x 8 and 4 x 4 respectively.
The Z4 automorphism acts as

Jab = Jav,  Po— —P., Q'—iQ', Q*— —iQ%. (A.3)

We introduce projectors that split the generators Ty = {Py,, Jup, Qé} according to their
Zy-grading as follows

POTy) =T, PYT)=QL, PHTu)=P, PIHT)=qQ% (A4)

& &

Finally KcAB appearing on the right-hand-side in (A.1) and (A.2) is the inverse of the Lie

algebra metric defined by the supertrace*!
Str(TaTs) = Kap,  Ta={Pa, Jur, Qh}, (A.5)
e.g.
1~
ilcabeflcef,cd - 2na[cnd}b : (Aﬁ)

It can be expressed in terms of the geometry and fluxes of the corresponding symmetric
space supergravity background as

I/C\ab - 77ab 9 ’/C\ade = _Eab0d7 iC\OAJ[BAJ - 7'5&[3‘] ) (A7)

where R, and 8" are the Riemann curvature and RR field strength bispinor respec-
tively.*? Let us also note the relation

/Eade(’Cu%d)&g = 8(7[(1’612%])&3 : (A.8)

“I'Note that our definition of K differs by a factor of i compared to the definition used in [4].
42The curvature of AdS is Rap? = 25[25{71] while that of the sphere is Rqp? = 726[“(15?] in our conventions.
The RR flux takes the form
AdS,, x S™ x T10=2" . §au§] _ _41.(02)”(73701234)@5 ’
where the projector P, with Q7 = Q'P, is given by 1 for n = 5, 2(1+~°™) for n = 3 and %(1+’yﬁ789)%(1+

2
74568 for n = 2.
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Finally for operators acting on the Lie algebra (i.e. endomorphisms) M : g — g we
define its components in the following way

M(Tg) = TpMPe. (A.9)

The transpose operator is defined with respect to the supertrace by

Str(TaM(Tp)) = Str(M"(Ta)Tp), (A.10)
or
Map = ()P (M5 )pa Map =KacM 5 (A.11)
e.g.
(MT)aél = ’Cﬁlewa’ (M) gpe = %Kbc,deMdea- (A.12)

The supertrace of the Lie algebra operator M is given by
Str(M) = (—1)AMA 4 = KAPStr(TyMTg) . (A.13)
CAB

When we need to raise indices with we use the convention

MA = MpKPA, (A.14)
To conclude, when writing generic commutation relations we write

[Ta,Tp) = £ apTc - (A.15)

B Useful results for the deformed models

In this appendix we collect some useful identities and expressions to obtain the results
presented in the main text. In the two deformed models, we can relate O1 and O by

A — model : O =Ad,'0y,  n—model: ord" =d’o, . (B.1)

Using the definitions of Oy, we can express M defined in (2.10) in terms of O4 and
projectors only

A—model: M=-0"+(00)11-00") = -QF + (1 - A4 (01)~1P?,

n—model: M =0"YO_ +2nRydP?P)=1-2P? 4 2071p?) (B.2)
which is useful to prove
A—model: Ad;'P® =0,(1+00OT)HP? = PO+ (0T) 100, , B3)
n—model:  Ad'P® =0, (2P? —1)0='P?.
Note that using the expression for M we can express A_ in terms of A, as
A =MA, = { A+ (M =AY . (B.4)
—QT Ay + (M +A2)AY

The rest of this appendix is devoted to the two deformed models separately.
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B.1 A-model

The expressions for dAy in (3.1), (3.2) can be rewritten as

1 1 _ _
dAy == {A AL} =5 (1-A N0 ({AD, AP -l APy rona?, 4P, (B.5)

1 1
dA- = J{A- A+ S (1-AH(OD) (A, AP} -0 AP, 4P} pona® AV (B.6)
if we use

QT{X, X} —{07X,QTX = (1 - A H{XD, XD} - Z2{xW xWy L ox{x® xO)),
(B.7)
for X € g, and the same for Q but with X" and X®) interchanged.

To calculate the component T%! of the torsion, we first need to compute the Lorentz-
transformed spin-connection AdhA(f) +dhh~'. We do this by taking the exterior derivative
of both sides of the relation E(2) = AdhA(_Q), from which we find the equation

0= {AdpAY + dnn' — AQ E@Y 4 A1 — A PP Ad,(0T) 1A, {ER, EW}
+{EW Ad, PYME®Y —iME®  POME®Y —ixPOMT{E? EGY

—{Ad,POME? @y %Adh{P(l)ME(Q), POME®N %AQ{p(S)ME(2)7 PO ME®NY

_ %(1 C A HPOAL(OT) T Ad  ({E®, E?) 1 2A{ED, Ad, PO MEY)

_ %p(Q)MT{E(Q),E(Q)} _ /\QP(Q)MT{E(Q)’ p(@]\@};@)}7 (B.8)

where we used (3.3) and (B.6). This equation determines AdhASE) + dhh~! completely:
this is obvious for the terms involving fermionic vielbeins, while for the terms involving E®
it follows from symmetry in the same way that the condition 7,,¢ = 0 determines the spin
connection Q,,°. Using the algebra (A.1), (A.2) as well as (B.3) the result is

_ 1 . 5
[dhh ! + AdhA-I—]ab = Qg + §E0Habc + 2Z(E17[a)d(Ath)a1b] : (BQ)
Here we have used the fact, which will be proven below, that the expression that we find
Heape = S[Ath] lab,c] + SiMal[a[Adh]b|d|VgBMﬁlc] ) (Bl())

is equivalent to the one in (3.8). In fact, if we calculate H = dB using the first definition
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for B in (3.15) we find

H=dB = éu A TH(Str(QA-ANQA_ANQAL) —Str(A_ANA_ANAL))
- %(1 A ISt(AL A (A, A} — {QA_,QA_})
— —Str((AY + AD)y A AP A AP 4 A28 (AP A AP A 4D
1
— 5Str(A® A {40, AN L xay)
= Str(E® A EW A EM)—Str(E? A E®) A E®))—Str(POAd,ME® A E? A E?)
— Str(E® A PUAd,ME® A POAd,ME®?)

