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Abstract

After a brief introduction to Batalin-Vilkovisky (BV) formalism, we treat aspects of supermath-
ematics in algebra and differential geometry, such as, stratification theorems, Frobenius theorem
and Darboux theorem on supermanifolds. We use Weinstein’s splitting principle to prove Darboux
theorem for regular, possible degenerate, even and odd Poisson supermanifolds. Khudaverdian’s
nilpotent A operator (which takes semidensities into semidensities of opposite Grassmann-parity)
is introduced on both (i) an atlas of Darboux coordinates and (ii) in arbitrary coordinates. An odd
scalar function v, is defined and it is shown that it has a geometric interpretation as an odd scalar
curvature.
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1 Introduction

Batalin-Vilkovisky (BV) formalism [1, 2, 3] was originally proposed as a recipe to provide a Bechi-
Rouet-Stora-Tyutin (BRST) formulation [4, 5] of an arbitrary local Lagrangian gauge field theory
[6].

In physics, a field ¢%(z) is a map ¢ from an n-dimensional spacetime/world-volume with local coor-
dinates z* to a target space/field configuration space. The index a labels the coordinates of the fields
in the target space.

BV formalism often uses deWitt’s condensed notation ! = ¢%(z), where all discrete and continuous
indices are collected together into a single index i = (a, x).

In physics the field ¢° therefore contains infinite degrees of freedom. We may therefore formally view
"' as coordinates on an infinite-dimensional manifold.

A more rigorous field-theoretic approach (which we shall not pursue here) properly tracks the local
spacetime structure of the field theory jet bundle construction, see e.g., Refs. [7, 8]. The fact that
renormalization naturally fits into the BV formalism contributes to its versatility and state-of-the-art
in gauge field theory quantization, see e.g., Refs. [9, 10, 11].

A gauge theory is a theory with a groupoid of gauge transformations that typically leave the action
invariant up to boundary terms. Gauge symmetry signifies a redundant formulation, where field
configurations on the same gauge orbit are physically equivalent. The redundant formulation can
typically not be removed without rendering the theory non-local or destroy manifest Lorentz symmetry.

A BRST transformation is a nilpotent, Grassmann-odd transformation that encodes the gauge-symme-
try. The corresponding BRST-cohomology is needed in order to consistently define the spectrum of
physical states of the theory. (By the way, BRST symmetry should not be confused with Poincare
supersymmetry, which may or may not be present.)

Besides the original fields ¢°, the BV recipe introduces new fields, such as, e.g., Faddeev-Popov ghosts
¢, and Lagrange multipliers. For each field ¢ = {¢*, ¢, ...} of Grassmann-parity ¢, there is intro-
duced an antifield ¢}, of opposite Grassmann-parity €,+1. Supernumbers and Grassmann-variables
will be discussed in section 2.

The original BV formulation [1, 2, 3] introduced two new interesting mathematical structures.

1. The A operator

(—1)5 & &
—1)f« §* &
A = — 1.1
o 0o o (1.1)
which is nilpotent and Grassmann-odd
A2 =0, ¢A) =1. (1.2)
2. The antibracket
(6°,05) = 35 . (1.3)

Here 0 = o(¢) is a density in field configuration space. It is needed in order to ensure that the
A-operator (1.1) takes scalars in scalars. The antibracket is an antisymplectic structure on the
Grassmann-parity-inverted cotangent bundle.



In the BV recipe the quantum action
(0.9]
W o= S+ "M, (1.4)
n=1
satisfies the quantum master equation (QME)
AeiV = 0. (1.5)

To be concrete, the partition function/functional integral/Feynman path integral of the theory is
formally given as

, (1.6)

Zy = /a[d(;S] eV
"

56
where v is a gauge-fixing Fermion. It is one of the powerful virtues of the BV formalism, that one

may formally demonstrate that Z, does not depend on 1.

The BV formalism leads to two new mathematical disciplines:

e (i) BV algebra, and its generalization, such as, BV homotopy algebra [12, 13, 14, 15, 16, 17, 18,
19, 20, 22, 23|, which we shall not discuss further here, and

e (ii) BV geometry [24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44,
45, 46, 47, 48, 49], which is the main topic of this thesis, cf. section 4.

At this point, it is natural to generalize the Grassmann-parity-inverted cotangent bundle with Darboux
coordinates {(ba;qb;}} and density o2 into a general anti-Poisson supermanifold (M;E) with local

coordinates z4 and equipped with a density p = p(2).

Supermanifolds will be discussed in subsection 2.3. We shall also for simplicity from now on assume
that the manifolds are finite-dimensional, despite that the original motivation in field theory deals
with infinite-dimensional configuration spaces.

Anti-Poisson geometry shares many properties with Grassmann-even Poisson geometry. E.g. they
both sport versions of the Jacobi identity and Darboux’ theorem, cf. section 3.

Somewhat surprisingly, anti-Poisson geometry also has parallels to (pseudo)Riemannian geometry [46]
(paper V). The analogue of the Laplace-Beltrami operator in (pseudo)Riemannian geometry is an odd
Laplacian [29]

ﬁ
_1)ea — — ot
, = ( 2; dYpEABOSL 04 = 57 - (1.7)

It is Grassmann-odd but not necessarily nilpotent.

One of our main contributions to the topic was to realize [42, 43] (paper I & II) that for regular BV
geometries (M, E, p) there exists a canonical odd scalar v, (which depends only on the geometric data
E and p) such that the A operator

A=A, +v, (1.8)

is nilpotent,
A? =0, (1.9)

cf. section 4.7. The nilpotency is important in order to define a chain complex.



Furthermore, one of our main conclusions is that the odd scalar

yo= (1.10)

has a geometric interpretation as odd scalar curvature for an arbitrary connection V that is
1. anti-Poisson,
2. torsionfree, and
3. p-compatible,

cf. section 5.

This is a quite remarkable result because there are infinitely many connections that satisfies these 3
conditions.

The QME (1.5) is modified with a v,-term at the two-loop order O(h?):
1 .
(W) = ihA W + Ry, . (1.11)

Expanding the quantum action (1.4) in powers of Planck’s constant & leads to an infinite tower of
master equations

(5,8) = 0, (1.12)

(M1,S) = i(A,S), (1.13)

(MQ,S) = Z'(Ale)—i-Vp—%(Ml,Ml), (114)
n—1

(M, 5) — z’(ApMn,l)—% (M, M), n>3. (1.15)
r=1

Eq. (1.12) is known as the classical master equation (CME). Eq. (1.13) determines the one-loop contri-
bution M;. This is where possible quantum anomalies may appear in quantum field theory. Interest-
ingly, the odd scalar v, appears in the eq. (1.14) for the two-loop contribution My, see e.g., Ref. [45].

General remark about notation. We have two types of grading: A Grassmann grading ¢ and an exterior
form degree p. The sign conventions are such that two exterior forms & and 7, of Grassmann parity
€¢» Ep and exterior form degree p¢, p,, respectively, commute in the following graded sense:

NAE = (=1)7 TP Ay (1.16)
inside the exterior algebra. We will often not write the exterior wedges “A” explicitly.

[A, B] and {A, B} denote the graded commutator [A, B] = AB — (—1)°a*s BA and the graded anti-
commutator {4, B} = AB + (—1)®4°s BA, respectively.

We often omit the prefix “super” from various words in supermathematics, such as in, e.g., superma-
nifold, supercommutator, etc.



2 Aspects of Supermathematics

Before we can begin, we need supermathematics [50, 51, 52, 53, 54, 55, 56, 57|, i.e., Grassmann-odd
variables.

From the physics side, this is mainly because matter particles/fields in Nature, (such as, e.g., electrons)
are Fermions, which obey Fermi-Dirac statistics and Pauli’s exclusion principle. In particular, their
multi-particle wave-function needs to be antisymmetric under particle exchange. To properly describe
interactions of Fermionic fields at the classical level, we therefore need to use anticommuting variables.
In other words, we need to use supernumbers.

A second optional source is Poincare supersymmetric field theories.

A third typical (this time mathematical) source of Grassmann-odd variables is exponentiations of
determinants and Pfaffians, e.g.,

Pf(A) = /d@"d@l exp (;91141]9]) y E(Aij) = O, Aij = _Ajz'- (21)

E.g. Faddeev-Popov ghosts are often introduced in this manner: The argument of the exponentials,
such as, e.g., eq. (2.1), can be interpreted as new action terms in the path integral Z.

The topic of supermathermatics contains several non-intuitive surprises, which we will try to expose
in this chapter.

2.1 Grassmann-numbers and Supernumbers

Here is one approach to Grassmann-numbers and supernumbers [53].

If V; is an infinite-dimensional* C-vector space, then the exterior algebra Ao := A°®V; is (a copy of)
the algebra of supernumbers.

Moreover,
° /\O V1 2 C is called the body,
e A7V is the soul,
o CHO = A®Y™ 17 is the Grassmann-even/Bosonic part, and

o CO' = A4y g the Grassmann-odd/Fermionic part.

Let e, = e(z) € {0,1} mod 2 denote the Grassmann-parity of a supernumber z (with definite Grass-
mann grading). And let
m(z) = zp (2.2)

denote the body of a supernumber z.

*Here we are caught between a rock and a hard place: If V; is finite-dimensional, there appear unwanted truncation
phenomena. If Vi is infinite-dimensional, delicate problems of analysis arise. (For definiteness, assume that the body

~

algebra /\0 V1 = C is equipped with the standard norm, while infinite sums in the soul vector space /\>0 Vi are formal.)



Complex conjugation z +— Z is an anti-involution Zw = wZz on the algebra of supernumbers. We
define real and imaginary part
zZ+Zz z—Z

= | = .
Rez 5 mz 57 (2.3)

of a supernumber z in the standard way. Let from now on F denote the field of either the real or
complex numbers, R or C.

Left (right) differentiation satisfies a left (right) graded Leibniz rule. Left and right differentiation of
a function z — f(z) are connected via the rule

— —
E i) = (e D) (2.4)
0z 0z’ '
This is to ensure compatibility
: ;
8 I
(%z) =1 = (z%) (2.5)

(The outer parentheses in egs. (2.4) and (2.5) are supposed to notationally indicate that the differential
operators don’t act beyond the parentheses.)

2.2 Definite Contour Integral for Supernumbers?

It is well-known that if a function z — f(z) has an antiderivative z — F'(z), then a contour integral

b b
/dz f(z) = /dt V() F'(y(t) = /dt (Foy)(t) = F(y() - F(y(a)), t € [ab] CR,

(2.6)
can only depend on the endpoints of the curve. All analytic functions f(z) = > 7 anz™ of a
Grassmann-even supernumber x has an antiderivative F(z) = >°0 ja,2" ™! /(n + 1). However the
Grassmann-odd function f : 8 — 6 has no antiderivative, and it is easy to see that the contour integral
fﬁ/d@ f depends on the contour beyond the endpoints.

Example 2.1
1 1 1
/d& 0 = / dt v'(t) v(t) = / dt (01 + (1-2t)02)(t0; +t(1—t)b2) = §9102 , (2.8)
¥ 0 0

which does not just depend on the endpoints.

For this and similar reasons, we give up to try to assign a value to a Grassmann-odd number, whatever
that is supposed to mean. In terms of topology, DeWitt [53] assigned to Grassmann-odd directions
the coarsest topology, i.e., the trivial topology.

The paradigm is that the specific choice of the vector space V; is meant to be forgotten/is not impor-
tant. The soul part is not quantifiable/does not have a value. An element £ € V} should be thought
of as an indeterminate.



Normally the word ’indeterminate’ is just another word for a ’variable’, but here we use the word
in a stronger sense closer to the etymology of the word: Unlike a variable, which can be deter-
mined /evaluated/given a value later-on by replacing the variable with a number, this is not possible
for the indeterminate & € V.

Put succinctly: There is no physical quantity or physical measurement device in a physical system
that measures a soul-valued output.

But that begs the question: How does the soul then affect a physical system at all? The answer is:
Via Berezin integration:

N
do f(0) := o 0 f) =1

L0 50 = 350 “0) =1,

/ dx f(x) = /de f(xp) e(z) = 0. (2.9)

R1[0 R

In other words, all souls are ultimately integrated out.

This leads to another question: How do we then understand ’external Grassmann-odd constants’ in a
physical or mathematical model? Answer: The model should be understood as a subsector of a bigger
structure with only intrinsic souls.

2.3 Supermanifolds

There are roughly speaking two equivalent! concepts of supermanifolds M of finite dimensions (n|m),
at least within the applications to physics. Here we will briefly review their main features, cf. the next
two subsections 2.4 and 2.5. Let F*™ .= (FH0)xm x (FOITyxn,

2.4 Differential Geometric Supermanifolds

On one hand, there is a differential geometric definition, pioneered by deWitt [53], which considers
atlases of local F™™ coordinate neighborhoods, which treats Grassmann-even and Grassmann-odd
variables on the same footing.

A map between supermanifolds becomes within local coordinates a map
f: VCFUm 5y i (2.10)
of the form

Z4 = function of the z-coordinates. (2.11)

2.5 Algebro-Geometric/Sheaf-Theoretic Supermanifolds

On the other hand, there is a sheaf-theoretic definition (Mp, R) of a ringed space over an under-
lying ordinary n-dimensional manifold Mp called the body (hence the subscript B), pioneered by
Kostant and Leites [50, 51, 52, 55]. If U C R™ is an open coordinate neighborhood for the body
Mp, then R(U) = Rg(U)[6',...,0™] is the polynomial ring, where @',... 0™ are anti-commuting

TNote however that the second approach has a vast generalization to category theory and Grothendieck’s schemes.



indeterminates. Furthermore, Rp(U) is the ring of, e.g., smooth functions C*°(U), real analytic func-
tions Ran(U), or holomorphic functions H(U). (In this work, we shall assume the category of real
analytic functions, to keep proofs as simple as possible.) This construction treats Grassmann-even
and Grassmann-odd variables very differently.

A morphism between supermanifolds consists within local coordinate neighborhoods an underlying
body map f: U C F* — U’ C F" together with a sheaf map, i.e., an algebra homomorphism
f*: R(U') — R(U), uniquely specified by it action on a local basis

f*(z%) = Grassmann-even function of (xg,6),

50"y = Grassmann-odd function of (xp,6). (2.12)

(The sheaf map should be compatible with the underlying body map.)

Given a fixed supermanifold M we can consider the so-called functor of points

Hom(-,M): SMan®® > S +— Hom(S,M) € Set. (2.13)
—_———
S-point of M
In particular, the indeterminates 0',...,6™ are viewed as morphisms from S. (Incidentally, that

is almost the perfect metaphor for passing the buck to S if asked What is 6°?) Morphisms M —
N between supermanifolds M and N are in bijective correspondence with natural transformations
Hom(-, M) — Hom(-, N), cf. Yoneda’s Lemma.



3 Differential Geometry for Supermanifolds

In this section, we would like to mention the generalization to supermanifolds of a couple of well-
known local theorems from the differential geometry of ordinary manifolds. We need in particular a
superversion of the Darboux theorem to define Khudaverdian’s A, operator in the next section 4. In
turn, the Darboux theorem relies on the Frobenius theorem.

Another purpose of this section is to provide proofs that would be accessible for a physics student.

Students of BV formalism will have noticed that Bosonic and Fermionic variables surprisingly often can
be treated in a collective and uniform manner in calculations, merely by keeping track of Grassmann-
parity sign factors. This is one of key paradigms that underlies most of the presentation in this
thesis.

One difference between Bosonic and Fermionic directions is that Bosonic directions may feature non-
trivial topology, while Fermionic directions cannot, as we saw in the last section 2. Since the results
will be local, this difference is irrelevant, and we can conveniently to a large extent treat Bosonic and
Fermionic variables on equal footing.

The biggest difference between Bosonic and Fermionic operators is that a Bosonic operator trivially
(super)commutes with itself, while this is not necessarily so for a Fermionic operator.

In the following we need that the rank of a (possible rectangular) super matrix is the dimension (n|m)
of its image. In particular, n + m is the rank of the body of the super matrix.
3.1 Stratification Theorem and Frobenius Theorems

Theorem 3.1 (Stratification theorem for vector field) Given an (n|m)-dimensional superman-
ifold M. Let N :=n+m. Given a self-(super)commuting vector field X of definite parity with non-zero

%
rank in a point p € M. Then there exists a local coordinate system (2%, 22, ..., zN) such that X = 88—;.
INDUCTION PROOF: Given a local coordinate system (21,22, ... ,zN). After a possible translation, we
may assume that the point p is at the origin. There exists a coordinate (which we relabel as) z! such
that m(X,[2']) # 0. By a rigid linear transformation, we may assume that X,[2'] = 1.
%
INDUCTION ASSUMPTION: The components X4 of the vector field X = XA(‘)I% are of the form
A A A A
for some integer k € N.
In the odd case £(z!) = 1, nilpotency additionally yields
_>
0 = X[X1 = (3 Xp) +O(()*) . (3.2)
Choose
1 ~ ~ .
., 1 N — g dzt Xﬁ}(zl,ZQ,...,zN) if e(z!) = 0 even,
f[k+1](Z 1R ey R ) = (33)
721X[%(21,22, oo 2) if e(z!) = 1odd .



Then
N
flsy = O, (0iff) = =X +0(2)*) . (3.4)

We now change coordinates
2P = P i (3.5)

Then the new components satisfies an even higher induction assumption (3.1):
/1B /B A ANl (B, ¢B B B | Al sB 2% B 2%
X" = X[27] = (00 + X()0a(z" + figpn) = 0 + Xjg+ (01 fig41) +O((2)7) = 07 +0((2)™) -
(3.6)
O
Theorem 3.2 (Abelian Frobenius theorem) If X(y),..., X(;) are strongly commuting vector fields,
[X(a)7X(b)} =0, a,b € {1,...,7“} , (37)

pointwise linearly independent, of definite Grassmann parity, then there exists a local coordinate neigh-
borhood (2%, 2%,...,2") such that

%
Xa =05, ae€{l,...r}. (3.8)
%
SPLITTING PROOF: From the stratification theorem 3.1 we may assume that Xy = 6f . Then the
components X (‘2) cannot depend on the coordinate z'. Define vector fields
] | o ¢
}/(a>1) = X(a) — X(a)[z ]X(l) = X(a) — X(a)a(l) S span(8A>1). (39)
Straightforward calculations then shows that
[X(l)a}/(a#l)] =0, (310)
RV 1
Yiapt) Yorn) = —XiXhJof — (<15 (a o b) = —[X@, Xpll'] = 0. (3.11)
So Y(2), ..., Y{;) is the same type of problem with rank r—1 and dimension N —1 one less each.

O

Theorem 3.3 (Non-Abelian Frobenius theorem) Given vector fields X(iy,..., X, pointwise
linearly independent, of definite Grassmann parity, such that

) Xy X)) = D fan'@ X a,b € {1,...,r}. (3.12)
c=1
Then it is locally integrable, i.e., locally there exists a coordinate system (z',22,. .., zN) and a matriz
function

S(a)(b) s a,b € {1,...,7“} , (3.13)

such that _

/ ~s » &

b=1

11



PROOF: Note that the non-Abelian involution property (3.12) is preserved by taking linear combina-
tion of vector fields

ZS Xp . a€{l,...,r}. (3.15)

After such multiplication (3.15) of the vector fields with an invertible matrix S(a)(b), we may assume
that they are of the form

Xy = af ZX(G) a € {1,....r}. (3.16)
A>r
Straightforward calculations then shows that
%

Zf(/ab)(C) XEC) = [XéayXEb)] S Span(agmﬂ) = f(,ab)(c) = 0. (3.17)

Now use the Abelian Frobenius theorem 3.2.

OJ
3.2 Poisson Structure
We next consider a possibly degenerate Poisson manifold (M, E), with Poisson bracket
%
(F.0) = (T p)B? <8Z ). (3.18)
Here the bi-vector
EAB = (24,28 (3.19)
is graded skewsymmetric
EAB — _(_1)(€A+€E)(EB+EE)EBA7 (3.20)
and has Grassmann parity
e(EAB) = ¢, +eptep . (3.21)
It satisfies the Jacobi identity
0= Y (DE&TEEED((fg).0). (3.22)

f,9,h cycl.

Here e, is the (internal) Grassmann-parity of the Poisson bracket. The case e, = 1 is often called an
antibracket, anti-Poisson bracket, odd Poisson bracket, or a Gerstenhaber bracket.

EAB

In general, a Poisson manifold can have singular points where the rank of jumps.
3.3 2-form
Consider a 2-form
E = %d:f‘ EapNdZP = —%(—1)5A(1_5E)EAB dzB A d2t (3.23)

12



of (internal) Grassmann-parity €. By definition the tensor E , ; has Grassmann parity
e(Eyg) = estepteg (3.24)
and is graded skewsymmetric,
E,g = _(_1)5A53+(1*€E)(€A+5B)EBA . (3.25)

(Here the exterior form-degree and Grassmann-parity are considered to be non-correlated, independent
gradings. Hopefully, it will not cause confusion that we use the same letter E for both a Poisson bi-
vector EAB with upper indices and a 2-form E 4 With lower indices.)

3.4 Pre-Symplectic Structure

Definition 3.4 A pre-symplectic 2-form is a (not necessarily non-degenerate) closed 2-form.

The closedness relation
dE = 0 (3.26)

reads in components

%
0= Y (-)Eatiee (9 By . (3.27)
A,B,C cycl.

3.5 Symplectic Structure
A non-degenerate Poisson manifold (M, E) is called a symplectic manifold. By the non-degeneracy
assumption, there exists an inverse tensor F 45 such that

EABER. = 68 = EqopEPA. (3.28)

In other words, E 5 is a two-form (3.23). The Jacobi identity (3.22) is equivalent to the closedness
relations (3.26) and (3.27).

3.6 Stratification Lemmas

Consider a possibly degenerate Poisson manifold (M, F) with a point p € M. Let there be given a

local coordinate system (z1, 22, ... , 2V ) of definite Grassmann degree in a neighborhood of p € M.

Assumption 3.5 (Seed 1) There exists one local coordinate (which we w.l.o.g. can rename z'), such
that the body

m((z',2')p)) # 0 (3.29)

does not vanish.

Assumption 3.6 (Seed 2) There exist two different local coordinates (which we can w.l.o.g. can
rename z' and 2%), such that the body

m((z',2%),) # 0 (3.30)

does not vanish.

13



Remark 3.7 Seed 1 is only possible for an even Poisson bracket with a Grassmann-odd z*; For an

odd Poisson bracket m((z,z1),) = 0 automatically.

Remark 3.8 Seed 2 with an even Poisson bracket with two Grassmann-odd variables z* and 2% can
be traded for a seed 1 by possibly taking a constant linear combination 2% = az' 4+ bz?, so that

m((z",2")p) # 0.

Remark 3.9 For the remaining cases of seed 2 we may assume (possibly after relabeling z' < 2?)

that z* is a Boson.

Lemma 3.10 (Stratification lemma for seed 1) Given seed 1 then there locally exists a Grass-
mann-odd variable @ such that

(Q,Q) = +1 (3.31)
i a local neighborhood, and such that
%
8£
— 0 3.32
p
ie., (Q,2%,...,2) is a local coordinate system.

Lemma 3.11 (Stratification lemma for seed 2) Given seed 2 (excluding the case in remark 3.8,
and possibly after relabeling z' <+ 22), then z' is a Boson and there locally exists a Bosonic variable
S such that

(5,8) =0 (3.33)
i a local neighborhood, and such that
%
o 9
p
i.e., (S,2%,...,2") is a local coordinate system.

INDUCTION PROOF FOR STRATIFICATION LEMMA FOR SEED 1: By a rigid affine transformation v! :=

az' + b, we may assume that (v!, vl)p = +1. By shifting the other coordinates
v = A= Mt A€ {2,...,N}, (3.35)
by an appropriate constant multipla of v!, we may assume that
(whol), =0, A€ {2,...,N}. (3.36)
After a possible translation, we may assume that the point p is at the origin.
INDUCTION ASSUMPTION: There is a Grassmann-odd variable
Q =v"4+Qg, Qg = O0((v)?), (3.37)

such that
(Q,Q) = £1+ By, By = O((v)"), (3.38)

for some integer k € N.

14



We now change the variable

Q = Q4+ fury,  frery = ¥%lem = O((v)F) . (3.39)
Then N —
/ 1 A 66 88 0
(@) = (v +Q[2]+f[k+1]7v )W = iw—l—O((v) ) (3.40)
and
o
@.Q) = (@ +20"+ Qv (G g fiksn) + (s, firen)
%
af
= +1+ By £ 2(5 5 figay) + O((v)*) (3.41)

(3.39)+(3.43) 414 O((U)kJrl) ‘ (3.42)

The last equality completes the induction step. It follows with the help of the Jacobi identity

o
(57 B) + O((v)¥) . (3.43)

O

(3.22) (3.40)+(3.41)

0 (@,(Q, Q")

INDUCTION PROOF FOR STRATIFICATION LEMMA FOR SEED 2: There are two remaining possibilities,
cf. eq. (3.30). In the first case, the Poisson bracket, z! and 22 are all Grassmann-even. Then the lemma
is trivial. Assume from now on the second case: The Poisson bracket and z? are both Grassmann-odd.

By shifting the coordinates
v = 24— A A e {1,...,N}\{2}, (3.44)
by an appropriate constant multipla of 22, we may assume that
(whol), =0, A e {1,....,N}\{2}. (3.45)

(Note that eq. (3.45) with index A = 1 remains linear in ¢c=! because we excluded the case of remark
3.8.) By arigid affine transformation v? := az?+b, we may assume that (v!,v?), = 1. After possible
translation, we may assume that the point p is at the origin.

INDUCTION ASSUMPTION: There is a variable

S = U1+S[2] , 8[2] = O((U)Q) , (3.46)
such that
(5,8) = O((v)"), (3.47)
for some integer k € N.
We now change the variable
1
§' = S+ fury s fpany = —50%(8,8) = O((w)) . (3.48)
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Then

— —
o’ ot
(S',) = (v'+ Sy + f[km,vf‘)w = 33 +0((v)?) (3.49)
and
P
0
(5,8 = (S, 8) +2(v' +5[2],UA)(WJ‘"[;§+1}) + (Fiet1)s firt1))
%
aé
= (S8 + 25 fwen) + O (3.50)
(3.48)+(3.52) O((v)**) . (3.51)

The last equality completes the induction step. It follows with the help of the Jacobi identity
_>
8(

(3.22) (3.49)+(3.50) 2
Ov?

0 =" (9,(5,9) = (5,9)) + O((v)F) . (3.52)

3.7 Darboux Theorem via Weinstein Splitting Method

In this subsection we prove a superversion of Weinstein’s splitting proof [58, 59] for Poisson manifolds,
namely theorem 3.12. We believe this is a novel result. Most super Darboux theorems in the literature
only discuss the non-generate symplectic case [39, 60]. In particular, we allow that the rank of the
Poisson structure can jump, i.e., the Poisson structure need not be regular.

Theorem 3.12 (Super Darboux theorem) Given a (n|m)-dimensional supermanifold (M, E) with
a Poisson structure E of (internal) Grassmann-parity €. Let N :=n+m. If the rank of the Poisson
tensor B, at a point p € M s r, then there ewists a local coordinate system (24, 22,...,2) around the
point p, such that the first r coordinates (2%,2%,...,2") are Darbouz coordinates, i.e., the sub-matriz
(EAB)lgA,BST 1s a constant invertible matrix.

Remark 3.13 To give a full proof of Darboux theorem 3.12, it is enough to consider seed 1 and 2.

SPLITTING PROOF OF DARBOUX THEOREM 3.12 WITH SEED 1: There exists a Grassmann-odd coor-
dinate v! such that

(', v = £1, (3.53)
and such that
%
ot
p
and so (v!,22,...,2") is a coordinate system, cf. the stratification lemma 3.10.

Next X := (v, -) is a self-(super)commuting left Hamiltonian vector field. It has non-zero rank in the

point p because of eq. (3.29). Then there exists a new coordinate system (w',w?,...,w!V), such that
_)
ie—x—(vl ) (3.55)
ow! N ’ '
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because of the stratification theorem 3.1. Then

(', w2?) = 0. (3.56)
Then
%
o 1 1,1
(wv) = X[v] = (v,v) = £1. (3.57)
So (v, w?, ..., wN) is also a coordinate system. From the Jacobi identity
o o
3.22)+(3.56 0 0
0 CEE LA wB) = el S wf) + 3 (0 eC) S wh wP)
N—— OV w
=11 cz2
Py
: , 0
(8:53)£(3.56) Sty AB € {2 N}, (3.58)
v
we see that (w?,w?), A,B € {2,..., N}, cannot depend on v'. In conclusion, the coordinate v' is a

decoupled Darboux coordinate. So we are left with the same problem in one less dimension.

g

SPLITTING PROOF OF DARBOUX THEOREM 3.12 WITH SEED 2 (EXCLUDING THE CASE IN REMARK

3.8): According to the stratification lemma 3.11, there exists a new coordinate system (u', u?, ..., ulv )
where u! is a Boson, such that

(u',u') = 0, m ((ul,uz)p) # 0. (3.59)
The left Hamiltonian vector field X := (u!,-) is self-(super)commuting because of the stratification

lemma 3.11. It has non-zero rank in the point p because of eq. (3.30). Then there exists a new
coordinate system (v',v2,...,v"), such that

_>
8(

5 = X = (u',") (3.60)

because of the stratification theorem 3.1. Since €(v?) = e, then

(v?,0%) = 0 (3.61)
follows from symmetry (3.20). Then
o
(ur,v?) = XPp? = 2}21)2 =1. (3.62)

There should exists a coordinate v4, A € {1,..., N}, such that

_>
ot 1
P
It cannot be v? because
Py
0
Ey) U= X[u'] = (') = 0. (3.64)
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Aas vl So (ul,v?,...,0N)

We can w.l.o.g. rename v is a coordinate system.
Consider next the left Hamiltonian vector field Y := (v2, ). It super-commutes with Y and X because
of egs. (3.61) and (3.62). So by the Abelian Frobenius theorem 3.2 there exist coordinates (w?, ..., w!)

such that

)

Py Py
9 1 0 2
w = X = (U,'), % =Y = (’U,‘). (365)
Then
(ul, w?2%) = 0, (W?, w23 = 0. (3.66)
One may show that for fixed (w?,...,w!"), the map (w',w?) — (u',v?) is locally bijective (because
the Jacobian matrix is bijective). Hence (u',v?,w?,...,w") is a coordinate system.

From the Jacobi identity

(B2DHEE) 1,4 B

— — —
o 4 ooy O A B
= (u17u1) w(wAva)—i_(ulv’UQ)W(w , W )+Z(u , W )W(w , W )
—0 =1 o283
Py
. . 0
GO (i wP),  AB € {3...,N}, (3.67)
0 (3.22)1(3.66) (02, (wA, wB))
Py o Py
= (2, ub) (l(u/‘ w?) + (v? u2)‘l(wA w?)+ 3" (02 w”) i(wf‘ wP)
—Oult o . owC
—t1 _Z/O—/ C>3 0
S =
(3:62)+(3.66)+(3.67) i;ul(wA,wB), AB € {3,....N}, (3.68)
we see that (wA, wB), A, B € {3,...,N}, cannot depend on u! and v?. In conclusion, the coordinates

u' and v? are decoupled Darboux coordinates. So we are left with the same problem in two less

dimensions.

g

3.8 Regular Poisson Structure

Definition 3.14 A Poisson manifold (M, E) is called regular if the Poisson structure E has constant
rank, i.e., the rank r does not jump.

Theorem 3.15 (Darboux theorem for regular Poisson manifolds) A regular N -dimensional Pois-
son manifold (M, E) has an atlas of Darboux coordinates

{24 2N = {ah . a2 N (3.69)

such that the sub-block
(.TA,$B)1§A7BST (370)

is constant and invertible, while ¢* are Casimir coordinates

(c*,) =0, Ae {1,...,N—r}. (3.71)
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A 2'B petween two Darbour

Remark 3.16 One may show that under a coordinate transformation z
charts,

o

0 /B

This shows that the new Casimir coordinates ¢ are a function of only the old Casimir coordinates
dA, i.e., we have an r-dimensional foliation with r-dimensional symplectic leaves. In other words, the
Hamiltonian vector fields form an r-dimensional integrable distribution, cf. the Frobenius theorem 3.5.

B

3.9 Poisson Structure with Compatible 2-form

Definition 3.17 A globally defined 2-form Eap of a Poisson manifold (M, E) with same internal
Grassmann parity e, s called compatible if

EAPER ECP = EAD (3.73)
E,zEB°Eqp = Euap . (3.74)

The existence of a compatible 2-form is a relatively mild requirement. However, there could be global
obstructions. The existence of a compatible 2-form is always automatically satisfied for a Dirac bracket
on symplectic manifolds with globally defined second-class constraints [29, 34, 41, 43] (paper II). Note
that the 2-form E4p is neither unique nor necessarily closed.

Obviously, an antisymplectic structure E4P has always a unique compatible 2-form, namely its inverse
structure 4 5.

One can define a (1, 1) tensor field as
PAc = EABEL, , (3.75)

or equivalently,
P,¢ = E,zEBC = (=1)FalctVpC (3.76)

It then follows from either of the compatibility relations (3.73) and (3.74) that P45 is an idempotent

PAgPB, = PAo. (3.77)
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4 Batalin-Vilkovisky Geometry

Definition 4.1 A BV manifold (M, E,p) is an anti-Poisson manifold (M, E) with odd internal
Grassmann parity e = 1 equipped with a density p.

4.1 Scalars, Densities and Semidensities

Recall that a scalar function f= f(z), a density p=p(z) and a semidensity o =o(z) are by definition
quantities that transform as

o — o0 = (4.1)

f—= =5 0 — W =1

8z’A
028

A

respectively, under general coordinate transformations z# — 24, where J = sdet denotes the

Jacobian.
We shall ignore the global issues of orientability of M and the choice of square root for semidensities.

In principle the above f, p and o could either be Bosons or Fermions, however normally we shall
require the densities p to be invertible, and therefore Bosons.

The fundamental object in BV geometry is the nilpotent A operator, but first we should introduce
the odd Laplacian Ap.

4.2 1Is there a Canonical Density on an Antisymplectic Manifold?

Recall that for an even symplectic manifold with an even symplectic two-form E = %dzAE A deB ,
there exists a canonical density given by the Pfaffian p=Pf(F,y), i.e., there is a natural notion of
volume on an even symplectic manifold. A related fact is the Liouville Theorem for even symplectic
manifolds, which states that Hamiltonian vector fields are divergenceless.

On the other hand, the situation is completely different for an odd symplectic manifold endowed with
an odd antisymplectic two-form F = %dzAE A deB. It turns out that there is no canonical choice of
density p in this case, as, for instance, the above Pfaffian. This is tied to the fact that there is no
meaningful notion of a superdeterminant/Berezinian for a matrix that is intrinsically Grassmann-odd.
However, the upset runs deeper. In fact, a density p can never be a function of the antisymplectic
matrix F, 5. Phrased differently, a density p always carries information that cannot be deduced from
the antisymplectic structure E alone [35].

Example 4.2 Consider R endowed with the antisymplectic 2-form E = dz Adf and p = 1. The
antisymplectic structure is invariant under an anti-canonical transformation

¥ = -z, 9 = 20, (4.2)

but the density p' = 4 in the new coordinates is now 4 times bigger!

4.3 The odd Laplacians A, and Ay on Scalars

Given a choice of density p, one may define the odd Laplacian [29]

(=147 aBAl o
A, = 2 OapE"P0g , 0y = — (4.3)
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that takes scalars to scalars of opposite Grassmann parity.

A natural generalization of the odd Laplacian (4.3) is [44] (paper III)

_ (e AB o
Ap = 5 (04+F4)E*P 05 . (4.4)
where Fy = F(z) is a line bundle connection with Grassmann parity e(F4) = e,. A line bundle
connection F transforms under general coordinate transformations z4 — 2'5 as
— — o /B
Fy = (0%P)Fg+ (04ImJ), J = sdet—— . (4.5)
z

This transformation property (4.5) guarantees that the expression (4.4) remains invariant under gen-
eral coordinate transformations.

The curvature tensor for the line bundle connection F, is

— — —
Rap = [04+Fa05+Fp] = (04Fp) — (-1)°4°8(A & B) . (4.6)

The line bundle is called flat if the curvature vanishes
RAB == 0 . (47)

The flatness condition (4.7) is an integrability conditions for the local existence of p. The odd Laplacian
Ap reduces to A, for a flat line bundle of the form

N
Fy = (04Inp) . (4.8)

Recall that the super-commutator of an n-order differential operator and an m-order differential
operator is at most an (n+m—1)-order differential operator. Because the odd Laplacian Ay is a
second-order differential operator, it follows that the square operator

A} = g A (4.9)

(which happens to be half the supercommutator) is at most a third-order operator. The vanishing of
the third-order terms is equivalent to the Jacobi identity (3.22), so AQF is actually at most a second-
order operator. It can also not have any zero-order terms, since its expression (4.4) has a derivative
to the right.

The vanishing of the second-order terms in A% means that that the curvature tensor (4.6) (projected
into the range of the anti-Poisson structure) vanish [44] (paper III)

RAP = EABRpoECP(-1)c = 0. (4.10)

There exists another descriptive characterization: The second-order terms of AQF vanish if and only if
there is a Leibniz rule for the interplay of the so-called “one-bracket” A and the “two-bracket” (-,-)

AF(fvg) = (AFfmg)_(_l)Ef(faAFg) . (411)
See Refs. [16, 20] for more details.

For the above reasons, we will from now on make the following equivalent assumption 4.3.
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Assumption 4.3 (Modular vector field) The square (4.9) of the odd Laplacian Ay is a linear
derivation, i.e., a first-order differential operator, or equivalently, a vector field [37]

AL(fg) = AL(f) g+ f A%(g) - (4.12)

This assumption 4.3 is automatically satisfied for a flat line bundle.

Conventionally, one imposes additionally that the A, operator should be nilpotent A% = 0. However,
it is one of the main points of this thesis that this is not necessary, cf. eq. (4.58) below.

The odd Laplacian (4.4) has a geometric interpretation as a divergence of a Hamiltonian vector field
[25, 28]

1

Here Xy := (¥, -) denotes a Hamiltonian vector field with a Grassmann-odd Hamiltonian ¥, and the
divergence divp X of a vector field X, with respect to the density p, is

divpX = (_1)5A<(£+FA)XA), e(X) = 0. (4.14)

The fact that the odd Laplacian (4.13) is non-zero, shows that antisymplectic manifolds do not have
an analogue of the Liouville Theorem, cf. subsection 4.2.

4.4 Khudaverdian’s A, Operator on Semidensities

Khudaverdian [39] only considered the antisymplectic case, but we show here that his construction
actually works for any regular anti-Poisson manifold.

Khudaverdian showed that one may define a Grassmann-odd, nilpotent, second-order operator A
without a choice of density p. This A operator does not take scalars to scalars like the odd Laplacian
(4.3), but instead takes semidensities to semidensities of opposite Grassmann parity. Equivalently, the
A operator transforms as

1
A, — A = —ANJT 4.15

under general coordinate transformations z4 — 2/B, cf. eq. (4.1). Khudaverdian’s construction relies
first of all on an atlas of Darboux charts, which is granted by the Darboux Theorem 3.15, and secondly,
on a Lemma by Batalin and Vilkovisky about the possible form of the Jacobians for anticanonical
transformations, also known as antisymplectomorphisms.

Lemma 4.4 (The Batalin-Vilkovisky Lemma) /3, 6, 37, 38, 39, 41]. Consider a finite anti-
canonical transformation between initial Darboux coordinates z(‘) and final Darbouzx coordinates zé).

Then the Jacobian J = Sdet(azép)/az(’%) satisfies
AT = 0. (4.16)

Here Agi) refers to the odd Laplacian (4.3) with p=1 in the initial Darboux coordinates zé).
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A simple proof of the Batalin-Vilkovisky Lemma for finite anticanonical transformations can be found
in Ref. [41].

Definition 4.5 (The A, operator in Darboux coordinates) Given Darbouz coordinates z*, the
A g operator is defined on a semidensity o as [36, 37, 38, 39, 41]

(Apo) = (A0), (117)
where Ay is the A, operator (4.3) with p=1.

Remark 4.6 [t is important in eq. (4.17) that the formula for the A, operator (4.3) and the semi-
density o both refer to the same Darboux coordinates z**. The parentheses in eq. (4.17) indicate that
the equation should be understood as an equality among semidensities (in the sense of zeroth-order
differential operators) rather than an identity among differential operators.

A and it

Theorem 4.7 The Ay, operator (4.17) does not depend on choice of Darboux coordinates z
takes semidensities to semidensities. Concretely, this means in terms of formulas, that the right—hand

side of the definition (4.17) transforms as a semidensity
1 i
(Ao = \T](Ag)"(i)) (4.18)

under an anticanonical transformation between any two Darboux coordinates zé) and z{}).

FINITE TRANSFORMATION PROOF OF THEOREM 4.7: One uses the Batalin-Vilkovisky Lemma to argue
that the definition (4.17) does not depend on the choices of Darboux coordinates z. One calculates:

i )0 i 1 i i
VIiaYs ) = VIaYe,) = \FJ(AS)\/%) - (AQ%))fﬁ(Ag)ﬁ)%) - (Apo(?). |
4.19

The third equality is a non-trivial property of the odd Laplacian (4.3). The Batalin-Vilkovisky Lemma
is used in the fourth equality.

d

INFINITESIMAL TRANSFORMATION PROOF OF THEOREM 4.7: Strictly speaking, it is enough to con-
sider infinitesimal anticanonical transformations to justify the definition (4.17). The proof of the
infinitesimal version of the Batalin-Vilkovisky Lemma goes like this: An infinitesimal anticanonical

_)
coordinate transformation 6z4 = X4 is generated by a Grassmann-even vector field X = X A@g that
preserves the antibracket

X[(f,9)] = (X[fl.9)+ (f, XIg) , (4.20)
which implies that
_>
EAC9LXP) = (24, XB) = —(—1)EatVEs+) (4 & B) . (4.21)
So the Jacobian becomes N
InJ ~ (—1)“(85X4) = divy(X) , (4.22)
and hence e N
1 —1)aTe )
AVT & Lo = CU gl pcalapxn) 12 . (4.23)

Here we used repeatedly that E4P is constant in Darboux coordinates. The “~” sign is used to

indicate that equality only holds at the infinitesimal level. (Here we are guilty of mixing active and
passive pictures; the active vector field is properly speaking minus X.)
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Theorem 4.8 (Nilpotency) Given an atlas of Darbouz coordinates, the Ay operator (4.17) is nilpo-
tent,

1

e., it squares to zero, or equivalently, it super-commutes with itself.

PROOF OF THEOREM 4.8: The A operator super-commutes with itself, because the zA-derivatives
have no z%’s to act on in Darboux coordinates.

O

4.5 The Odd Scalar

The plan is now to define the A operator in arbitrary coordinates, but first we need to define an odd
scalar.