_ _%Ea E'v,E' + %E BB + 5 B°E"E* Hape. (B.11)

with Hgpe given by (B.10). On the other hand, if we start from B given in the second
line of (3.15), we find a result which is mapped to the previous one by the replacements
A_ = Ay, Q o Q7 and A®) & AD. This leads to the same form of H except now
with Hgp. given by (3.8), which proves the equivalence of the two expressions. Let us also
remark that this computation shows that the NSNS three-form superfield H = dB satisfies
the correct superspace constraints.

In order to check that the dilatinos in (3.10), (3.14) are in fact the spinor derivatives
of the dilaton ¢, we start from (3.16) and compute

d¢ = _%STr(OilAdgldAdg) = —%’%ABSﬂ(TAOil[g‘ldgaTBD
— —%I/C\ABSTT(TAO:l[OfA—vTB])
= _%I%ABSTr(TA(’):l[A_, Tg)) + %/EABSTr(TAozlAd;[QA_, Ad,Tg))
= — S RABSTHTAOZ A, Tg]) + S RAPSTHTAAL, 0 Ad, ' [04-, T))
o % RABSTH(TAO-Y A T5)) + %IEABSTr(TAAdg(OI)_l[QA_, Ty))
— - SRAPSTH(TA07 (AL Ta)) + S RAPSTHTAR0™! Ad, 104 T
_ —%EABSTMAO:HA, Tg)) + %’EABSMTAQO:WT[QA, Ts))

+ %(1 CAARABSTH( 1400 PO[0A_, Ty)), (B.12)

where we used (A.13) and in the last step we inserted 1 = 1 — QOQT + QOT =
(1— )\_4)P(2) + Q0T Tt is easy to see that the A@-terms cancel, as they must since they
transform as a connection.

— 32 —



B.2 7n-model

The expressions for dAy in (4.1), (4.3) can be rewritten as

dA, = %{A+, Ay} - %cn2{d”f’A+, d" s} + (07 = 1)(4AD, APy + A, AP
+ 0O R{ADY, dT AP (B.13)
dA- = S{A A}~ Jof(dA_dA } + (07— 1)(4A®, AV} 1 2{a A9
— O 'R{AP dAPy, (B.14)
where we have rewritten e.g. the last term in the expression for dA; as

N0 R{AP dT AP}

(1 1 ) (B.15)
+(1- 07 (J{An A} - JoP (T A, 07 A )42, AP - 1D, ALY )

As in the case of the A-model, to calculate the component T%! of the torsion we must
first find the Lorentz-transformed spin connection AdhAS?) — dhh~! (note the difference
in sign between the two models). We use the same method explained in the previous
subsection and we find

_ J R . &
[AdhASS) — dhh My = Qap — o Habe + 2i) (Vo E")a[Adp M|y (B.16)
where we write the components of H,. as
Hape = 3[AdyM]gp,q — 307 [Adh][a|d|Md1wgBMmc] : (B.17)

This expression is equivalent to the one in (4.7), which is easy to verify by a calculation
similar to the one performed for the A-model: the B-field written as in the first way of (4.13)
leads to Hgp. of the form (4.7), while the second way leads to the form in (B.17). The
same calculation also shows that the remaining components of the superform H satisfy the
standard supergravity constraints.

If we take (4.14) as the definition of the dilaton in the case of the n-model we find

do = —%nI%ABSTr(TAdTOJ:le lg~ dg, Tg]) + %UIEABSTr(TARngT 09 tdg, Ts])
— —%nIEABSTr(TAdNT(’);le[AJF,TB]) — %/GABSTr(TAO;l[A+,TB])
- %nIEABSTr(TAO;l[Rgd”TA+, Tg)) — %nQIeABSTr(TAdNT(’);le [R,d" A, Tp))
= —%/EABSTr(TAO;l[A+, Tg]) + %chIEABSTr(TAJT O dT Ay, Tg))
- %UIEABSTr(TAdNTO;IRQ (A, Tg)) — %nIEABST&"(TAOIIRg[dNTA+, Tg))

1 ~
+ 5nchBSTr(:rARg[CZT AL Tg)), (B.18)
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where we used the (M)CYBE (1.7) in the last step. It is again easy to verify that the
A _terms cancel, as they must.

Ka

Using (4.16) and (4.15) and (B.16), the explicit result for the vector K% in (4.19) is

_ b a\aBRABGT
3277(7) KPS Tr

x (I7a, RTp]Ad, ([(1 — nRy)Ad; Q) Ay Q1) + i 7%[(1 + 1Ry Q2, @3)))
+ fermions

- _g[ﬁﬂ + Ady )" KAPSTr([Ta, RTplgPg ™)

2 . ~ ~ 5 ~
7 (12 (") 3[Rl P a2 — [Adn]%(7°7%)% 5[Rg]™ a1) KAPSTY([Ta, RTBlgPeg ")

32
o ﬁ Ad, 1@ b CK12 d\é& R 32 N
— 2 (" K ) 5[ Ry a2) KAPSTr ([T, RT B9 eag™)
+ fermions. (B.19)
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