Theorem 4.9 (Odd Scalar) [43] (paper II). Given a (not necessarily flat) line bundle connection
F, on an anti-Poisson manifold (M, E) with a compatible 2-form, then the following Grassmann-odd

quantity is a scalar:
v @2 L6 L@ ,6)

vp =Pt ot g (4.25)
where
W = C <aZ+F;><EABFB> | (4.26)
D= (= 1)%(8‘Z af L EADY (4.27)
v = (- 1)“50(84 EAB)EBC(aéECD) (4.28)
VB3 = (=18 (0 EBC)ECD(af EBAY | (4.29)
v = (=1)%8(D EBC)ECD(a‘ EBF)P A (4.30)
G - (—1)%a 60(8€ EAB)EB (8£ ECF)PFD
= (=1)Eath EBEAD(a_’f)EBC)(a_)EAF)PFB : (4.31)

Remark 4.10 Despite this definition (4.25) seems to depend on the choice of compatible 2-form, we
shall later see that it has a geometric meaning as odd scalar curvature.

SKETCHED PROOF OF THEOREM 4.9: Under an arbitrary infinitesimal coordinate transformation
024 = X4, one calculates

w0 = —%Aldile , (4.32)
— — =
s = 4A div, X 4 (—1)%a (05 EAP) (0%05XC) | (4.33)
— —— —-—
w2 = (1) (2P5C(OLOHXT) + (hANXCIPE ) (434)
— — — — —
5]/(3) _ (_1)63 (8gEBc)ECD <(8§)X381T:)EFA _ (—1)(EA+1)(€B+1)(aEDXAa};)EFB)
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3 e 5 Dok mAB ot o+ C
—5(—1) APc” (OpE™7) (0504 X" ) , (4.35)
— — —
oW = _2(—1)€B(afanC)PCD(af EPF)pp?
— —
+(=1)°8 (aZ Epc)ECP (95, XxBor)EFA
— — —
)€B+1 EFPF (aAEBC)ECD(aZ XFar )EGB

(1 — — —
5( )EAP (85 EAB)(a( aE XC) (436)
50 = (-1 ACo D (@ B EOP (2 X A0 BT
— — -
(1) R (DDl X ) PP (Dl EPF) Py (437)

A proof of egs. (4.32) and (4.33) can be found in Ref. [42], and eqgs. (4.34)—(4.37) are proven in
Ref. [43]. One may verify that while the six constituents I/g)), v @ B ™ and v separately
have non-trivial transformation properties, the linear combination v, in eq. (4.25) is indeed a scalar.

O
Lemma 4.11 On an antisymplectic manifold (M, E), we have
O = @ = 0 = @) (4.38)
PRrROOF OF LEMMA 4.11: Straightforward calculation.
U

Because of lemma 4.11, the theorem 4.9 simplifies in the antisymplectic case.
Theorem 4.12 (Odd Scalar) [42] (paper I). Given a (not necessarily flat) line bundle connection
F, on an antisymplectic manifold (M, E), then the following Grassmann-odd quantity is a scalar:

o D O

Z/F = VF +?7ﬂ7 (439)
where
—_1)\ea —
ORI Z) (8A+];A)(EABFB), (4.40)
= (—1)€A(agangAB), (4.41)
2) . _(_1)\¢ ¢ (B A 7 _ (_1)\EaC 7 CD _Z) AB
v = (=1)°B(2%,(27,27))(03EBc) = (=1)°a%c(04E~7)(0pE"")Epc . (4.42)

SKETCHED PROOF OF THEOREM 4.12: One should check that vy, is a scalar under general infinitesimal
coordinate transformations. Under an arbitrary infinitesimal coordinate transformation §z4 = X4,
one calculates [42] (paper I)

— — —
sV = AAdiv, X + (=1)4 (85 EAP) (0504XC) | (4.44)
— — =
v = 3(—1)A(BLEAP) (0504 XC) . (4.45)
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(0)

One easily sees that while the three constituents vy ’, v and v?) separately have non-trivial trans-
formation properties, the linear combination v in eq. (4.25) is indeed a scalar.

O

Corollary 4.13 (Odd Scalar) [42] (paper I). Given a density p on an anti-Poisson manifold (M, E)
with a compatible 2-form, then the following Grassmann-odd quantity is a scalar:
YO @ LB @ 06

N0 B S AR AL AR 4.46
O T T TR TR T (4.46)

where

O = ;E(Alﬁ). (4.47)

Corollary 4.14 (Odd Scalar) [42] (paper I). Given a density p on an antisymplectic manifold
(M, E), then the following Grassmann-odd quantity is a scalar:

vy = v - (4.48)

4.6 The Ay Operator in General Coordinates

We now give a definition of the Ay operator whose definition does not rely on Darboux coordinates.
(However, we should emphasize that we have only been able to prove nilpotency by assuming that the
Poisson manifold is regular.)

Definition 4.15 (The A, operator in arbitrary coordinates) [43] (paper II). Given an anti-
Poisson manifold (M, E) with a compatible 2-form, then the Ay operator is defined on a semidensity
o i an arbitrary coordinate system as

M L@ L6 @ 6
Y Y Y Y Y >a, (4.49)

(Bp7) = (A10)+<8_8_24+24+12

where Ay is the A, operator (4.3) with p=1.

Recalling lemma 4.11, we have the following simplification in the antisymplectic case.

Definition 4.16 (The A, operator in arbitrary coordinates) [/2] (paperI). Given an antisym-
plectic manifold (M, E), then the Ay, operator is defined on a semidensity o in an arbitrary coordinate
system as

s 2
(Ago) = (Ayo) + (8 — 24> 0. (4.50)

Remark 4.17 Notice that in Darbouz coordinates, where EAB is constant, i.e., independent of the
coordinates z2, then vV, v 1B LW and ) vanish. Hence the definitions 4.15 and 4.16 of the
Ay operator agree with Khudaverdian’s definition 4.5.
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Theorem 4.18 The Ay, operator (4.49) and (4.50) does not depend on choice of coordinates 24, and
it takes semidensities to semidensities, i.e., the right—hand side of eqs. (4.49) and (4.50) behaves as a
semidensity under general coordinate transformations.

PROOF OF THEOREM 4.18: Here we will only explicitly consider the case where the semidensity o is
invertible to simplify the presentation. (The non-invertible case is fundamentally no different.) In the
invertible case, we customarily write the semidensity o = /p as a square root of a density p. If we
divide the definition (4.49) and (4.50) with the square root of a density p, we obtain the odd scalar

AevP) = . (4.5

which is independent of coordinate system, cf. corollaries 4.13 and 4.14. This proves the theorem.

g

Corollary 4.19 The odd scalar is connected to the Ay, operator and the density p via

1
v, = %(AE\/Z)). (4.52)

Now what about nilpotency of the definitions 4.15 and 4.167 Nilpotency is clearly a local statement.
In Darboux coordinates, the nilpotency is obvious. But what about in general coordinates?

More specifically, given an arbitrary coordinate system, could it be that an ingenious repeated use of
the Jacobi identity (3.22) and properties (3.73) and (3.74) of the compatible 2-form, could yield a proof
of the nilpotency of the A, operator without resorting to Darboux coordinates? In the antisymplectic
case, this was successfully done in our paper Ref. [44] (paper III). However, a preliminary investigation
strongly suggests that this approach does not generalize to the degenerated case. In the end, we have
not been able to generalize the nilpotency theorem 4.8 to situations where Darboux coordinates do
not exist.

In quantum field theory applications in physics the manifolds typically are infinite dimensional, and
going to Darboux coordinates typically violates locality. Therefore it is of interests of considering
general coordinates, even if Darboux coordinates are formally available.

4.7 The Nilpotent A Operator

Definition 4.20 Given a nilpotent Ay operator and a density p, then a nilpotent A operator, that

takes scalars in scalars, can be defined as
1
A = %AE\/E = Ap + l/p (453)

via conjugation of Khudaverdian’s Ay, operator with the square root of the density.

The second equality in (4.53) is a non-trivial property of the odd Laplacian (4.3).

Nilpotent operators play a prominent role in (co)homology theory. For this reason, it is of interest to

more generally add an odd vector field V = VAQ{‘ and an odd scalar function v to the odd Laplacian
AF7
A =Ap+V+4v (4.54)
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such that the total A operator is nilpotent

A? = Z[AA] = 0, (4.55)

1
2
i.e., supercommutes with itself. In physics, the nilpotency (4.55) encodes Becchi-Rouet-Stora-Tyutin
(BRST) symmetry.

The antibracket (f, g) of two functions f = f(z) and g = g(z) can be defined as a double commutator
[16] with the A-operator, acting on the constant unit function 1,

— — 5
(f.9) = (JOMEAP(@59) = (17[[A, fl.g]1

= (=1)7A(fg) — (=1)7(Af)g — f(Ag) + (=1)% fg(Al) . (4.56)

Let us assume from now on that the line bundle connection F' is flat. Recall that then the square A%
of the odd Laplacian is a first-order operator, cf. assumption 4.3. It follows that the square A? is at
most a second-order operator.

The vanishing of the second-order terms in A? is equivalent to that the odd vector field V preserves
the antibracket

V(f.9) = Vifl,9) = (=17 (£, VIg]) (4.57)

i.e., it belongs to the first Poisson cohomology group. The vector field V has seen applications in
physics in the context of Sp(2)-symmetric BRST /anti-BRST quantization [61]. In the non-degenerate
case, it is locally a Hamiltonian vector field v = (H,-), and it can be viewed as part of the line bundle
connection Fy + VB Ey 4. For this reason, we shall put V' = 0 in what follows.

With V' =0 in eq. (4.54), the nilpotency condition (4.55) becomes equivalent to two conditions (4.58)
and (4.59) as follows.

e At first order,
A%‘ = (V7') ) (458)

i.e., the modular vector field A% is a Hamiltonian vector field with the v as odd Hamiltonian.

e At zeroth order
(Apv) = 0. (4.59)

Equation (4.59) is not an independent condition but it follows instead automatically from the previous
requirements. PROOF:

—1)¢a — —1)¢a —
) = T mwet) = C) @R age

_1\eateE — —

= o F) O+ ) (2P, A
(=14 =7 i B _A

= _T(8A+FA)(aB+FB)AF(Z ,27)
(=1)%a%c = ~ ~ C (B A (€4 4+1)(en+1)

= g (0atFa)(0p+Fp)(0c+Fo) (27, (27, 27))(=1)Fa7VEe™ = 0. (4.60)

Here, the v eq. (4.58) is used in the second equality, the Leibniz rule (4.11) in the fourth equality,
the Jacobi identity (3.22) in the sixth (=last) equality, and the zero curvature condition (4.7) in the
second, fourth and sixth equality.
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Proposition 4.21 [44] (paper III). For an antisymplectic manifold with a flat line bundle connection
F, the odd scalar vy from eq. (4.39) is a solution to v to the differential eq. (4.58).
The proof is given in Ref. [44] (paper III). It is equivalent to the proof for the A, operator in arbitrary

coordinates.

From proposition 4.21, it follows that the difference v — vy, must satisfy (v —vp,:) = 0, i.e., the
difference v—vy is a Grassmann-odd constant.

Altogether, it follows for a non-degenerate BV geometry (M, E, p), that the A operator (4.54) must
be equal to A ,+v, up to an odd constant. (The undetermined odd constant comes from the fact that
the square A% = %[A, A] does not change if A is shifted by an odd constant.)
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5 0Odd Scalar Curvature

5.1 Connection

We now introduce a connection V : TM x TM — TM on the tangent bundle. See Ref. [35, 62] for
related discussions. The left covariant derivative (V4 X)? of a left vector field X4 is defined as [35]

_>
(VaX)B = (04XP) 4+ (—1)°xCatecr By XC€ 1 o(XA) = ex4ey4, (5.1)

The word “left” implies that X4 and (V ,X)? transform with left derivatives

o o o
xP = x4y (LX) = (Vax)P () (52)
B 9z4 ’ 9z4 ' oA 9:8~ ‘

under general coordinate transformations z4 — 2’B. It is convenient to introduce a reordered Christof-
fel symbol
IMpe = (17T (5:3)

to minimize the appearances of sign factors.

Definition 5.1 A connection FABC is called anti-Poisson if it preserves the anti-Poisson structure
EAB i.e., definition [35]

%
0 = (VAE)BC = (94EPC) + (rABD EDC—(—1)(EB+1)(50+1)(BHC’)) . (5.4)

The torsion tensor T : TM x TM — TM is defined as

T(X,Y) = VyY — (-1)5xYVy X = —(=1)xT(Y, X) . (5.5)

A torsion-free connection with 7' = 0 has the following symmetry in the lower indices:

FABC — _(_1)(EB+1)(EC+1)[‘ACB. (5.6)

On one hand, a connection V can be used to define a divergence of a Bosonic vector field X4 as

str(VX) = (—1)%a(VaX)4 = ((—1)€Aa_£>,+FBBA)XA, ex = 0. (5.7)

On the other hand, the divergence is defined in terms of the line bundle connection F' as
_)
divpX = (—=1)F4(05+F, )X . (5.8)
See Ref. [63] for a mathematical exposition of divergence operators on supermanifolds.

Definition 5.2 The tangent bundle connection V is called compatible with the line bundle connec-
tion F if their divergences (5.7) and (5.8) are the same, i.e., if

[Ppa = (Z1)°4F, . (5.9)
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In the affirmative case, we have a unique divergence operator (and hence a unique notion of volume).

We shall only consider anti-Poisson, torsion-free, and F-compatible connections V, i.e., connections
that satisfy the three conditions (5.4), (5.6) and (5.9).

For connections satisfying the three conditions, the odd Laplacian A operator can be written on a
manifestly covariant form

—1)¢ —1)¢
Ap = (2)AVAEABVB - (;BEBAVAVB. (5.10)

5.2 Curvature

The Riemann curvature tensor R4 p is defined as the commutator of the V connection
(Va4 VIX)® = Rap®pXP(—1)7xCcten) (5.11)

so that .
RABCD = (6QFBCD) + (—1)EBECFACEFEBD — (—1)81453(14 <~ B) . (512)

It is useful to define a reordered Riemann curvature tensor R4 pop as

—
Rpep = (—1)°aCsT) Rpeip = (—1)f4%8 (05T cp) + T4 ppTPop — (—1)75%¢ (B + C) . (5.13)

It is interesting to consider the various contractions of the Riemann curvature tensor. There are two
possibilities. Firstly, there is the Ricci two-form

Rap = RapSc(-1)%c = (%FB)—(—l)EAsB(AHB)- (5.14)

However, the Ricci two-form R 45 typically vanishes, cf. eq. (4.7), and even if it does not vanish, its

antisymmetry means that R 5 cannot successfully be contracted with the anti-Poisson tensor EAB
to yield a non-zero scalar curvature, cf. eq. (3.20). Secondly, there is the Ricci tensor
— —
Rap = Rcup = (—1)°¢(96 + Fo)T ap — (04FB) (1) = T4 pIPop . (5.15)

Note that when the torsion tensor and Ricci two-form vanish, the Ricci tensor R4p possesses exactly
the same A > B symmetry (3.20) as the anti-Poisson tensor E45

Rup = _(_1)(5A+1)(5B+1)RBA . (5.16)

The odd scalar curvature R is therefore defined in anti-Poisson geometry as the contraction of the
Ricci tensor R 45 and the antisymplectic metric EBA,

R = R, gEP* = E*PRy, . (5.17)

Theorem 5.3 [45] (paper 1V). Given an anti-Poisson manifold (M, E) with a compatible 2-form,
and a line bundle connection F, then for an arbitrary, anti-Poisson, torsion-free, and F-compatible
connection V, the scalar curvature R does only depend on E and F' through the odd scalar vy,

R = —8up , (5.18)

even if the line bundle connection F' is not flat.
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Theorem 5.3 is proven in Ref. [45] (paper IV). In particular, one concludes that the scalar curvature
R does not depend on the connection e used.

One can perform various consistency checks on the formalism. Here, let us just mention one. For an
antisymplectic connection V, one has

0 = [Va,VBIE? = Rap®rE"P — (-1)ctVE(C 6 D) (5.19)
or, equivalently,
RO AprEFD = —(—1)7a%s+EctDEptD+Eatep)Coten) R

DpapEC . (5.20)

Contracting the A <» C' and B <> D indices in eq. (5.20) indeed produces the identity R = R. Had
the signs turn out differently, the odd scalar curvature (5.17) would have been stillborn, i.e., always
Z€ero.
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6 Discussions

One important check of the formulas for the odd scalar in the degenerate and non-degenerate case
comes from conversion [64, 65, 66, 67, 68] of antisymplectic second-class constraints with a Dirac
antibracket [34] into first-class constraints into an extended antisymplectic phase space. Moreover, it
is interesting to check how the construction reacts to reparametrization of the second class constraints.
These investigations were successfully undertaken in our paper [43] (paper II).

7 Conclusions

In this thesis, we have briefly reviewed the Batalin-Vilkovisky (BV) formalism, and treated aspects
of supermathematics in algebra and differential geometry, such as, integration theory, stratification
theorems, Frobenius theorem and Darboux theorem on supermanifolds.

We used Weinstein’s splitting principle to prove Darboux theorem 3.15 for regular, possible degenerate,
even and odd Poisson manifolds.

Khudaverdian’s nilpotent A, operator was introduced on both
e (i) an atlas of Darboux coordinates, cf. definition 4.5; and

e (ii) in arbitrary coordinates, cf. definition 4.49.

To express Ay in arbitrary coordinates (ii) in the degenerate case, we relied on the existence of a
non-unique choice of compatible 2-form F, ;. This comes back to haunt us, since we are unable to
prove nilpotency of A, without appealing to Darboux coordinates (i). Hence the case (ii) is de facto
not more general than the case (i).

Nevertheless, even in the second scenario (ii) with a compatible 2-form E, 5, we were able to define
an odd scalar function v, cf. theorem 4.9; and show that it has a geometric interpretation as an odd
scalar curvature, cf. theorem 5.3.
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1 Introduction

Recall that for a symplectic manifold with an even symplectic two-form w = %dzAw Apdz?, there exists
a canonical measure density given by the Pfaffian p=Pf(wap), i.e. there is a natural notion of volume
in a symplectic manifold. A related fact is the Liouville Theorem, which states that Hamiltonian vector
fields are divergenceless. On the other hand, the situation is completely different for an odd symplectic
manifold, also known as an antisymplectic manifold and endowed with an odd antisymplectic two-form
E = %dI‘AE 4gdTB. These geometries for instance show up in the Lagrangian quantization method of
Batalin and Vilkovisky [1]. It turns out that there is no canonical choice of measure density p in this
case, as, for instance, the above Pfaffian. This is tied to the fact that there is no meaningful notion of
a superdeterminant /Berezinian for a matrix that is intrinsically Grassmann-odd. However, the upset
runs deeper. In fact, a density p can never be a function of the antisymplectic matrix E4p. Phrased
differently, a density p always carries information that cannot be deduced from the antisymplectic
structure E alone [2]. Within the standard Batalin-Vilkovisky framework, the possible choices of a
density p is only partially determined by a requirement of gauge symmetry.

Around 1992 Batalin-Vilkovisky quantization took a more geometric form, in particular with the work
of Schwarz [3]. The concensus was that the geometric setting requires two independent structures: an
odd symplectic, non-degenerate two-form E and a measure density p. From these two structures, one
may build a Grassmann-odd, second-order operator A,, known as the odd Laplacian. Alternatively,
one can view the odd Laplacian A, itself as the fundamental structure of Batalin-Vilkovisky geometry
[4, 5], which is conventionally required to be nilpotent.

Khudaverdian has constructed [6, 7, 8, 9] a Grassmann-odd, nilpotent, second-order operator Ag that
does not rely on a choice of density p. The caveat is that the Ap operator is defined on semidensities
rather than on scalars. (The notion of a semidensity is explained in eq. (3.1) below.) In retrospect,
many pieces of Khudaverdian’s construction were known to physicists, see for instance Ref. [10],
p-440. In this short note we reconsider Khudaverdian’s construction and find a local formula for the
A g operator that applies to arbitrary coordinate systems. The ability to work in any coordinates, not
just Darboux coordinates, is important, since if one first has to search for a set of Darboux coordinates
to the system that one is studying, symmetries (such as, e.g. , Lorentz covariance) or locality that one
would like to preserve during the quantization process, are often lost.

The paper is organized as follows: We consider the antisymplectic structure in Section 2; the odd
Laplacian A, in Section 3; and in Sections 4 and 5, the Ag operator using Darboux coordinates
and general coordinates, respectively. Finally, in Section 6 we analyze a modified Batalin-Vilkovisky
scheme based on the Ag operator.

General remark about notation. We have two types of grading: A Grassmann grading € and an exterior
form degree p. The sign conventions are such that two exterior forms & and 7, of Grassmann parity
€¢, € and exterior form degree pe, p,, respectively, commute in the following graded sense

NAE = (=1)eatPePug py (1.1)

inside the exterior algebra. We will often not write the exterior wedges “A” explicitly.

2 Antisymplectic Geometry

Consider an antisymplectic manifold (M, E) and let T'4 denote local coordinates of Grassmann parity
€4 = ¢(T'4) (and exterior form degree p(T'4) = 0). The antisymplectic two-form can locally be written



as
1 1
E = §dFA Ep dl? = — 5Eap drB art (2.1)

where E4p=FE (") is the corresponding matrix representation. Besides carrying gradings ¢(E) = 1
and p(F) = 2, the antisymplectic two-form F has two defining properties. First, E is closed,

dE = 0, (2.2)

where the grading conventions for the exterior derivative

_
a
d = dI''—= 2.
ora (2:3)
are €(d) = 0 and p(d) = 1. Secondly, F is non-degenerate, i.e. the antisymplectic matrix E4p has an
inverse matrix FA45 ,
EABEpc = 04 = EcpEPA. (2.4)

Instead of the compact exterior form notation E, one may equivalently formulate the above conditions
with all the indices written out explicitly in terms of the matrices E4p or EAB. In detail, the gradings
are

G(EAB) = eatep+1 = E(EAB) , (2 5)
p(Eap) = 0 = p(EYP), '
the skew-symmetries are
Epa = —(-1)4"Exp,
EBA = _(—1)leatDles+t) pAB (2.6)
while the closeness condition and the equivalent Jacobi identity read
P
0
> () C(zrxEpc) = 0, (2.7)
cycl. A,B,C
o
0
-1 (6A+1)(ec+1)EAD _EBC — 2.
> (o B5) = 0, (23)
cycl. A,B,C
respectively. The inverse matrix E4Z with upper indices gives rise to the antibracket 1]
o o
" . ap, O
F = (F B (—= 2.
(F.G) = (Fare) BV (56 (29)

which satisfies a graded skew-symmetry and a graded Jacobi identity as a consequence of egs. (2.6)
and (2.8). There is an antisymplectic analogue of Darboux’s Theorem that states that locally there
exist Darboux coordinates I'4 = {¢%; ¢%}, such that the only non-vanishing antibrackets between the
coordinates are (¢%, ¢3) = 05 = —(¢5,¢“). In Darboux coordinates the antisymplectic two-form is
simply F = d¢}, A d¢®.

3 0Odd Laplacian A, on Scalars

A scalar function F'=F(T"), a density p=p(T") and a semidensity o0 =c(I") are by definition quantities
that transform as

F — F = F, p — p = (3.1)



respectively, under general coordinate transformations I'* — I"4, where J = sdet%?—/; denotes the

Jacobian. We shall ignore the global issues of orientation and choice of square root. In principle the
above F', p and o could either be bosons or fermions, however normally we shall require the densities
p to be invertible, and therefore bosons.

Given a choice of density p one may define the odd Laplacian [4]

G
2p oA’ BrB -

A, = (3.2)

that takes scalars to scalars of opposite Grassmann parity. The odd Laplacian (3.2) has a geometric
interpretation as a divergence of a Hamiltonian vector field [3, 11]

A = —%divp(X\p), (W) = 1. (3.3)

Here Xy := (V,-) denotes a Hamiltonian vector field with a Grassmann-odd Hamiltonian ¥, and the
divergence div,X of a vector field X, with respect to the measure density p, is

(—D &
p FTVA%

div,X = X4, «X) =0. (3.4)
The fact that the odd Laplacian (3.3) is non-zero, shows that antisymplectic manifolds do not have
an analogue of the Liouville Theorem mentioned in the Introduction. As a consequence of the Jacobi
identity eq. (2.8), the square operator A% = %[Ap, A,] becomes a linear derivation, i.e. a first-order

differential operator,
2 A2 2
AJ(FG) = A(F) G+ F A(G) . (3.5)

Conventionally, one imposes additionally that the A, operator is nilpotent A% =0, but this is not
necessary for our purposes.

4 Khudaverdian’s Ap Operator on Semidensities

Khudaverdian showed that one may define a Grassmann-odd, nilpotent, second-order operator Apg
without a choice of density p. This Ag operator does not take scalars to scalars like the odd Laplacian
(3.2), but instead takes semidensities to semidensities of opposite Grassmann parity. Equivalently, the
AFE operator transforms as

1
Ap — Ay = —=ApVJ 4.1
under general coordinate transformations I'4 — I'4, cf. eq. (3.1). Khudaverdian’s construction relies
first of all on an atlas of Darboux charts, which is granted by an antisymplectic analogue of Dar-
boux’s Theorem, and secondly, on a Lemma by Batalin and Vilkovisky about the possible form of the
Jacobians for anticanonical transformations, also known as antisymplectomorphisms.

Lemma 4.1 “The Batalin- Vilkovisky Lemma” [12, 10, 7, 8, 9, 13]. Consider a finite anticanonical
transformation between initial Darboux coordinates Fé) and final Darbouz coordinates F(}). Then the

Jacobian J = sdet(ﬁfé)/ﬁfg)) satisfies
AT = 0. (4.2)

Here Agi) refers to the odd Laplacian (3.2) with p=1 in the initial Darboux coordinates I‘é).



Given Darboux coordinates I'* the A operator is defined on a semidensity o as 6, 7, 8,9, 13]
(Ago) = (A10) , (4.3)

where Ay is the A, operator (3.2) with p=1. It is important in eq. (4.3) that the formula for the Ay
operator (3.2) and the semidensity o both refer to the same Darboux coordinates I'4. The parentheses
in eq. (4.3) indicate that the equation should be understood as an equality among semidensities (in
the sense of zeroth-order differential operators) rather than an identity among differential operators.
One next uses the Batalin-Vilkovisky Lemma to argue that the definition (4.3) does not depend on
the choices of Darboux coordinates IT'4. What this means is, that the right-hand side of the definition
(4.3) transforms as a semidensity
1 .
(o) = =alow) (4.4)

under an anticanonical transformation between any two Darboux coordinates Fé) and I’ é‘)' Proof:

ViIao ) = VIaFoy) = VIAPTE) = <A§”a@>—%<A§“ﬁ>o(i> = (Ao . (45)
The third equality is a non-trivial property of the odd Laplacian (3.2). The Batalin-Vilkovisky Lemma
is used in the fourth equality. Strictly speaking, it is enough to consider infinitesimal anticanonical
transformations to justify the definition (4.3). The proof of the infinitesimal version of the Batalin-
Vilkovisky Lemma goes like this: An infinitesimal anticanonical coordinate transformation §T4 = X4
is necessarily a Hamiltonian vector field X4 = (¥, T4) = X¢ with an infinitesimal, Grassmann-odd
Hamiltonian ¥, where ¢(¥) = 1. So

—_—
o .
InJ ~ (_1)5A(8F—AXA) = divi(Xg) = —207 (4.6)
and hence
AVI ~ —A20 =0, (4.7)

due to the nilpotency of the Ay operator in Darboux coordinates. The “a” sign is used to indicate that
equality only holds at the infinitesimal level. (Here we are guilty of mixing active and passive pictures;
the active vector field is properly speaking minus X.) A simple proof of the Batalin-Vilkovisky Lemma
for finite anticanonical transformations can be found in Ref. [13].

On the other hand, once the definition (4.3) is justified, it is obvious that the A operator super-
commutes with itself, because the I'*-derivatives have no I'A’s to act on in Darboux coordinates.
Therefore Ag is nilpotent,

1
AL = §[AE,AE] =0. (4.8)

Same sort of reasoning shows that Ap = AL is symmetric.

5 The Ar Operator in General Coordinates

We now give a definition of the Ag operator that does not rely on Darboux coordinates. We claim
that in arbitrary coordinates the Ag operator is given as

SO O
(AEO’) = (AlO’) + (? - ﬂ) g, (51)

5



where

- —
[ l
0 0 _um

1) . (_1)ea

v o= () e gra ™) (5.2)
(2) J— 1 €B I‘C FB FA 81 E _ 1 EAEC 81 ECD al EAB E

VO = ()P (O (g Bec) = (DA (G B Grp B Bec - (5.9

Eq. (5.1) is the main result of this paper. Notice that in Darboux coordinates, where EAB is constant,
i.e. independent of the coordinates T', the last two terms v") and v(?) vanish. Hence the definition
(5.1) agrees in this case with Khudaverdian’s Ag operator (4.3).

It remains to be shown that the right-hand side of eq. (5.1) behaves as a semidensity under general
coordinate transforms. Here we will only explicitly consider the case where o is invertible to simplify
the presentation. (The non-invertible case is fundamentally no different.) In the invertible case, we
customarily write the semidensity o = |/p as a square root of a density p, and define a Grassmann-odd
quantity

1 D @)
v, \/ﬁ(AE\/ﬁ) o+ 3 51 (5.4)
by dividing both sides of the definition (5.1) with the semidensity o. Here we have defined
1
) = —(A1yp) . (5.5)

NG

Hence, to justify the definition (5.1), one should check that v, is a scalar under general infinitesimal
coordinate transformations. Under an arbitrary infinitesimal coordinate transformation 6T4 = X4,
one calculates

1, .
v = —5Adivi X (5.6)
o J o
1 _ : € AB C
o) = 40divi X + (=) (56 B4 (5rp 5pa X ) - (5.7)
o' o
(2) — _1\€a AB C
v 31 (5pa B Grm opaX ) (5.8)

cf. Appendices A—C. One easily sees that while the three constituents V,(,O), v and v? separately

have non-trivial transformation properties, the linear combination v, in eq. (5.4) is indeed a scalar.

The new definition (5.1) is clearly symmetric Ap = AL and one may check that the nilpotency (4.8)
of the Ag operator (5.1) precisely encodes the Jacobi identity (2.8). The odd Laplacian A, can be
expressed entirely by the Ap operator and a choice of density p,
1 1 - 1
_( p7F) = _[A17F] p = —=
GVt = e Ve = 5
Since v?) depends on the antisymplectic matrix E4p with lower indices, it is not clear how the formula
(5.1) extends to the degenerate anti-Poisson case.

(A F) = (AF) + [Ap, FIV/p . (5.9)
6 Application to Batalin-Vilkovisky Quantization

It is interesting to transcribe the Batalin-Vilkovisky quantization, based on the odd Laplacian A,
into a quantization scheme that is based on the Ag operator, with the added benefit that no choice of



measure density p is needed. Since the Ag operator takes semidensities to semidensities, this suggests
that the Boltzmann factor exp[fWEg] that appears in the Quantum Master Equation

AFpexp {%WE} =0 (6.1)
should now be a semidensity, where
Wg = 5+ (ih)"W, (6.2)
n=1

denotes the quantum action. In fact, this was a common interpretation (when restricting to Darboux
coordinates) prior to the introduction of a density p around 1992, see for instance Ref. [10], p.440-441.
If one only considers A-independent coordinate transformations I'* — I"4 for simplicity, this implies
that the one-loop factor e="1 is a semidensity, while the rest of the quantum action, i.e. the classical
action S and the higher loop corrections W,,, n > 2, are scalars as usual. For instance, the nilpotent
operator I+ W1 Ap(e™"1 F) takes scalars I to scalars.

At this stage it might be helpful to compare the above Ag approach to the A, formalism. To this
end, fix a density p. Then one can define a bona fide scalar quantum action W, as

W, = Wg+ (ih)In/p, (6.3)

or equivalently, _ _
erWE — \/ﬁe%W” . (6.4)

This scalar action W, satisfies the Modified Quantum Master Equation
(A, +v,)exp {%Wp} =0, (6.5)

cf. eq. (5.4), (5.9), (6.1) and (6.4). One may obtain the Quantum Master Equation A, exp[£W,] =0
by additionally imposing the covariant condition v, = 0, or equivalently Ag,/p = 0. However this step
is not necessary.

Returning now to the pure Ag approach with no p, the finite Ag-exact transformations of the form

play an important role in taking solutions Wg to the Quantum Master Equation (6.1) into new
solutions Wp,. It is implicitly understood that all objects in eq. (6.6) refer to the same (but arbitrary)
coordinate frame. In general, ¥ is a Grasmann-odd operator that takes semidensities to semidensities.
If ¥ is a scalar function (=zeroth-order operator), one derives

X eXv — 1
Wp = e "Wg + (ih)————Ag¥ . (6.7)
Xy
The formula (6.7) is similar to the usual formula in the A, formalism [13]. One may check that eq.
(6.7) is covariant with respect to general coordinate transformations.

The W-X formulation discussed in Ref. [5] and Ref. [13] carries over with only minor modifications,
since the Ap operator is symmetric AL = Ag. In short, the W-X formulation is a very general field-
antifield formulation, based on two Master actions, W and Xpg, each satisfying a Quantum Master
Equation. At the operational level, symmetric means that the Ag operator, sandwiched between two



semidensities under a (path) integral sign, may be moved from one semidensity to the other, using
integration by part. This is completely analogous to the symmetry of the odd Laplacian A, = Az
itself. The Xr quantum action is a gauge-fixing part,

Xp = G \“+ (ih)Hg + O(\Y) , (6.8)
which contains the gauge-fixing constraints G, in involution,
(Ga,Gp) = Gngﬁ . (6.9)

The gauge-fixing functions GG, implement a generalization of the standard Batalin-Vilkovisky gauge-
fixing procedure ¢}, = 0V /9¢*. In the simplest cases, the gauge-fixing conditions G, = 0 are enforced
by integration over the Lagrange multipliers A*. See Ref. [13] for further details on the W-X formu-
lation. The pertinent measure density in the partition function

z = / (dT][dN] er We+Xe) (6.10)

is now located inside the one-loop parts of the W and the Xg actions. For instance, an on-shell
expression for the one-loop factor e 72 ig

eHE = \[J sdet(F2,Gp) , (6.11)

where J = sdet(9T4/0T'B) denotes the Jacobian of the transformation T4 — T4 and T4 = {F*; G, }.
The formula (6.11) differs from the original square root formula [14, 15, 13] by not depending on a p
density, consistent with the fact that e 72 is no longer a scalar but a semidensity. We recall here the
main point that the one-loop factor e 72 is independent of the F®’s and the partition function Z is
independent of the G,’s in involution, cf. eq. (6.9).

To summarize, the density p can altogether be avoided in the field-antifield formalism, at the cost of
more complicated transformation rules. We stress that the above transcription has no consequences
for the physics involved. For instance, the ambiguity that existed in the density p is still present in
the choice of Wg and Xg.

ACKNOWLEDGEMENT: The Author thanks I.A. Batalin and P.H. Damgaard for discussions. The
Author also thanks the organizers of the workshop “Gerbes, Groupoids, and Quantum Field Theory,
May—July 2006” at the Erwin Schrodinger Institute for warm hospitality. This work is supported by
the Ministry of Education of the Czech Republic under the project MSM 0021622409.

A Proof of eq. (5.6)

Consider a general (not necessarily infinitesimal) coordinate transformation I'4 — I'"4 between an
“unprimed” and an “primed” coordinate systems I'* and I"4, respectively, cf. eq. (3.1). The primed

9

quantity (5.5) can be re-expressed with the help of the unprimed coordinates as

O jﬁ( W) = A - f (A7) —

where it is convenient (and natural) to introduce the quantity

\}j(mx/j) =00 A

V0 = (AT (A.2)

S



with respect to the unprimed reference system. The third equality in eq. (A.1) uses a non-trivial
property of the odd Laplacian (3.2). In the infinitesimal case 6I'* = X4, the expression for the
Jacobian J reduces to a divergence In J ~ div; X, and one calculates

51/[()0) = V/(/O)—V(O) = —VSO) = —A1(ln\/j)—%(ln\/j,ln\/j) ~ —%AldiVlX, (A.3)

which is eq. (5.6).

B Proof of eq. (5.7)

The infinitesimal variation of »(!) yields 4 contributions to linear order in the variation 674 = X4,

o = — s — sV 5B s (B.1)
They are

~ ~ S

51]}1) _ (—1)6’4(8?13)(0)(6?108?ZAEAB)’ (B.2)
N ~
- — —

ol = <—1>EA£—ZB£—?(<XA£—L>ECB) - . ex
S .

) = Vs | ECex®) | = ol vaf). @
~ SN

s = (=1 a?lcEAB)( a‘;lB a‘zAXC), (B.6)
- ~ L

vy = (—1)5’“3{;—; EAC%%XB(—l)EB = 2A1divi X (B.7)

where we have noted various relations among the contributions. Altogether, the infinitesimal variation
of v becomes

s = s 4260 (B.8)
which is eq. (5.7).
C Proof of eq. (5.8)
The infinitesimal variation of
— —
2) €A€ o' AB o' CD
(2 = (—1) C(—OFDE )EBc(ar—AE ) (C.1)

yields 8 contributions to linear order in the variation 674 = X4, which may be organized as 2 x 4
terms

o2 — 2(_51/}2) — (51/}? + (51/}?,)] + (51/}%/)) , (C.2)
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due to a (A, B) «» (D, C) symmetry in eq. (C.1). They are

— — =

(2) cacc 81 AB F ({Y 8l CD

svy” = (-1) (8FDE )EBr(X E?I“—C)(—(‘)FAE ) (C.3)
€EAE 81 81 _g

WP = (- )4 (5mp E) Epe(5m7 X ) (Gmr EY) (C4)

3 o 0

Suff) = (1) (s AP Bpo (<Xc aPF>EFD) = o+, (CH)
EAE g 5[ 5)

5u§%/) = (1) C(arpEAB)EBCaF—A ECF(OF—FXD) 5’/.%) +5V\(/2} ) (C.6)
€EAE€ 5) al 8T

oy = (—1)ACEFD(arDEAB)EB (arAXcarF) = o ony (€1
o ]

where we have noted various relations among the contributions. The Jacobi identity (2.8) for E4P is
used in the second equality of eq. (C.7). Altogether, the infinitesimal variation of v@ becomes

@ = 3507 | (C.9)

which is eq. (5.8).
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1 Introduction

Consider an antisymplectic manifold (M; E) with coordinates T4, Such structure was first used by
Batalin and Vilkovisky to quantize Lagrangian gauge theories [1, 2, 3]. In general, antisymplectic



geometry has many of the characteristic features of ordinary symplectic geometry, e.g. the Jacobi
identity and the Darboux Theorem, but there are also important differences: There are no canonical
volume form and no Liouville Theorem in antisymplectic geometry [4]. In the covariant Batalin-
Vilkovisky (BV) formalism [5, 6] from around 1992 one is (among other things) instructed to make
separate choices of a measure density p=p(I') and a quantum action W,=W,(I'). However, the
division into measure and action part is to a large extent an arbitrary division, i.e. it is always possible
to shift parts of the measure p into the action W, and vice versa. It is only a particular combination
of these two quantities, namely the Boltzmann semidensity
i i

eXp[ﬁWE] = ﬁeXp[ﬁWp] (L.1)
that enters the physical partition function Z. For instance, if there exist global Darboux coordinates
4 ={¢ ¢%}, the partition function reads

i

z = [uaolexoly Wyl (1.2

_oy
P =354

©

where ©p=1(¢) is the gauge fermion. (More generally, the partition function Z is described by the
so-called W-X formalism [7, 8].) The field-antifield formalism was reformulated in Ref. [9] entirely in
the minimal language of semidensities, which skips p altogether. According to this minimal approach,
the Boltzmann semidensity eXp[%WE] should satisfy the Quantum Master Equation

1

to ensure independence of gauge-fixing. Here Ap is Khudaverdian’s BV operator, which takes semi-
densities to semidensities, cf. Ref. [8, 10, 11, 12, 13] and Definition 2.3 below. Of course, the density
p may always be re-introduced to compare with the 1992 formulation. In doing so, for an arbitrary
choice of p,

1. the Boltzmann semidensity exp[# W] descend to a Boltzmann scalar exp[%Wp] = exp[+ W]/ \/P;

2. the A operator descend to a (not necessarily nilpotent) odd Laplacian A »» which takes scalars
to scalars, cf. Definition 2.2 below; and

3. the Quantum Master Eq. (1.3) descend to the Modified Quantum Master Equation

“wl=o, (1.4)

(Ap +v,) exp[h p

where v, is an odd scalar, cf. Definition 2.8 below.

We emphasize that this construction works for any p. However, to arrive at the 1992 formulation
[5, 6], which has v,=0 and a nilpotent odd Laplacian A%zO, one should impose conditions on p.

The paper is organized as follows. Anti-Poisson geometry is reviewed in Section 2. The notions of
compatible two-form fields and bi-Darboux coordinates are introduced in Subsection 2.1. A new The-
orem 2.1 provides necessary and sufficient conditions for the existence of bi-Darboux coordinates. The
definition of the A operator for a degenerate anti-Poisson structure F is given using both Darboux
and general coordinates in Subsection 2.3 and 2.4, respectively. The Aj formula in general coordi-
nates does require the existence of a compatible two-form fields, however, it does not matter which
compatible two-form field that is used (in case there is more than one choice), cf. Lemma 2.7. All
information about how the A operator acts on semidensities can be packed into a Grassmann-odd



scalar quantity v,, which already appeared in eq. (1.4) above. The odd scalar v, Is important, because
in practice it is easier to handle a scalar object rather than the full second-order differential operator
Ap, and hence many of the ensuring arguments is performed using v,. The Dirac antibracket is an
important application of the geometric setup from Section 2, since it always admits a compatible two-
form field. Antisymplectic second-class constraints and the Dirac antibracket [6, 8, 14] are reviewed
in Subsection 3.1. A Proposition 3.1 in Subsection 3.2 provides a useful formula for the correspond-
ing Dirac odd scalar v, ; . Subsection 3.4 discusses the stability of the Dirac construction under
reparameterizations of the second-class constraints. In Section 4 the Dirac construction is derived via
conversion [15, 16, 17, 18, 19] of the antisymplectic second-class constraints into first-class constraints
on an extended manifold. As an application of the construction to Batalin-Vilkovisky quantization,
the corresponding Dirac and extended partition functions are provided in Subsections 3.6 and 4.7,
respectively. Finally, Section 5 contains our conclusions.

General remark about notation. We have two types of grading: A Grassmann grading ¢ and an exterior
form degree p. The sign conventions are such that two exterior forms £ and 7, of Grassmann parity
Ee» En and exterior form degree p¢, p;, respectively, commute in the following graded sense

NAE = (=1)7 PePne ay (1.5)

inside the exterior algebra. We will often not write the exterior wedges “A” explicitly.

2 Anti-Poisson Geometry

2.1 Antibracket and Compatible Two-Form

We consider an anti-Poisson manifold (M; EAP) with a (possibly degenerate) antibracket

«— — — 5[
(F.G) = (FOREP(05G) = — (-1Ereet(@ F) oy = 304 (2.1)
Here the T4’s denote local coordinates of Grassmann parity €, = ¢(I'4), and EAB=EAB(T) is the
local matrix representation of the anti-Poisson structure FE. The Jacobi identity

Yo (=)EtE (R (G H)) = 0 (2:2)
cycl. F,G,H
reads in local coordinates
—
Z (_1)(aA+l)(ac+1)EAD(alDEB(J) — 0. (2.3)
cycl. A,B,C

The main new feature (as compared to Ref. [9]) is that the anti-Poisson structure E4 could be
degenerate. There is an anti-Poisson analogue of Darboux’s Theorem that states that locally, if the
rank of EAZ is constant, there exist Darboux coordinates I'4 = {¢%; ¢%;©%}, such that the only non-
vanishing antibrackets between the coordinates are (¢, ¢j) = 65 = — (¢}, ¢*). In other words, the
Jacobi identity is the integrability condition for the Darboux coordinates. The variables ¢%, ¢7 and
O are called fields, antifields and Casimirs, respectively.

We shall assume that the anti-Poisson manifold (M; EAP) admits a globally defined odd two-form
field E4p with lower indices that is compatible with the anti-Poisson structure EAB in the sense that

EABER ECP — EAD



ExpEB°Ecp = Eap . (2.4)

As always, the matrices EAP and E4p are assumed to have the Grassmann gradings
e(EABY = e +eg+1 = (EaB) , (2.5)
and the skew-symmetries
EBA = _(L1)EatDEpt) pAB

Epyg = —(—l)eAEBEAB . (2.6)
The odd two-form field can be written as
1 1
E = §dFA Ep dl'? = — 5 Bap drB ar . (2.7)
The two-form field E 45 would be closed if
dEl = 0, (2.8)
or equivalently, with all the indices written out, if
N
Y. (~1)Fa%e(dyEpe) = 0. (2.9)
cycl. A,B,C

A closed degenerate two-form is called a pre-antisymplectic structure. In the non-degenerate case,
the matrix F4p from eq. (2.4) would be a closed antisymplectic two-form field and the inverse of
the anti-Poisson structure EAZ. In the degenerate case, there is in general not a unique matrix Fap
fulfilling egs. (2.4), (2.5) and (2.6), and there is no reason for it to be closed. In Darboux coordinates
I ={¢%; ¢*; 0%}, there is still a freedom in a compatible two-form

E = d¢} A do® + dO Myg N dd®™ + dep' N%y A dO? + dO* Moo Ny A dO° (2.10)

given by two arbitrary matrices My, =Myo(I') and N¢, =N, (T"). A Darboux coordinate system
FA:{(ba; *;0%} is called a bi-Darbouz coordinate system, if the two-form is just E = d¢} A d¢®,
i.e. if both the matrices M,,=0 and N*,=0 in eq. (2.10) are equal to zero. In short, the T'4’s are
bi-Darboux coordinates, if both matrices EAZ and E 45 with upper and lower indices are on standard
form.

Theorem 2.1 Given an anti-Poisson manifold (M; EAB) with a compatible two-form field Exp. Then
there locally exist bi-Darboux coordinates if and only if the two-form field Eap is closed.

There is a similar Bi-Darboux Theorem for even Poisson structures. A proof of Theorem 2.1 is given
in Appendix A. One can define a projection as

PAc = EABEpq (2.11)
or equivalently,
P,¢ = B pEBC = (=1)%alctDpC, (2.12)
It follows from property (2.4) that
PAgPB., = PAo. (2.13)

In the non-degenerate case PAg = 5§ = PgA.



2.2 0Odd Laplacian A, on Scalars

Recall that a scalar function F'=F(I'), a density p=p(I") and a semidensity o =c(I") are by definition
quantities that transform as

P o

F — F =F, p—>p':j, 0—>0':\/—7, (2.14)
respectively, under general coordinate transformations I'* — I"4, where J = sdet%l;—/; denotes the
Jacobian. We shall ignore the global issues of orientation and choice of square root. Also we assume

that densities p are invertible.
Definition 2.2 Given a choice of a density p, the odd Laplacian A, is defined as [6]

_ A casy

A, = % o4pEALAY, (2.15)

This Grassmann-odd, second-order operator takes scalar functions to scalar functions. In situations
with more than one anti-Poisson structure E4B we shall sometimes use the slightly longer notation
Ap =A pE 1O acknowledge that it depends on two inputs: p and E4Z. The odd Laplacian Ap
“differentiates” the antibracket (-,-), i.e. the following Leibniz-type rule holds

A, (F,G) = (AF,G)+ (-1)Er(FAG) . (2.16)

For further information on this important operator, see Ref. [8, 9] and Subsection 2.5 below.

2.3 The A, Operator on Semidensities

There is an another important Grassmann-odd, nilpotent, second-order operator A, that depends only
on the anti-Poisson structure EAZ. Contrary to the odd Laplacian A ,=A o of last Subsection 2.2,
the Ay operator does not rely on a choice of density p. The caveat is that while the odd Laplacian A,
takes scalars to scalars, the A operator takes semidensities to semidensities of opposite Grassmann
parity. Equivalently, the Ay operator transforms as

1
VJ

under general coordinate transformations T'* — T4, cf. eq. (2.14). It is defined as follows:

Definition 2.3 Let there be given an anti-Poisson manifold (M; E). In Darboux coordinates T4, the
Ay operator is defined on a semidensity o as [8, 10, 11, 12, 15]

(Apo) = (Ayo), (2.18)

where Ay denotes the expression (2.15) for the odd Laplacian A ,_y with p replaced by 1.

It is implicitly understood in eq. (2.18) that the formula for the A, operator (2.15) and the semiden-
sity o both refer to the same Darboux coordinates T'4. The parentheses in eq. (2.18) indicate that
the equation should be understood as an equality among semidensities (in the sense of zeroth-order
differential operators) rather than an identity among differential operators. The Definition 2.3 does
not depend on the Darboux coordinate system being used, due to the following Lemma 2.4:



Lemma 2.4 When using the Definition 2.3, the (Apo) transforms as a semidensity under (anti-
canonical) transformations between sets of Darbouz coordinates.

Thus the Ay operator is a well-defined operator on an open cover of Darboux neighborhoods. Within
this cover, the Ay is indirectly defined in non-Darboux coordinates by use of the transformation
property (2.17). Lemma 2.4 was first proven in the non-degenerate case in Ref. [13] and in the
degenerate case in Ref. [8]. We shall also give an independent proof in the next Subsection 2.4, cf.
Lemma 2.6 below. In some cases the Ay operator may be extended to singular points (i.e. points
where the rank of the anti-Poisson tensor EA4B jumps) by continuity.

Working in Darboux coordinates, it is obvious that the Ay operator super-commutes with itself,
because the T'A-derivatives have no T'4’s to act on when E4P is on Darboux form. Therefore A is
nilpotent,

1
A% = 1A Ap] = 0. (2.19)

Same sort of reasoning shows that A, = AL is symmetric.

2.4 The Aj Operator in General Coordinates

We now give a definition of the A operator that does not refer to Darboux coordinates.

Definition 2.5 Given an anti-Poisson manifold (M; EAB) that admits a compatible two-form field
Eap. In arbitrary coordinates T2, the Ay operator is defined as

(Apo) = (Ayo) + (% - @ - % + % + %) ) (2.20)
where
v = (—1)%a (@787EAB), (2.21)
V@ = (—1)Fa ac(al EAB)EBC(al ECD)y | (2.22)
VO = (- 1>€B<8AEBC>ECD<8’ EPA) (2.23)
W= (= 1)€B(aAEBC)ECD(a’ EBF)P A (2.24)
() e (—1)%a sc(al EAB)EBC(OAECF)P D
(1)

1)Eath) €BEAD(81 EBC)(aCEAF)PFB . (2.25)

Notice that in Darboux coordinates, where E4B is constant, i.e. independent of the coordinates I'4,
the last five terms v, v B L1 and v®) become zero. Hence the new Definition 2.5 agrees in
Darboux coordinates with the previous Definition 2.3. The benefit of the new Definition 2.5 is that
one now have an explicit formula for Ay in an arbitrary coordinate system. The full justification of
Definition 2.5 is provided by the following Lemma 2.6 and Lemma 2.7.

Lemma 2.6 When using the new Definition 2.5, the (A go) transforms as a semidensity under general
coordinate transformations.



Lemma 2.7 When using the new Definition 2.5, the (Ago) does not depend on the compatible two-
form field Eap used.

The explicit formula (2.20) and Lemma 2.6 are the main results of Section 2.

PROOF OF LEMMA 2.7: The two-form field E4p5 enters only the Definition 2.5 via (@), v®) () and
v®). Assuming the Lemma 2.6, i.e. that the behavior (2.17) under general coordinate transformations
has already been established, one may, in particular, go to Darboux coordinates, where (2, v(3) (%)
and v® vanish identically.

O

To prove Lemma 2.6 we shall first reformulate it as an equivalent Lemma 2.9, cf. below. We shall also
only explicitly consider the case where o is invertible to simplify the presentation. (The non-invertible
case is fundamentally no different.) In the invertible case, we customarily write the semidensity o = ,/p
as a square root of a density p, and define a Grassmann-odd quantity v, as follows.

Definition 2.8 The odd scalar v, is defined as

(1 2) (3) (4) (5)
VPE\/LE(AE\/E)ZV[()O)-FV——V——V—-FV—‘FV—a (2.26)

where vV b3 G @ L6 gre given in egs. (2.21)-(2.25), and the quantity I/éo) is given as

v = ip(Al\/ﬁ). (2.27)

5

In situations with more than one anti-Poisson structure E4B, we shall sometimes use the slightly
longer notation v, = v, p. By dividing both sides of the definition (2.20) with the semidensity o, one
may reformulate the content of Lemma 2.6 as:

Lemma 2.9 The Grassmann-odd quantity v, is a scalar, i.e. it does not depend on the coordinate
system.

We shall give two independent proofs of this important Lemma 2.9; one relying on Darboux Theorem
and the other using infinitesimal coordinate transformations.

ProOF OF LEMMA 2.9 USING A DARBOUX COORDINATE PATCH: It is enough to consider how
v, behaves on coordinate transformations Iy — T4 between Darboux coordinates T'§' and general
coordinates T'4. (An arbitrary coordinate transformation between two general coordinate patches can
always be split into two successive coordinate transformations of the above kind by inserting a third
Darboux coordinate patch in between.) The idea is now to first consider the expression (2.26) for v, in
the T4 coordinate system, and decompose it in building blocks that refer to the Darboux coordinates

r'd, e.qg.

o ot ot or P
AD A BC D B 0 C 0
EAP = (T 8FOB)EO (argr ). Bap = GRIDELCS5mp) . v = 7. (22



Here J = sdet (974 /0TE) denotes the Jacobian of the coordinate transformations T — T'4. Recall
that the two-form field E5, is not necessarily constant in the Darboux coordinates 'y, cf eq. (2.10).
By straightforward calculation, one gets

1 1
0 = _—
vy = \f( LEVP) = \/E(ALEO\/E) \/_(AlE Vo) — \/—(AlE Vi), (2.29)
8 o P
s = W(ALEO\E)—(—) (arAFB’ 8FBFO) (2.30)
81 al e 81 al
V@ = (=1 (8FAPB arBPA) 2(—1)%5 (arAFB aFBPO)PgA, (2.31)
(Do P
_(_1)(€A+1)(€C+1)(FA 8 )(FB 8 ED )EDC (2 32)
08FB arcy AD 0 > :
en 8’ 8l .. 5) Z‘?
A= Gt TR 2y A G, T )P
. . o 8
—(—=1)eat C+1)(FA8FB)(FBOI‘C’ EO)ERC (2.33)
. 81 5; 0,4 .2 p0B 5; A b_r
VB = _9(-1)s (8FAFB aFBPO)PC — (=1)%a%c P} (aP—BPC rOaF—D)PDC. (2.34)

The last equality in eq. (2.29) is a non-trivial property of the odd Laplacian. It is now easy to check
that all but one of the above terms on the right-hand sides of egs. (2.29)—(2.34) cancel in the pertinent
linear combination (2.26), i.e.

SO L@ LB L@ 6 1

04 7 7 47 47— _— (A . 2.35
v, = v+ 3 st T 1o \/P_o( 1,6,1/P0) (2.35)

The surviving term, on the other hand, is just the definition for v, in the Darboux coordinates FS‘.

O

PROOF OF LEMMA 2.9 USING INFINITESIMAL COORDINATE TRANSFORMATIONS: Under an arbitrary
infinitesimal coordinate transformation 6I'* = X4, one calculates

v = —%Aldile, (2.36)
— — —>
sv = AAdiv, X + (—1)°4 (0L EAB) (9404, XC) | (2.37)
— — — — —>
sv® = (=1)%4 (8, EAP) <2PBC(6lCOlAXD)+(8f98f4XC)PcD>, (2.38)
— — «— — —
W = (~1)%8 (0} Epc) E7P ((%XB@%)EFA—<—1><EA“><€B“>%XA%)EFB)
3 — — —>
—S (1) PeP (O EAP) (00, XC) (2.39)
— — —
v = —2(=1)°5 (84,05 XC) PP (8L, EBF) PRt



1) (aAEBC)ECD(aDXBaF)EFA
1) (eg+1) EFPF (8AEBc)ECD(8l XFar )EGB
(1)1 PP (0, BAB) (0,04 X©) (2.40)

+

+

(-
(-
1
3
—(-

51/(5) — 1)€A €B+1)(al E C)ECD(al XAaT )EFB
+2(— )EB(aAal X PP (aDEBF)P 4 (2.41)

A proof of egs. (2.36) and (2.37) can be found in Ref. [9], and eqgs. (2.38)—(2.41) are proven in Ap-
pendix B. One may verify that while the six constituents l/éo), v p@ B3 ™ and v separately

have non-trivial transformation properties, the linear combination v, in eq. (2.26) is indeed a scalar.

O

The new Definition 2.5 is clearly symmetric Ay, = A}g. To check explicitly in general coordinates that
A is nilpotent is a straightforward (but admittedly tedious) exercise. However, since we have just
proven that Ap behaves covariantly under general coordinate transformations, our previous proof of
nilpotency from last Subsection 2.3 using Darboux coordinates suffices. To summarize:

Theorem 2.10 The Ay operator (2.20) is nilpotent (2.19) if and only if the antibracket (2.1) satisfies
the Jacobi identity (2.3).

In the rest of the paper we will always assume that the Jacobi identity (2.3) is satisfied, and hence
that the Ay operator (2.20) is nilpotent.

2.5 Nilpotency Condition for the odd Laplacian A,

At this point it is instructive to recall the nilpotency condition for the odd Laplacian A p» although
we shall not assume that it is satisfied. It follows from the Jacobi identity (2.3) alone, that A2 is a
linear derivation, i.e. a first-order differential operator. The interplay between the two second- order
differential operators Ap and A, is perhaps best summarized by the following operator identity:

1
Ap—i—yp = %AE\/Z, (242)

cf. eq. (5.9) of Ref. [9]. In words: Apart from the v, term the odd Laplacian A, is the Ap operator
dressed with a ,/p factor. From this operator identity (2.42) and the nilpotency (2.19) of the Ay
operator, one derives the explicit form of the linear derivation:

A2 = (v, - ). (2.43)

Therefore the nilpotency condition for A, reads [8, 11]

Az =0 & v, is a Casimir. (2.44)

Let us also mention for later that if one acts with the operator identity (2.42) on a scalar function
VF , one gets

vop = yp+\/LF(Ap\/f). (2.45)

10



2.6 Alternative Expressions

It is convenient to introduce

ok

S @0 (- 1>EB<aAPB )(%EBA>

V39 = B 40 = ( 1)€B(aAPB )Pc (al EP4)
— (- 1)5B(al PB )E(JD(al

V95 = @) 4,6 = (C1)Fep,D (aDPB )(al EBA),

V((ig)) = ) () = (_1)=sp+D) (8l pB )ECD(a

V(l) V(Q) V(23) V(35) _|_ V(45)

(Ago)

Il
U
Q
+

VR

|

|

|

24 12 * 24

In the closed case (2.8) one may show that

VB 1) = o,

so that the Ay operator (2.50) simplifies to

(Ago) = (Ar0) + (— -t
In the non-degenerate case, which is automatically closed, one also has
v = 0 ,

so that the A operator (2.50) simplifies even further to

NORC

(Ago) = (Ayo) + <? - ﬂ)

in agreement with eq. (5.1) in Ref. [9].

3 Second-Class Constraints

3.1 Review of Dirac Antibracket

Pp4) .

).

7/(1) V(2) _|_ V(23) — V(35) + V((ZE?))> ”
24 ’

(2.46)

(2.47)
(2.48)

(2.49)

(2.50)

(2.51)

(2.52)

(2.53)

(2.54)

(2.55)

One of the most important examples of degenerate anti-Poisson structures is provided by the Dirac
antibracket [6, 8, 14]. Consider a manifold (M; E) with a non-degenerate anti-Poisson structure E45
(called an antisymplectic phase space), and let a submanifold M = {T' € M|©(T") = 0} be the zero-
(In this Subsection, the
defining set of constraints is kept fixed for simplicity. We will consider reparametrizations of the

locus of a set of constraints ©¢=0%(I") with Grassmann parity €(0%)=¢,.
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constraints in Subsection 3.4.) Assume that the ©% constraints are second-class in the antibracket
sense, i.e. the antibracket matrix

E® = (090" (3.1)
of the ©% constraints has by definition an inverse matrix E,
EgE* = 6. (3.2)

The Dirac antibracket is defined completely analogous to the usual Dirac bracket for even Poisson
brackets [6],

(Fv G)D = (F7 G) - (Fv @a)Eab(@b7 G) ’ (33)
or in coordinates,
E(y = B — (14,09 Ey(©°,T7) . (3.4)
The Dirac antibracket satisfies a strong Jacobi identity
> ()G p H)p = 0. (3.5)
F.,G,H cycl.

The adjective “strong” stresses the fact that the Jacobi identity holds off-shell with respect to the
second-class constraints ©%, i.e. everywhere in the phase space M. There is a canonical Dirac two-form
given by

1
EP = E- 50" Eap de’ (3.6)

or in local coordinates . .
D a 7
EYY) = Eap— (040" E,(0"3}) . (3.7)

The two-form field Eg%) is compatible with the Dirac bracket, i.e. it satisfies the property (2.4), but

it is mot necessarily closed. Local coordinates T4 = {y4;©%}, where the second-class constraints ©¢
are part of the coordinates, are called unitarizing coordinates. In the physics terminology, the second-
class constraints ©% represent unphysical degrees of freedom, which can be eliminated from the system,
i.e. put to zero, to reveal a reduced submanifold M, whose coordinates v constitute the true physical
degrees of freedom. Notation: We use capital roman letters A, B, C, ... from the beginning of the
alphabet as upper index for both the full and the reduced variables T4 and 74, respectively. A tilde

“wo”

~” over an object will denote the corresponding reduced object.

Unitarizing coordinates T'4 = {y4;©?}, where the second-class variables ©% and the physical variables
4 are perpendicular to each other in the antibracket sense

(v*,e%) =0, (3.8)

are called transversal coordinates. One may prove that transversal coordinate systems exist locally,
although one might have to reparametrize the ©% constraints in order to get to them, cf. Subsection 3.4
below.

3.2 The Dirac Operators Ay and A 5

The next step is to build Khudaverdian’s BV operator AED for the degenerate Dirac antibracket
structure (3.3), and, if a density p is available, the odd Laplacian A By In other words, one should
substitute £ — I, everywhere in the previous Section 2. Some facts about the A B, operator are

12



immediately clear. First of all, it is covariant under general coordinate transformations, cf. Subsec-
tion 2.4. Furthermore, it is strongly nilpotent

A%D =0, (3.9)

due to the strong Jacobi identity (3.5) and Theorem 2.10. The following Proposition 3.1 expresses the
Dirac odd scalar Vp B, in terms of the non-degenerate antisymplectic structure and the second-class
constraints ©%.

Proposition 3.1 The Dirac odd scalar Vo B, s given by

(6) (7) ORC)

Vp,EDZVp—V”T’D—”T’D—%Jrﬁ, (3.10)
where v, = v, 1S the odd scalar for the non-degenerate antisymplectic structure E, and
VO = (8,07, (A,00) (1) (3.11)
vih = (FDRT(O% En(8,0") = (0% (A,0%)E) | (3.12)
vy = (-0 (0" Bi)) (3.13)
V](:%;) = (- 1)(5 a1 ed—l—l)(@d Eb)Ebc( E.q,0%)
= —(=1)°(8% E")Eca(0%, Epy) - (3.14)

PROOF OF PROPOSITION 3.1: Since both sides of eq. (3.10) are scalars under general coordinate

transformations, it is sufficient to work in Darboux coordinates for the non-degenerate E4P structure.
By straightforward calculation, one gets
b = Y = (O Ew(6" o 7) — U0 Eu® V) (3.15)
vh = (8,07 (B, 01)(<1)% — 4(=1)%75 (07, Eu(A,6"))
v — (-1 10,0, E ab><@b ), (3.16)
’/1(:)2) = (1) Ee (0, @baB)E(D) (8096 0 Ea
1RO O By = — (1O, 0T B — 2 (aa)
W= 0, (3.18)
W= 0, (3.19)
W= 0. (3.20)
The pertinent linear combination (2.26) of egs. (3.15)—(3.20) yields the eq. (3.10).
O

3.3 Annihilation Relations

The fact that the ©® constraints are null-directions for the Dirac construction is reflected slightly
differently in 1) the Dirac antibracket (-,-)p, 2) the Dirac odd Laplacian A B, and 3) the AED

13



operator. Explicitly, for a scalar function F', a density p and a semidensity o, one has

(F,0%p = 0, (3.21)
AL ey = EDMa 4 gey 22
( pEL ) - 2P Ap( s )D - 07 (3 )
Ap 0% = [A1p,0%0 = (A O+ (~1)(0%0)p = 0, (3.23)

respectively. Eqgs. (3.21)—(3.23) generalize to

(F,f®)p = 0, (3.24)
(A, f(O©) = 0, (3.25)
[Ap,, [(©)e = 0, (3.26)

for an arbitrary function f(©) of the constraints ©%. (In other words: f is here assumed not to depend
on the physical variables 7v4.) Note however, that if ©% is not among the defining set of constraints,
but only a linear combination of those (i.e. the coefficients in the linear combination could involve
the physical variables 44), the last equality in each of the above egs. (3.21)-(3.26) becomes weak,
i.e. there could be off-shell contributions, cf. next Subsection 3.4 and Ref. [§].

3.4 Reparametrization of Second-Class Constraints

A general and tricky feature of the Dirac construction, is, that it changes if one uses another defining
set of second-class constraints

er  — Q% = A%([T) e° . (3.27)

However, the dependence is so soft that physics, which lives on-shell, is not affected [8]. We shall here
clarify in exactly what sense the A B, operator remains invariant on-shell under reparametrization of
the constraints.

To warm up, let us recall that the Dirac antibrackets (F,G)p and (F,G)),, defined using the primed
and unprimed constraints ©’¢ and ©%, respectively, are the same on-shell

(F,G)y ~ (F.Q)p . (3.28)

Here the symbol “~” is the Dirac weak equivalence symbol, which denotes equivalence modulo terms
of order O(O). More generally,

FF~F NG =G = (F',G"Yp ~ (F,Q)p - (3.29)

Hence the reduced bracket o
(F7 G)N = (F7 G)D‘@:O ’ (330)

is independent of both the choice of constraints ©¢ and the representatives ' = F(I'), G = G(I') on
M. Here F' = Flo—¢ = F'(y) and G = Gle=p = G(7) are functions on the physical submanifold M.

On the other hand, to have a well-defined notion of reduced densities and semidensities on the physical
submanifold M, it is necessary to let the densities and semidensities transform as

o~ pA, o ~ o VA, (3.31)
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under reparametrization of the defining set of constraints ©¢ — 0/ = A%, O°. Here
A = sdet(A%) (3.32)

denotes the superdeterminant of the reparametrization matrix A%, = A%(I"). The reduction

p = p|®:0 ’ o = 0|®:0 ) (333)

is then by definition performed in a unitarizing coordinate system I'* = {y4; ©?}, where it is implicitly
understood that the © coordinates coincide with the defining set of constraints. Similar to the Dirac
antibracket (-,-),, we imagine that the densities and semidensities refer to an internal defining set of
©% constraints. If one chooses another defining set of constraints ©’®, and an accompanying unitarizing
coordinate system I = {7/4; 0}, the superdeterminant factor A in the reparametrization rule (3.31)
is designed to cancel the Jacobian factor J from the coordinate transformation (2.14) on-shell, so that
the reduced definition (3.33) stays the same.

Similarly, it is necessary that the A B, operator, which takes semidensities to semidensities, transforms
as

1
as an operator identity. Stated more precisely, the odd scalar Vo, from Definition 2.8 should be
invariant on-shell

VBl = VB, (3.35)

under reparametrization of the constraints. This is the core issue at stake. To prove that it indeed
holds, first note that it is enough to check the claim (3.35) if the set of unprimed constraints ©* happens
to belong to a set of transversal coordinates T4 = {y4;©%}. (If this is not the case, one can always
locally find a transversal coordinate system, and split the above reparamerization into two successive
reparamerizations that both involve the transversal coordinates.) Transversal coordinates will simplify
considerably the ensuing calculations. In general, the on-shell change of Vp B, depends on how the
Dirac antibracket (-,-), changes up to the second order in ©%, cf. eq. (4.39) in Ref. [8]. Explicitly,
one may show that the quantities l/é%, 1/8), I/(D2), I/S’), Vgl) and yg’), defined in egs. (2.21)—(2.25) and
(2.27), transform as

0 1 1 0 1
/9 = \/—W(ALED’\/H) ~ m(A%’ED\/Ap) - y;,},—\/K(ALED\/—K), (3.36)
—

1 o ol .
v~ v +8VAA, 72~ V(500" 5619 (3.37)

l l
2 2 9 9 o
b~ vy = (D (5509" 5579 )p - (3.38)
0 0 (3.39)
oW (3.40)
(NN (3.41)

The last equality in eq. (3.36) is a non-trivial property of the odd Laplacian. It is now easy to see

that the relevant linear combination v, B, of V;EO)D’ I/(Dl), I/(D2), Vg’), I/gl) and I/(D5) is invariant on-shell.
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3.5 Nilpotency Condition for the odd Dirac Laplacian A, B,

One of the surprising conclusions of Ref. [8] was that one cannot maintain a strong nilpotency of the
Dirac odd Laplacian A p.Ep under reparametrization of the second-class constraints. This is consistent
with our new results. Using the terminology of last Subsection 3.4, one would say that the effect
is caused by the off-shell variations of the odd scalar v, B, and the Dirac antibracket (-,-)p, cf. the
following calculation:

Ay = Wyps - )p = Wop,: o = Mg, - (3.42)

Here use is made of egs. (2.43), (3.29) and (3.35). This should be compared to the situation with
the Ay, operator where the strong nilpotency (3.9) is manifest from the onset, regardless of which

defining set of ©% constraints is used.

3.6 Dirac Partition Function

As an application of the A E, operator, it is interesting to consider the first-level Dirac partition
function in the A} =0 gauge. A review of the first-level formalism can be found in Ref. [8]. The
partition function reads

Zp = [ldr)aN esplz(Wg, + X, )

[Ts©%) . (3.43)

where WED = WED (T') and X B, =X B, (T'; A\, A*) satisfy the Quantum Master Equations

1

AED eXP[h

Wg] = 0, (3.44)

.3 o i
((—1) aa)\aW + AED)eXp[ﬁXED] = 0. (345)

The formula (3.43) for the Dirac partition function Z,, differs from the original formula [8, 14] by
not depending on a p. Instead, the partition function Z, is invariant under general coordinate trans-
formations and under reparametrization of the ©% constraints because the Boltzmann semidensities
exp[%WED] and exp[£X ED] transform according to (2.14) and (3.31). Given an arbitrary density p,
it is possible to introduce Boltzmann scalars

{ 7

P W,] = explz Wi, |/V | (3.46)
eplEX,] = exply X, /v (3.47)

which satisfy corresponding Modified Quantum Master Equations similar to eq. (1.4).

4 Conversion of Second-Class into First-Class

Originally, the conversion of second-class constraints into first-class constraints was developed for even
Poisson geometry [15, 16, 17, 18]. Later it was adapted to anti-Poisson geometry in Ref. [19], more
precisely to the Dirac antibracket (-,-), and odd Laplacian A pEp: In this Section 4 we develop the
anti-Poisson conversion method further and show that the Dirac A B, operator from last Section 3
can also be derived via conversion.
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4.1 Extended Manifold M_,

As in Section 3 the starting point is a general non-degenerate antisymplectic manifold (M; F) with a
set of globally defined second-class constraints ©% = ©%(I"), which have Grassmann parity ¢(0%)=¢,.
We now consider a cartesian product M., = M x V, where (V;w) is a vector space with a constant
and non-degenerate antisymplectic metric, and such that the dimension of V' is equal to the number
of ©% constraints. We will often identify M with M x {0} C M,,,. The extended manifold M, has
antisymplectic structure E,, = F ® w.

Assume that points (i.e. vectors) in the vector space V are described by a set of coordinates ®, with
Grassmann parity ¢(®,)=¢,+1. For each set of local coordinates T'4 for the manifold M, the extended
manifold M_,, will have local coordinates ', ={T'4; ®,}. Notation: We use capital roman letters A,

B, C, ... from the beginning of the alphabet as upper index for both the original and the extended

variables T4 and T'4,, respectively. In detail, the extended antibracket (-,-)., on M, reads

T4 18, = [TATE) = EAB (4.1)
T4 B)oe = O, (4.2)
(Pa; Po)ext = Wab 5 e(wap) = eatep+l, (4.3)
where, in particular, the antisymplectic matrix wg, = —(—1)%a®bwy, does not depend on T'4 nor on @,,.

In other words, up to a constant matrix, the ®, coordinates are global Darboux coordinates for the
vector space V.

4.2 First-Class Constraints 7¢

One next seeks Abelian first-class constraints 7% =T%(T"; ®) such that
(Tava)ext =0, Ta|q>:0 = 0%. (44)

Eq. (4.4) is the defining relation for the conversion of second-class constraints ©% into first-class
constraint 7'%. The first-class constraints T'® are treated as power series expansions in the ®, variables

X3 | YR, 1
TO = @*+{ TLIb L4 @ypecd, b+~ 28,00, + O . (4.5)
cI)b)(R 2 cba 6
DD Y

The expressions ngfbb = <I>bX%“ and YLabC<I>C<I>b = <I>bY]\b/fC<I>C = <I>b<I>CY}§b“ inside the curly brackets
“{ }” of eq. (4.5) reflect various (equivalent) ways of ordering the &% variables. The rules for shifting
between the ordering prescriptions are

X = (-)EE X (46)
(_1)(aa+l)(ab+1)YLbac _ Y]\anc _ (_1)(Eb+l)(ac+l)yﬁcb‘ (47)

One may show that a solution 7% to the system (4.4) exists, but that it is not unique. For instance,
the condition on the X = X%(T) structure functions reads

EY = (0%,0%) = — X%u, X . (4.8)

The matrices X% and X are necessarily invertible with inverse matrices X% =(—1)%% X% since
both E% = (0%, 0%) and wa, = (Py, Pp) ey, in €q. (4.8) are invertible. One may view X as a Grassmann-
odd vielbein between the curved second-class matrix E% and the flat metric wy,. At the next order
in ®2, the condition on the Y%¢=Y (") structure functions reads

(0%, X&) + X900, VD + (X8°,0%) + Ywe X2 = 0, (4.9)

and so forth.
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4.3 Gauge Invariance

The idea is now to view the first-class constraints T as generators of gauge symmetry and ¢,=0 as
a particular gauge. We start by defining gauge-invariant observables on the extended manifold M.

Definition 4.1 A scalar function F=F(T;®), a density p=p(I; ®) or a semidensity 6 =a(I; ®) on
the extended manifold M, is called a gauge-invariant extension of a scalar function F=F(T), a

density p=p(T") or a semidensity c=oc(I") on the original manifold M, if the following conditions are
satisfied

(F, T = 0, Flg_y = F, (4.10)
(AT = 0, Ploco = pi (4.11)
[Ap_ T = 0, Glo—o = oV7, (4.12)

respectively, where the j-factor is defined in eq. (4.13) below.

4.4 The j-Factor

The factor
J = Jle=o = Sdet(wachzb) (4.13)

is defined as the ® =0 restriction of the superdeterminant
7 = sdet(@, T, = / 1dC[dC] exp [%C’“(@a,Tb)oxtC’b L E(CY) = el = £(Ch) . (4.14)

The j-factor (4.13) is independent of the choice of X structure functions because of eq. (4.8). Tt is a
density for the vector space V such that the corresponding volume form j[d®] on V is independent of
the choice of coordinates ®,. In this way the multiplication with j in eq. (4.11) transforms a density
p on the manifold M into a density pj for the extended manifold M., =M x V. The j-factor is
unique up to an overall constant and can be physically explained as a Faddeev-Popov determinant,

see Subsection 4.7.

Below we shall overwhelmingly justify the j-factor in Definition 4.1, in particular, through the Con-
version Theorem 4.2, but let us start by briefly mentioning a curious implication. Consider what
happens to the set of vielbein solutions Xzb to eq. (4.8) under reparametrizations of the defining set
of second-class constraints ©% — ©’¢ = A% ©b. Tt is natural to expect that there exists a bijective

map X7 — X% between the solutions such that

Xpe ~ A% X0, (4.15)

where “a~” denotes weak equivalence, cf. Subsection 3.4. According to such map, the j-factor would
transform as

j o~ Aj. (4.16)

Recalling the transformation rule (3.31) for p, this implies that the density p|s_o=pj on M,,; changes
with the square of A,

ﬁ/|<1>:0 ~ A2 ﬁ’@:o : (4'17)

So while the j-factor does indeed cancel the effect of changing the ®, coordinates, it doubles the effect
of changing the second-class constraints ©%! Nevertheless, this doubling phenomenon fits nicely with
the rest of the conversion construction, cf. Subsection 4.7 below.
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4.5 Discussion of Gauge Invariance

Let us now justify the conditions (4.10)—(4.12). The first condition (4.10) is simply the antisymplectic
definition of gauge invariance. As an example of condition (4.10), note that a first-class constraint
T® = ©% is a gauge-invariant extension of the corresponding second-class constraint ©%. The other
two conditions (4.11) and (4.12) are a priori less obvious, but there are many reasons to impose them:

1. The three conditions (4.10)—(4.12) are covariant with respect to coordinate changes.

2. The conditions (4.10)—(4.12) are consistent with each others, say, if one considers a density
p = pF, or a semidensity o = NI

3. The conditions (4.10)—(4.12) are natural counterparts of the annihilation properties (3.21)—(3.23).

4. One may show that there exist unique gauge-invariant extensions I, p and & satisfying the
condition (4.10), (4.11) and (4.12), respectively.

5. The extended antibracket (-, ).y, the extended odd Laplacian A; = A, the extended Ay .
operator and the extended odd scalar v, = Vo, are compatlbly w1th the gauge-invariance

P
conditions (4.10)—(4.12), i.e

(Fé7Ta)ext = (G Ta)ext ( 1)€FEGG(F7Ta)ext =0 ’ (418)

((F G)ext’Ta)ext = ( (G Ta)ext)ext + (_1)(Ea+l)(€c+l)((F7Ta)ext?G)ext =0 7(419)
(ApF T = Ap(F, T exy + (~1)F (F, AT = 0, (4.20)
[Ap_TNAp &) = (Ap T°Ap 5) = (Ap_[T*Ap_15) = 0, (4.21)
(V5 T et = (A%T“) =0. (4.22)

Here use is made of the ordinary Leibniz rule, the Jacobi identity (2.2), the BV Leibniz rule
(2.16), the eq. (2.19) and the eq. (2.43), respectively.

6. The conditions (4.10)—(4.12) imply the Conversion Theorem 4.2 below.

4.6 The Conversion Map

The gauge-invariant extension map

F(M) > F +— F € F(M,

ext )inv

(4.23)

which is also known as the conversion map) is an isomorphism of functions on 0 gauge-invarian
hich is also k th ' i i hi f functi Mt i iant
function on M, cf. point 4 of the last Subsection 4.5. The inverse conversion map is simply the

restriction to M,
F(M,

ext)inv

5 F v Fl,_, € F(M). (4.24)

The following Theorem 4.2 is the heart of the conversion method. It shows that the inverse conversion
map transforms the extended model into the Dirac construction.

Theorem 4.2 The restrictions to M of the extended antibracket (-,-)., the extended odd Lapla-

cian Ay = A5 g, the extended A g, operator and the extended odd scalar v; = v, reproduce the
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corresponding Dirac constructions:

(F,Gexilo—g = (F.G)p . (4.25)
(AﬁvEcxtF)‘cb:O = (8,5, F), (4.26)
(Bp, )|, , = Vildpo), (4.27)

Vpblyy = Yoty - (4.28)

In principle, it is enough to prove eq. (4.28), since eq. (4.28) < eq. (4.27) = eq. (4.26) = eq. (4.25).
Nevertheless, we shall give independent proofs of egs. (4.25), (4.26) and (4.28) in Appendix C. The
following Corollary 4.3 restates the conclusions of Conversion Theorem 4.2 using the forward conversion
map.

Corollary 4.3

(FG)~ FG (4.29)
(F,G)p)” = (F,G)exs » (4.30)
(AAEDF)_ = (Aﬁ7EcxtF) ) (4.31)

(\/EAEDU)_ = (Ag_0), (4.32)
(vaED)_ = Vs, (4.33)

In particular, eqgs. (4.25) and (4.30) show that the conversion map is an isomorphism in the sense
of anti-Poisson algebras between the Dirac anti-Poisson algebra (F(M);(+,-)p) and the anti-Poisson
algebra (F (Mgt )iny: (4 )ext) Of gauge-invariant functions on M.

4.7 Extended Partition Function

The first-level partition function in the A}, = 0 gauge reads

Zow = [l el (e, + X5, )] o [0 I[o0w . (439

ext ¢ d

where W, . =Wy t(Fext) and Xp ) =Xg t(Pext; A, A*) satisfy the Quantum Master Equations

‘w. ] = o0, (4.35)

AE'ext eXp [ h ext

i
et JespliXp | = 0, (4.36)

(D™ e ax

and they are gauge invariant in the sense of condition (4.12):
L
h
- i .

[AEcxt’ Ta] eXp[ﬁXEcxt] =0 ) eXp[%XE ]

ext

[Ag,_T"|exp[zWg ] = 0, exp[£Wp_ ]

ext

= Vel W], (437)

— \/jexp[%XED] . (4.38)

®=0

®=0
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Here the Boltzmann semidensities exp[%WED] and exp[# X ED] satisfy the Quantum Master Equations

(3.44) and (3.45), respectively. It is an important fact that in the gauge x, = ®,, the expression (4.34)
for the extended partition function reduces to the Dirac partition function (3.43), i.e.

Z.. = Zp. (4.39)

Given a density p=p(I") on M, and a density p=p(Iext) on M, that satisfies eq. (4.11), it is possible
to introduce Boltzmann scalars

eplzW,] = explsWe, IV (1.40)
eplzX,] = eplzXp V7 (4.41)

which satisfy corresponding Modified Quantum Master Equations similar to eq. (1.4). The Quantum
Actions W; and X; defined this way are automatically gauge invariant

Wy, Ty = 0, Wil = W, (4.42)
(X5 T = O, oy = Xo- (4.43)

Here W, and X, are defined in egs. (3.46) and (3.47), respectively.

5 Conclusions

We have shown for a general degenerate anti-Poisson manifold (under the relatively mild assumption
of a compatible two-form field) how to define in arbitrary coordinates the Ay operator, which takes
semidensities to semidensities, c¢f. Lemma 2.6. A large class of such degenerate antibrackets are
provided by the Dirac antibracket construction. We have given a formula for the Dirac A B, operator,
cf. Proposition 3.1, and shown in Subsection 3.4 that it is on-shell invariant under reparametrizations
of the second-class constraints. Finally, we showed that the Dirac A E, operator also follows from the
antisymplectic conversion scheme, cf. Conversion Theorem 4.2.

Let us conclude with the following remark. It is often pointed out that the antibracket (-,-) is a
descendant of the odd Laplacian A ,. It measures the failure of the odd Laplacian A, to act as a linear
derivation, i.e. to satisfy the Leibniz rule. It can be written as a double-commutator [7, 20, 21]

(F,G) = (=1)°F[[A,, F),G]1 . (5.1)
In turn, the odd Laplacian A, is a descendant of the Ay operator 8, 9]
1
7

That is, one has schematically the following hierarchy:

(A F) = —[Ap, FIVp - (52)

A operator

4

Odd Laplacian A, <  Density p (5.3)

4

Antibracket (-, )
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Whereas the Ay operator is manifestly nilpotent, cf. Theorem 2.10, there is no fundamental reason
to require the odd Laplacian A, to be nilpotent. (Of course, if A, is not nilpotent, the Boltzmann
scalar eXp[%Wp] would in general have to satisfy a Modified Quantum Master Equation with a non-
trivial v, term, cf. eq. (1.4). See also the recent preprint [22].) The Dirac odd Laplacian A B, offers
more evidence that nilpotency of the odd Laplacian is not fundamental, at least not in its strong
formulation, since in this case the nilpotency can only be maintained weakly under reparametrizations

of the second-class constraints ©%, cf. Ref. [8] and Subsection 3.5.

ACKNOWLEDGEMENT: The Author thanks I.A. Batalin and P.H. Damgaard for discussions. The
Author also thanks the Erwin Schrédinger Institute for warm hospitality. This work is supported by
the Ministry of Education of the Czech Republic under the project MSM 0021622409.

A  Proof of bi-Darboux Theorem 2.1

If there exists an atlas of bi-Darboux coordinates, the two-form E = d¢} A d¢™ is obviously closed.
Now consider the other direction. Assume that the two-form E is closed. Then there locally exists a
pre-antisymplectic one-form potential ¥ such that

9 = E . (A1)

Independently one knows that locally there exist Darboux coordinates FA:{(bo‘; ¢k; 0%}, Since the
two-form F is assumed to be compatible with the anti-Poisson structure, it must be of the form (2.10).
It is always possible to organize the pre-antisymplectic one-form potential as

¥~ ¢Ldo™ + 9 ady? +9,dO° (A.2)

where 74 = {¢%; ¢* } collectively denotes the fields and the antifields without the Casimirs. The symbol
“~” denotes equality modulo exact terms, whose precise expressions are irrelevant, since we are
ultimately only interested in the two-form E. It follows from egs. (2.10), (A.1) and (A.2) that

—
81
(goa08) = (14 (A= B) (A3)
and hence there locally exists a fermionic function ¥’ such that
—
o
Y4 = (=9 . A4
i = (G?) (A.4)
Defining
N
9 zﬂ’—(al v’ (A.5)
T e e ’ '
the pre-antisymplectic one-form potential (A.2) reduces to
U o~ @hdp® +19,dO% . (A.6)

We would like to show that the second term 9,dO® in eq. (A.6) vanishes under a suitable anticanonical
transformation. Egs. (A.1) and (A.6) imply that the matrices M,, and N, in eq. (2.10) are

o :
_Maa - (ﬁa%) = (0a7¢a) ) (A7)
(0% 5[ (6%
N%, = (%ﬁa) = (¢ ,ﬂa), (A-S)
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and that the pre-antisymplectic potential components ¥, =1,(T") satisfy a flatness condition:

9 e D
Fab = (8@[1191)) - (_1) @ b(a@bﬁa) + (19[171913) = 0 N (Ag)

Put more illuminating, the condition (A.9) implies that the vector fields

a
0
D, = a Al
a@a—l-adz? (A.10)
commute
[De,Dy) = adFy = 0. (A.11)

Here the adjoint action “ad” refers to the antibracket (adF)G = (F,G), where F and G are functions.
In other words, adF' denotes the Hamiltonian vector field with Hamiltonian F'. The vector fields D,
are not Hamiltonian, although they do preserve the antibracket

Du(F.G) = (Dy[F),G) + (~1)=Cr*)(F,D,[]) , (A.12)

i.e. they are generators of anticanonical transformations that do not leave the Casimirs invariant.
It is an important fact that the D, are covariant derivatives in the Casimir directions with a Lie
algebra valued gauge potential add,. Here the Lie algebra is (a subalgebra of) the space I'(T'M) of
vector fields, equipped with the commutator [-, -], i.e. the Lie bracket of vector fields. An infinitesimal
variation v, of the pre-antisymplectic potential components ¥, must satisfy

Da[69] = (—1)%a%(a < b) (A.13)

in order to respect the flatness condition (A.9). The last eq. (A.13) implies in turn, that the only
allowed infinitesimal variations 41, are infinitesimal gauge transformations

§9q = Dg[0V] (A.14)

where 0V is an infinitesimal fermionic gauge generator. The infinitesimal gauge transformation of the
gauge potential add, is
ad(0¥,) = [Dg,ad(dV)] , (A.15)

where use is made of eq. (A.12). Despite the appearance, the eq. (A.15) is exactly the standard formula
0A, = D,e for infinitesimal non-Abelian gauge transformations. Any discrepancy is merely in nota-
tion, not in content. So one can take advantage of well-known facts about non-Abelian gauge theory
and e.g. Wilson-lines. In particular, the infinitesimal transformations (A.14) and (A.15) generalize to
finite gauge transformations. The field strength (or curvature) is zero, cf. eq. (A.11), so the gauge
potential add, is pure gauge. This means that there locally exists a gauge where the gauge potential
vanishes identically,

add, = 0. (A.16)

An infinitesimal gauge transformation (A.14) may be implemented with the help of a Hamiltonian
vector field ad(d¥) with infinitesimal Hamiltonian §¥. Using the active picture, the Lie derivative of
the pre-antisymplectic one-form potential with respect to the Hamiltonian vector field ad(0W) is

«—

. . 8T a a a
Loaew)V = liaa@w) dJV ~ daaen)E = (5‘I’Ww’>’ + (00,04)dO" ~ — D,[6¥]dO" . (A.17)

i.e. by flowing along the Hamiltonian vector field ad(0¥), one may mimic (minus) the infinitesimal
gauge transformation (A.14). More generally, finite gauge transformations of 9, are in one-to-one
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correspondence with anticanonical transformations that leave the Casimirs invariant. In particular,
one may go to the trivial gauge (A.16) where the 9, themselves are Casimirs. The flatness condition
(A.9) then reduces to

-
(Lot = (1)sa =) (A9
so there exists a fermionic Casimir function ¥ =W¥(©) such that
—
Yo = ( o ) (A.19)
00 7

and hence the second term in eq. (A.6) is just an exact term,
D,dO* = d¥ ~ 0. (A.20)

This shows that there locally exists an anticanonical transformation that leaves the Casimirs invariant,
such that the two-form reduces to E = d¢, A do®.

B Details from the Proof of Lemma 2.9

B.1 Proof of eq. (2.38)

The infinitesimal variation of v(?) in eq. (2.22) yields 8 contributions to linear order in the variation
oT4 = X4, which may be organized as 2 x 4 terms

52 — 2(_51/}2) — (51/}? + (51/}?] + (51/}%/)) , (B.1)

due to a (A, B) < (D,C) symmetry in eq. (2.22). They are

P = (1) (@ BAP)Epp(XF OR) (0, ECP) (B.2)
D = (1)fae (O EAP) Epo (@, XY @0 ECD) | (B.3)
S = (1@ Epcdl (XCOET) = P+ af? (B.4)
D = (-1)face (O EAP) Epad), (ECF(@ZXD)) = v o (B.5)
P = (—1)€AECEFD(87D>EAB)EBC(8ZX0<8_}) = — @ +a?, (B.6)
) = (—1)a@h BB P (0 XP) (B.7)
52, = (C1yaPeP (0 EAP) b XC) (B.5)

where we have noted various relations among the contributions. The Jacobi identity (2.3) for E4P is
used in the second equality of eq. (B.6). Altogether, the infinitesimal variation of v@ becomes

@ = 250) + 53, | (B.9)

which is eq. (2.38).
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B.2 Proof of eq. (2.39)

The infinitesimal variation of v in eq. (2.23) yields 6 contributions to linear order in the variation
T4 = X4,

o) = (51/}3) + (51/(3) + (51/}?})] - (51/}%/) - (51/‘(/3) - (51/‘(/3[) . (B.10)
They are

5P = (1R (0 Epc)(XCOR) EFP (G BB | (B.11)
5’/}?1’) = (—1)€B(£EBC)ECD8_ID) ( XB@F A) 5VVH +5V\(/1)H 5 (B.12)
) = (-1 (@ Epc)ECP D, <EBF (8 X4) ) = v+ ovpy | (B.13)
Y = (1) EOP (@ EPA) (0, X )0 Fsc) (B.14)
@ = (—1)7EP(8, EBA)8—> ((8BX EFC> S S (B.15)
i) = (—1)€BECD((;lDEBA)ai1 (EBF XW%)) = o\ — ) (B.16)

Sl = (1 (@ Bc) BP @ BT X )
= (PRt (o EPA @ Eor) (X3 (B.17)
vy = (- 1)68<6AEBC>ECD<6DX38F>EFA (B.18)
Uiy = (—1)7alety (al E C)ECD(al XAQ,)EFE (B.19)
WP = (- 1)€APCD(0DEAB)(agal XC) (B.20)
58 = (C1paCetDECD L BB @Al XV Ers = — 6D 6k (B21)
where we have noted various relations among the contributions. The Jacobi identity (2.3) for E4Z is

used in the second equality of eq. (B.21). Altogether, the infinitesimal variation of v3) becomes
5@ = s o) - —5 © (B.22)
which is eq. (2.39).

B.3 Proof of eq. (2.40)

The infinitesimal variation of v*) in eq. (2.24) yields 6 contributions to linear order in the variation
T4 = X4,

s = —(51/}4)—(51/}?—%51/}2—#5%@—#51/&)—5V‘(;‘1). (B.23)
They are
— — —
v = (=175 EP (9L EBF) P, <(a§3XG)EGC> =~ 1o, (B.24)
@ _ e CDa_f BF Aa_f Gé_r @ @)
bvip = (1) BEYT(0pE™" )Pp" 0y | Epc(X™00) | = dvip—dvix (B.25)
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Sl = (1P D Bne) (X B (3 BT (8.26)
sy = (—1)%5 P9 Epc) E°P o, <(XB<8_5)EGF) = P+, (B.27)
5P = (1) P (0 Epo) EOPD), (EBG(a—éXF)> S N O (B.28)
o) = (-1)sPg <8AEBC)ECD<61 EBF)@l X6y (B.29)
o), = (~1)Fplet) ECW B2 Pt (0 Eoa) (XC}) | (B.30)
5y = (—1) R (@R X )PP (B EPF ) Ppt (B.31)
Wiy = (-1)Fset) ECD(al EBF)PFA(a_i;@?cXG)EGB = o~ (B32)
5V§?) = (~1)EstVerpp (8AEBC)ECD( EFG)(al XxB) = _5%(/4;]7 (B.33)
Wi = (- 1>€B<6AEBC>ECD<6DX36F>EFA (B.34)
ol = (~1)EtVrpy <aAEBc>ECD<a’ XF o) ECP | (B.35)
W = (—1)Eaty BEAD@I EBC><acaAXG>EGB =~y -, (B.36)
i, = (C1FA PP BAR) (050 XC) | (B.37)
where we have noted various relations among the contributions. The Jacobi identity (2.3) for E4Z is

used in the second equality of eqs. (B.32) and (B.36). Altogether, the infinitesimal variation of 1/(4)
becomes

o = )oY+ e v vy = 20+ vy v, + 25 v (B.38)
which is eq. (2.39).

B.4 Proof of eq. (2.41)

The infinitesimal variation of ®) in eq. (2.25) yields 8 contributions to linear order in the variation
T4 = X4,

o = 5V§5) + 5V(5) + 51/5?1 — 51/}5‘)/) — 51/‘(/5) — 51/‘(/5[) + 51/‘(/51)1 — 51/‘(/51)11 . (B.39)
They are
b} = ()t <XA6T>EGD<61 B€) @O BAr) P (B.40)
vy = (- D EatVen (0L Eap) PP 5 EAPS, ( (X5, EGC> = o)+l (B4
vy = (-1)Eathes (al Ear PFBEADaD <EBG (0LXC) ) = o o, (B42)
57 = (—1)EatVen pAD (o) FECY (LX) (0 B ap) P | (B.43)
— — —

5”\(/5) = (—1)(€A+1)€BPFBEAD(alDEBC)alc (8f4XG)EGF> = 5V§5)+5V§)}, (B.44)
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= () P AP O, (EAG<XG67%>) = ol B
W), = (1)t EBEAD@I EBC)(al Bar) (X 5) POy | (B.46)
i)y = (—1)Eaty BEAD@Z EBC)(acEAF>PFG<XGaB> (B.47)
51/}2 = (—1) (e4+1) EBEAD(al XBar )EGC(acEAF)PFB
= (=1)°r Pp (8DX38G)EGC(8CEFA)EAB = o)+ (B.48)
P = (—1)Eath ac(al EAB)EBF(al XCop)EOA (B.49)
) = (—1)EatD) €BEAD(al EBC)(OCOAXG)EGB , (B.50)
o), = (- 1)€B(al o LX) PP (alDEBF)PFA , (B.51)
where we have noted various relations among the contributions. The Jacobi identity (2.3) for E4P is
used in the third equality of eq. (B.48). Altogether, the infinitesimal variation of v®) becomes
® = s - — ), = o 2009, (B.52)

which is eq. (2.41).

C Proof of Conversion Theorem 4.2

C.1 The j Superdeterminant

Even-though it is only the j-factor (4.13) and not the whole 7 superdeterminant (4.14) that enters the
conversion map, it is nevertheless convenient to organize the discussion in terms of coefficient functions
for (the logarithm of) the 7 superdeterminant

a 1
In7=n = n—l—{ nL(I)g }—1— —n®d,d, + O(9?) , n = Inj. (C.1)
@anR 2

By combining egs. (4.5), (4.14) and (C.1), one finds the first-order coefficient functions n® to be

nd = (—DBXEYe = (—1)%tiXLyghe ©2)
nf, = YirXg(-D% = YeXF(-1)5*. '

The second-order coefficient functions read
ned = (—1)%tixL zobed | (— 1)(5 o t1)e cXRcheX Yfad (C.3)
In particular, the contracted second-order coefficient function is
(—1)eH g, = 20— y® ()
where we have introduced the following short-hand notation

y? = (1) xByy wavie Xk (C.5)
20 = (—1)tee Xk zgbedy,, (C.6)

Since there is not a unique choice of the structure functions X, Yo¢, zacd otc one must apply the

T involution relation (4.4) to eliminate their appearances. We have to wait until Subsection C.5 to
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completely eliminate all Y ¢ appearances, but we can do a first step in this direction. The quadratic
Y@ dependence inside the odd y® variable (C.5) can be related to a linear Y%¢ dependence inside
a new y) variable as follows

(44) 1 ac 8 .
0 = 5(_ )8 +1Yb Xgla(:[) XL (T 7Tf)extX]}”%bLI>:O
_ 1 e X B _— 81 Te, 7/ X Rypeaxk
- 5(_ ) cd 8<I> ( )oxt P— fb
= (-1 )EbYCb“(Xab,Gd)Xdc + (=1)" EfX 2vlw, aYirexty =y 4@ (C.7)
where
y M = (1Y xhk e xE (C.8)

The only way the Z#¢? structure functions enters the discussion is through the odd 2() variable (C.6).
It can be eliminated using the following equation

an g RO
0 - Xdcaq)c( 1) Xabaq)b (T T )ext H—0
o o
= (=1)feXf— (T°,1° x%
(1) abaq)b( ; )extaq) a(—1)%

=0
= (n,n) + nfwanf +2(=1)% % X (Vi 00 X0 + (—1)%a XG (XF, X19) X5
+2( )ab—i-acXL Zadew g+ ( )Eaan Y bfc chdaneLf
= (n,n) + ndwanlh + 2(n%, O XE + (=1)% (X“b,Xba) + 220 4y (C.9)

C.2 Gauge Invariant Function F

The gauge-invariant extension F' is a power series expansion in the ®, variables, e.g. ,

®,F8

i 1 ba 3
F = F+{ Fia, }+§<I>a@bFR +O(P?) . (C.10)

The coefficient functions for F are uniquely determined by gauge invariance condition (4.10). The
first-order coefficient functions read

Ffp = —w®XL(O°F) = XPE,.(0°F), (C.11)
Fi = —(FO9)XEM = (F.0°E,Xi | |

The contracted second-order coefficient function (—1)%a* 1w, F% is determined by the following cal-
culation

N
(4.10) o 0 =
O = (—1)8“X£T% (T 7F)6Xt’q>:()
= Xp(0% FR)(=1)%"! + (n, F) + nfwap Fp + (1) wap F (C.12)

C.3 Gauge Invariant Density p
The (logarithm of the) gauge-invariant density p is a power series expansion in the ®, variables, e.g. ,

_ a 1
Inyp =1 = £+{ fgfg }+§c1>a<1>b£§’g+0(c1>3), ¢ = Inv/pj . (C.13)
atR
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The coefficient functions for p are uniquely determined by the gauge invariance condition (4.11). The
first-order coefficient functions £* can be found from the following Lemma C.1.

Lemma C.1

C C a C 1 a
§nL_€L = (Ap@ )ngwb + 2( )Ea(® 7X£))wb
(DA A fay v R be
= ——0p(I',0Y)X jw™, (C.14)
2p
1 C C Cl a 1 Ci a
S =l = WXL (A,0M) (1) + swt(X, 07)(-1)%
cbyv L a A (_T’(_l)eA
= WX (04T )paAT (C.15)
Proor oF LEMMA C.1: Combine
4.11 1
0“2V (@,T)| = (8,0 + 5~ YR 4 fwa X (C.16)
and
a
(4.4) _1\¢ Ra_ b a
0 - ( 1) bXbca(I)c (T 7T )ext H—0
= (1) M X500 XE) + (n,0%) + nfwa X5 + (—1) w, Y (C.17)
O

The contracted second-order coefficient function (—1)%e+1w,,¢% is determined by the following calcu-
lation

o
@1y g 0 a
0 = Xigg (AT,
= BB+ VX2
+XE (O 65) + nGwaplly 4+ (—1)%a T wy, e . (C.18)
C.4 Assembling the Proof
PROOF OF EQ. (4.25):
nile a (C11)
(F7 G)oxt|<1>:0 = (Fv G) +FLwabGl})2 = (Fv G)D . (Clg)
O
PROOF OF EQ. (4.26):
n 1 a a
(Ap7EextF)‘<I>:0 = (ByF)+ 2( 1)€“+lwabF1?z "‘eLwabFl%
(C.12) 1 a 1 a b 1 L a b e, +1
=" (A,F) - 5(” F)+ (7 — §nL)wabFR - _Xba(@ , F)(=1)%
(C.14) “ 1 a
= (AF) — (8,00 XEFL - S(~1)e(6", XEFh)
a 1 a
= (AF) = (4,09 ab(@b,F)—g(—l)Ea(Q ,Eap(©°, F))
= (A, F). (C.20)
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PROOF OF EQ. (4.28): Using eq. (2.45) it follows that

Vpj =V, = %(Ap\/;) = %(Ap") + é(n,n) = 5(Ayn) -

a € 1 € a 1
'XLb)Xlﬁz(_l) ¢ = Z(_l) b(XLb7Xl£1) - g(nvn) ) (0’21)

1 1
Vp,E, = VYt 5(—1)6““%%% + §£%wab£l})2

. | 1 . 1 .
20, = S + (A XX (1) - (DX, XE)
1 1
+5 (G wali + Sl wanly
C.18 1 1, 1.
(€.18) v, — g(n,n) — §anab€% + =0 Wl
20
1 1 4
5 (5nh — (gl — th) +
1 " y
—g(—l)a”(XLbebLa) t5
(6)
(C.14) Voo | 1 qa c c 1 a c
20, = D (00, XA, 00) (1) + L (— 1)t a(er, X Bt (XL, o)
1

1 a y®
+5 g(—l)a”(XLbebLa) +t5

1 a
- §Xblt/1(@ 76%)
1 1y b\ v L
5((9&7 §nL - EL)Xba

o 1
(@ ) 5”% - gl}/)XbL(/z -
S o
=y, T L Cpeaer, XX, ©)
1)

1 a C 1 a. y
+Z(—1)8”(9 (00, X )wl X, — g(—l)a"(XLbebLa) t5

vaED 24 3 3 = vaED s (C22)
where the last equality in eq. (C.22) follows from Lemma C.2 below, and the odd quantity =M s
defined in eq. (C.25).

C.5 Lemma C.2

It turns out that the most difficult part in the proof of eq. (4.28) is to eliminate the Ye¢ dependence
from the odd y) quantity (C.8). Lemma C.2 gives a formula for y(®) that are manifestly independent
of Yabe,

Lemma C.2
9)

y = %”m , (C.23)
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Proor oF LEMMA C.2: We first decompose the odd 1/,(:?) quantity (3.14) as

Vg)) = (=1)EatDCEA) (@ By ) E¥ (B, 0%) = —aM — 222 — 20 (C.24)
where
2V = (—D)EHDEAD(@d X By be(xD @) (C.25)
2@ = (—1)BE)(O7 X1 (XL, 0 Ey = (—1)7EatVE, (0%, XE)(X#, %), (C.26)
¥ = (—1)%% B (0F, XY)we (X I, 0 E,y, . (C.27)

Secondly, we define

2 = (<)% By (0%, X{) (X[, 0°)
= —(—1)*Eu(0", X§)(XE,0%) = 2@ -2 (C.28)

The third (=last) equality in eq. (C.28) is a non-trivial assertion. To prove it, we define the following
quantities:

2@ = (1)%a(0f, XE)X$ B, (0%, E¥®)E,;

= —(—1)%%E (0, X! XL(E* 0 E,y = 2@ +2@) (C.29)
2© = (“1)% B (0, XIXL(OLEYEy = — a2l — 2@ (C.30)
2 = (—1)fa(0f X)) XF Byo (B, 0°)Eep = — 2 +2) (C.31)
2® = (1) EtDEAD pob xR ge) ef(@f,X;i)wcd =0, (C.32)

where eq. (4.8) is used in the second equality of egs. (C.29), (C.30) and (C.31). Remarkably the
quantity 2(® vanishes due to an antisymmetry under the index permutation ace < bdf. One may now
check that the Jacobi identity

S (F)EFNEF(E o) = 0 (C.33)
cycl. a,b,c
yields eq. (C.28):
0 = 20 420 420 = 20 4 6 _ @) (C.34)
Thirdly, we define
YO = (1 BV un X (XR,09) = 30 42 42 (C.35)
yW = (-1)Eat eyt xEyetew, X TI(XE oM xE = y® — 2 4 2@ (C.36)

where eq. (4.9) is used in the second equality of egs. (C.35) and (C.36). Note that z(1) to z(®) are
manifestly independent of the Y%¢ structure functions. We shall soon see that this is also the case for
the variables y(*) to y®. It turns out to be possible to rewrite y® as

1
y(3) — 5(_1)(Ea+1)(EC+€f+l)+€cEabYLdeX£e(Eef, @a)X]}CEC
= (—1) B Y X (B ONX L = —yD) -y (C.37)

Here the Jacobi identity (C.33) is used in the second equality of eq. (C.37). Altogether, eqs. (C.35),
(C.36) and (C.37) yields
3y = M — 2,3 _ @ (C.38)

Now Lemma C.2 follows by combining egs. (C.24), (C.28) and (C.38).
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1 Introduction

Conventionally [1, 2, 3, 4] the geometric arena for quantization of Lagrangian theories in the field-
antifield formalism [5, 6, 7] is taken to be an antisymplectic manifold (M; E') with a measure density p.
Each point in the manifold M with local coordinates I'4 and Grassmann parity e A= £(T'4) represents
a field-antifield configuration I'4 = {¢%; 9%}, the antisymplectic structure E provides the antibracket
(,-), and the density p yields the path integral measure. However, up until recently, it has been
necessary to impose a compatibility condition [2, 8] between the two geometric structures E and p to
ensure nilpotency of the odd Laplacian
o
R T S
A, = % OupEABO, oy = —

5TF - (1.1)

In this paper, we show that the compatibility condition between E and p can be omitted if one adds
an odd scalar function v to the odd Laplacian A

A=A, +v (1.2)
such that the total A operator is nilpotent
A? = 0. (1.3)

Nilpotency is important for the field-antifield formalism in many ways, for instance in securing that
the physical partition function Z is independent of gauge-choice, see Appendix A. (More precisely,
what is really vital is the nilpotency of the underlying A ; operator, cf. Sections 8-9.) In physics terms,
the addition of the v function to the odd Laplacian A , implies that the quantum master equation

AerW = 0 (1.4)

is modified with a v term at the two-loop order O(h?):

§(W, W) = ihA W + Ly, (1.5)
and A, is in general no longer a nilpotent operator. It turns out that the zeroth-order v term is uniquely
determined from the nilpotency requirement (1.3) apart from an odd constant. One particular solution
to the zeroth-order term, which we call v,, takes a special form [9]

ORC

— (0
VP:V£)+T_E’ (16)
where V£O), vM) and v® are defined as
1
VéO) = %(Al\/ﬁ) ’ (17)
— —
v = (<1)a (00, BB (1)
— —
v = (—1)fa%c (0, EAP)Epc (04 ECP) (1.9)
— —
= —(=1)*8(4"Epc)EP (0, EPY) . (1.10)

Here, A; in eq. (1.7) denotes the expression (1.1) for the odd Laplacian A ,_; with p replaced by 1. In

particular, the odd scalar v, is a function of F and p, so there is no call for new independent geometric



structures on the manifold M. In Sections 2-6 we show that A +wv is the only possible A operator
within the set of all second-order differential operators. The now obsolete compatibility condition
[2, 8] between E and p can be recast as v, = odd constant, thereby making contact to the previous
approach [2], which uses the odd Laplacian A , only. The explicit formula (1.6) for v, Is proven in
Section 7 and Appendix B. The formula (1.6) first appeared in Ref. [9]. That paper was devoted to
Khudaverdian’s Ay operator [10, 11, 12, 13], which takes semidensities to semidensities. This is no
coincidence: At the bare level of mathematical formulas the construction is intimately related to the
Ap, operator, as shown in Sections 8-9. However the starting point is different. On one hand, Ref. [9]
studied the Ay operator in its minimal and purest setting, which is a manifold with an antisymplectic
structure F but without a density p. On the other hand, the starting point of the current paper is a
A operator that takes scalar functions to scalar functions, and this implies that a choice of p (or F,
cf. below) should be made. Later in Sections 10 and 11 we interpret the odd v, function as (minus
1/8 times) the odd scalar curvature R of an arbitrary antisymplectic, torsion-free and p-compatible
connection,

v, = — ? . (1.11)
One of the main priorities for the current article is to ensure that all arguments are handled in com-
pletely general coordinates without resorting to Darboux coordinates at any stage. This is important
to give a physical theory a natural, coordinate-independent, geometric status in the antisymplectic
phase space. We shall also throughout the paper often address the question of generalizing the density
p to a non-flat line bundle connection F. It is well-known [2] that a density p gives rise to a flat line

bundle connection .
Fy = (d4Inp) . (1.12)

In fact, several mathematical objects, for instance the odd Laplacian Ap and the odd scalar v,
can be formulated entirely using F' instead of p. Surprisingly, many of these objects continue to be
well-defined for non-flat F’s as well, where the nilpotency (and the ordinary physical description) is
broken down. In Section 5 we shall therefore temporarily digress to contemplate a modification of the
nilpotency condition that addresses these mathematical observations. Finally, Section 12 contains our

conclusions.

General remark about notation. We have two types of grading: A Grassmann grading ¢ and an exterior
form degree p. The sign conventions are such that two exterior forms £ and 7, of Grassmann parity
E¢» En and exterior form degree p¢, p;, respectively, commute in the following graded sense:

NAE = (1) PPng Ay (1.13)

inside the exterior algebra. We will often not write the exterior wedges “A” explicitly.

2 General Second-Order A operator

We here introduce the setting and notation more carefully, and argue that the A operator must be
equal to A » 7, up to an odd constant. (The undetermined odd constant comes from the fact that the
square A? = %[A, A does not change if A is shifted by an odd constant.) Consider now an arbitrary
Grassmann-odd, second-order, differential operator A that takes scalar functions to scalar functions.
In this paper, we shall only discuss the non-degenerate case, where the second-order term in A is
of maximal rank, and hence provides for a non-degenerated antibracket (-,-), cf. the Definition (2.6)
below. (The non-degeneracy assumption is motivated by the fact that it is satisfied for currently known
applications. The degenerate case may be dealt with via for instance the antisymplectic conversion



mechanism [14, 15].) Due to the non-degeneracy assumption, it is always possible to organize A as
where v is a zeroth-order term and Ay is an operator with terms of second and first order [2]

_1 = — —
Ap = ( 2) (4+F4 ) EABY (2.2)

Here, EAB = FAB(T"), Fy=F4(I") and v=v/(T) is a (2, 0)-tensor, a line bundle connection, and a scalar,
respectively. We shall sometimes use the slightly longer notation A, = A p.p to acknowledge that it
depends on two inputs: F and E. The line bundle connection F4 transforms under general coordinate
transformations I'* — I'E as

5[ g 8F1B
Fy = (aF_Ar'B)FéJr(aF_Aan), J = sdetor (2.3)

These transformation properties guarantee that the expressions (2.1) and (2.2) remain invariant under
general coordinate transformations. The Grassmann-parities are

e(EAP) = e 4ep+1, e(Fa) = €4, e) =1. (2.4)

One may, without loss of generality, assume that the (2,0)-tensor EAB has a Grassmann-graded

skewsymmetry
EAB _ (_1)(€A+1)(€B+1)EBA . (25)

The antibracket (f,g) of two functions f = f(I') and g = g(I") is defined via a double commutator*
[16] with the A-operator, acting on the constant unit function 1,

(f,9) = (“)F[A, [l gl = (=1)TA(fg) — (1) (Af)g — f(Ag) + (=1)% fg(Al)

—

= (FOL)EMB(0hg) = — (~)EIEA (g f) (2.6)

where use is made of the skewsymmetry (2.5) in the third equality. By the non-degeneracy assumption,
there exists an inverse matrix £ 4p such that

EABEpc = 64 = EcpEP4 . (2.7)

Since the tensor EAP possesses a graded A« B skewsymmetry (2.5), the inverse tensor E4p must be
skewsymmetric,

Esp=—(—1)°A°BEpy . (2.8)
In other words, E4p is a two-form

1

E = 5drAEAB AdI'B (2.9)
The Grassmann parity is

e(Eap) = ey4+eg+1. (2.10)

*Here, and throughout the paper, [4, B] and {A, B} denote the graded commutator [A, B] = AB — (—1)°a°58 BA and
the graded anticommutator {A, B} = AB + (—1)°4°8 BA, respectively.



3 Nilpotency Conditions: Part 1

The square A% = %[A, Al of an odd second-order operator (2.1) is generally a third-order differential
operator, which we, for simplicity, imagine has been normal ordered, i.e. with all derivatives standing
to the right. Nilpotency (1.3) of the A operator leads to conditions on E4B, F, and v. Let us
therefore systematically, over the next four Sections 3-6, discuss order by order the consequences of
the nilpotency condition A? = 0, starting with the highest (third) order terms, and going down until
we reach the zeroth order.

The third-order terms of A? vanish if and only if the Jacobi identity
> (DS (g, h) = 0 (3.1)
cycl. f,g,h

for the antibracket (-,-) holds. We shall always assume this from now on. Equivalently, the two-form
FEsp is closed,
dE = 0 . (3.2)

In terms of the matrices E4P and E4p, the Jacobi identity (3.1) and the closeness condition (3.2)
read

—
Z (—1)(€A+1)(60+1)EAD(85)EBC) = 0, (3‘3)
cycl. A,B,C
—
Y. (—1)Fa%e(d4Epe) = 0, (3.4)
cycl. A,B,C

respectively. By definition, a non-degenerate tensor E4p with Grassmann-parity (2.10), skewsymme-
try (2.8), and closeness relation (3.4) is called an antisymplectic structure.

Granted the Jacobi identity (3.1), the second-order terms of A% can be written on the form

1 — —

ZRABagag : (3.5)
where R4P with upper indices is a shorthand for

and R ap with lower indices is the curvature tensor for the line bundle connection Fy:

— — —
Rap = [04+Fa05+F] = (4Fp) — (-1)°4°8(A < B). (3.7)
Remarkably, the two tensors R4z and R4 carry opposite symmetry:

Rap = —(—1)°4°8Rpa, (3.8)
RAB = (—1)FafsRBA (3.9)

It follows that in the non-degenerate case, the second-order terms of A? vanish if and only if the line
bundle connection F4 has vanishing curvature

Rap = 0. (3.10)



The zero curvature condition (3.10) is an integrability condition for the local existence of a density p,

Fy = (d4Inp). (3.11)

Under the F' < p identification (3.11) the Ay operator (2.2) just becomes the ordinary odd Laplacian
A, from eq. (1.1),

Ap = A (3.12)

o -
Conventionally the field-antifield formalism requires the F' < p identification (3.11) to hold globally.
Nevertheless, we shall present many of the constructions below using F' rather than p, to be as general
as possible.

There exists a descriptive characterization: Granted the Jacobi identity (3.1), the second-order terms
of A? vanish if and only if there is a Leibniz rule for the interplay of the so-called “one-bracket”
O, =A—(Al)=Ay and the “two-bracket” (-,-)

Ap(f.9) = (Apf,9) — (1) (f, Arg) - (3.13)
See Ref. [16, 17] for more details.

4 A Non-Zero F-Curvature?

In eq. (3.10) of the previous Section 3 we learned that the nilpotency condition (1.3) completely kills
the line bundle curvature R. Nevertheless, several constructions continue to be well-defined for non-
zero R. For instance, both the important scalars v, and R fall into this category, cf. egs. (7.1) and
(11.7) below. Another example, which turns out to be related to our discussion, is the Grassmann-
odd 2-cocycle of Khudaverdian and Voronov [8, 11, 18]. It is defined using two (possibly non-flat) line
bundle connections F(!) and F?) as follows:

1. —1)Ea 7 FO) L p® 1 5
WEO PP B) = tdivpn X = @+ T ) Py e
where the divergence “div” is defined in eq. (10.13),
€] @)
12 = #7 (4.2)
and : )
Xty = EAP(FY -FY) . (4.3)

It is clear from Definition (4.1) that v(F(1); F(?)| E) behaves as a scalar under general coordinate trans-
formations. This is because the average F(12) is again a line bundle connection, and X, (12) 1s a vector
field since the difference FJ(BI)—Fg) is a co-vector (=one-form), cf. eq. (2.3). That v(F); F?) E) is
a 2-cocycle

v(FO, FO B+ y(FP FO B+ p(F®), FO E) = 0 (4.4)
follows easily by rewriting Definition (4.1) as
v(FV; F®) E) = Vf:?()l) _Vig]()z) , (4.5)
where VE;O) generalizes eq. (1.7):
—1)%a 7 FA
0 = ( 4) (@) + 5B Fp) . (4.6)

(@)



Note that Definitions (4.1) and (4.6) continue to make sense for non-flat F’s. We should stress that
1/1(70) itself is not a scalar, but we shall soon see that it can be replaced in eq. (4.5) by a scalar vy, cf.

eq. (7.1) below. In other words, v(F(); F?)| E) is a 2-coboundary.

The F-curvature Rap is also an interesting geometric object in its own right. It can be identified
with a Ricci two-form of a tangent bundle connection V, cf. eq. (11.4) in Section 11 below. The Ricci
two-form

1
R = 5drARAB AdDB(—1)s (4.7)
is closed
dR = 0, (4.8)
due to the Bianchi identity
N
Y (F)e(@Rpe) = 0, (4.9)
cycl. A,B,C

so the two-form (4.7) defines a cohomology class.

5 Breaking the Nilpotency

Due to the above mathematical reasons we shall digress in this Section 5 to contemplate how a non-
zero F-curvature could arise in antisymplectic geometry, although we should stress that it remains
unclear if it is useful in physics. Nevertheless, the strategy that we shall adapt here is to append a
general Grassmann-even (possibly degenerate) second-order operator source %AR to the right-hand

side of the nilpotency condition (1.3):
1

A? = 5O - (5.1)
A covariant and general way of realizing the second-order Ay operator is to write
Ar = Apgp+ Vg +ng, (5.2)
where . .
A = DM@ EIRY, (5.3

is an Grassmann-even Laplacian based on F4 and R4Z. We have included a Grassmann-even vector
field

N
Ve = VA, (5.4)

and a scalar function ny to give a systematic treatment. Note that the vector field VJ, is the difference
of the subleading connection terms inside Agp and A rr- We shall show below that the ng term is
completely determined by consistency, while Vi in principle can be any locally Hamiltonian vector
field subjected to the following restriction: Both V% and np should be proportional to the R-source
(or its derivatives) in order to restore nilpotency (1.3) in the limit R — 0.

The new condition (5.1) still imposes the Jacobi identity (3.1) for the antibracket (-,-) at the third
order, since the modification is just of second order. (We mention, for later, that the Jacobi identity
alone guarantees the existence of a nilpotent A, operator and its quantization scheme, cf. Sections 8-9,
regardless of how the nilpotency (5.1) of A is broken at lower orders.) The second-order terms in eq.
(5.1) implies that the F-curvature R45 defined in eq. (3.7) should be identified with the principal



symbol RAB appearing inside the A F R Oberator (5.3), thereby justifying the notation. Note that the
Leibniz rule (3.13) is no longer valid. To see this, it is useful to define an even R-bracket [19]

(f.or = lAr Sl = Ap(fe) ~ (Arf)g— F(Arg) + fo(AgD)
= (OR (@) = (-1)7(0, ) (55)

It turns out that the R-bracket (-, )z measures the failure of the Leibniz rule:

SF0r = (CDTAR(f.) ~ (“1(Apfg) + (. Arg) (56)

Note that this R-bracket (-,-)z does not satisfy a Jacobi identity. (In fact, we shall see that the
closeness relation (4.8) for Rap will instead lead to a compatibility relation (5.8) below.) Since
A%—%AER is a first-order operator, cf. eqs. (2.1) and (5.1), the commutator

1 1

§[AF,R7AF] = [AFaA%—§AF,R] (5.7)
becomes a second-order operator at most. (We shall improve this estimate in Lemma 5.1 below.) This
fact already implies that the two brackets (-,-) and (-,-)x are compatible in the sense that

S )T (fg) e = YD (FDT ST ((f, )R h) (5.8)

cycl. f,g,h cycl. f,g,h

Phrased differently, one may define a one-parameter family of antisymplectic two-forms
1
E@) = E46R = E+RH = §drAEAB(9) AdDE dE(@9) = 0, (5.9)

which depends on a Grassmann-odd parameter 6. In components it reads

Eap(0) = Eap+Rapf, (5.10)
EAB(9) = EAP 4 (—1)F40RAP = EAP L RABY(—1)°5 . (5.11)

There exists locally an antisymplectic one-form potential

U) = U, 0)dr4 Us0) = Uy+Fu0,
. (5.12)
au(9) = E(0), UR(0) = (~1)°4°5(A < B) = E,p(0) .
We will now improve the estimate from eq. (5.7):
Lemma 5.1 The commutator [Ap, A FR] 1 always a first-order operator at most.
PROOF OF LEMMA 5.1: Note that the commutator [Ap, A FR] appears inside the square
(Ap(9)? = A%+ O[Apg, Ap] = AL+ [Ap, Apglt (5.13)
of the Grassmann-odd second-order operator
(=1)=a =/ AB g\ Al



One knows from the general discussion in the previous Section 3 that the third-order terms in the
square (5.13) vanish because E4P(0) satisfies the Jacobi identity (3.3). Moreover, the second-order
terms in the square (5.13) are of the form

-1 o — —> 1 — —
%EAB(G) Rpe ECP(9) 05,0, = ZRABagalA , (5.15)

cf. egs. (3.5) and (3.6). It is easy to see that the two #-dependent terms inside the left-hand side of eq.
(5.15) cancel against each other. In fact, each of the two terms vanish separately due to skewsymmetry:

(_1)€C+SFEABRBCECDRDFEFG — RACECDRDG — (_1)(EA+1)(EG+1)(A PN G) ] (516)
Therefore, the #-dependent part of the square (5.13) must be of first order at most.

O

(One may also give a proof of Lemma 5.1 based on Lemma B.1 in Appendix B.) Lemma 5.1 implies
(for instance via the technology of Ref. [16]) that

Apr(f,9) = (Aprf.9) = (f,Arrg) = (DY Ap(f,9)r — (1) (Arf,9)r
—(f,Ar9)r (5.17)

(83— 38mR)(f.9) = (A} —58pr)fr0) + (f(Ah—3Arg)g) - (5.18)

More generally, there exists a superformulation

(=1)7a o7 AB (g ol
Af) = A+0Ap = A+ AR = 5 (04+F4(0))E*Z(0)05 +v(0) (5.19)
where
v(f) = v+0ng = v+ngl, (5.20)
and
Fu() = Fy+2EAgVEP0 = Fy—2VEERA6 . (5.21)
The nilpotency condition
10)\?
AB) — =— = .22
(40) - 355) =0 (5:22)
precisely encodes the deformed condition (5.1) and its consistency relation
0 = [AAA]l = [AAR] = [Ap+v, App+Vi+ng]
= [Ap, Apg] +[Ap, Vr] + [Ap,ng] = [Apg+ Vg, V] . (5.23)

Note in the last line of eq. (5.23) that the first term [Ap, Ap ] and the two last terms [A g, ng] and
[Apr+Vg,v] are all of first order. Hence, the second term [Ap, V] must be of first order as well.
This in turn implies that Vi should be a generating vector field for an anticanonical transformation:

Vr(f,9) = (Vr(f),9) + (f,Vr(9)) - (5.24)

Since the antibracket is non-degenerated, it follows that V, must be a locally Hamiltonian vector field,
which we, for simplicity, will assume is a globally Hamiltonian vector field

Ve = —2(vp,) (5.25)

with some Fermionic globally defined Hamiltonian v5. The factor “—2” in eq. (5.25) is chosen for
later convenience. The Hamiltonian v in eq. (5.25) should be considered as an additional geometric



input, which labels the different ways (5.1) of breaking the nilpotency of A. It is a priori only defined
in eq. (5.25) up to an odd constant. We fix this constant by requiring that

v — 0 for R — 0. (5.26)

Altogether, the Hamiltonian v does not contribute to the curvature

L Fp(0) — (~1)74°8(A  B) = Ry (5.27)

of the line bundle connection .
Fu(0) = Fy+4(84vg)0 . (5.28)

Now let us continue the investigation of the deformed condition (5.1). The first-order terms of eq.
(5.1) cancel if and only if

1
A}~ 58rr = (V=) - (5.29)

This is a differential equation for the function v=v(I'), or, equivalently, for the difference v—vy. It
now becomes clear that the v5 function provides an auxiliary curvature background for the v function.
Since we assume that v is given, we will now focus on the difference v —v5 rather than on v itself.
The Frobenius integrability condition for eq. (5.29) comes from the fact that the operator A% — %A FR
differentiates the antibracket, cf. eq. (5.18). This implies that the difference v —vp can be written as
a contour integral

r 1
(A%~ §AF,R)FA)EAB e dr'® (5.30)

(—rR)(D) = (v=ve)(To)+ [

0
that is independent of the curve (aside from the two endpoints). It only depends on E, F, and an
odd integration constant (v—vg)(I'g). In particular, we conclude that the difference v—v5 does not
introduce any new geometric structures. The first-order commutator from Lemma 5.1 can now be
expressed in terms of the difference v—wvy, as follows:

%[AF,RvAF] = [AF’A%_%AF,R] = Ap(v—vg,) — (V—vr,Ap("))
= (Apvr) )~ 5 (v (531)

Here, eq. (5.29) is used in the second equality and the deformed Leibniz rule (5.6) is used in the third
(=last) equality.

Finally, the zeroth-order terms of eq. (5.1) cancel if and only if

so this fixes completely the Grassmann-even function ng,. One can show that if the Hamiltonian vector
field V{é‘ vanishes in the flat limit R — 0, then the ny function, defined via eq. (5.32), automatically
does the same, cf. eq. (6.2) below. The nilpotency-breaking operator Ay will therefore vanish for
R — 0, as it should.

6 Nilpotency Conditions: Part II

After this digression into non-zero R curvature, let us now return to the nilpotent (and ordinary
physical) situation A% =0, where R, Vﬁ‘ and ng are all zero. Not much changes for the condition

10



(5.29) for the first-order terms other that one should remove the vy function and the Ay operator
from the Frobenius integrability condition (5.18), the differential eq. (5.29), and the contour integral
(5.30). (Of course, now the Frobenius integrability condition is just an easy consequence of the Leibniz
rule (3.13) applied twice.) The condition (5.32) for the zeroth-order terms becomes

(Apv) = 0. (6.1)

Equation (6.1) is not an independent condition but it follows instead automatically from the previous
requirements. PROOF:

—(Apv) = (_12) L@+ F) T = (_;)A(%JFFA)A%FA
(_1)5A+63 —l> —l> B A
—1)¥a — -
- - 8) (04+F4)(0p+Fp)Ap(T?,T4)
- (_11)6A_C (O + F ) (8l + F) (04 F) (DO, (DB, T4)) (~1)Eat D+l = 0. (6.2)

Here, the v eq. (5.29) is used in the second equality, the Leibniz rule (3.13) in the fourth equality,
the Jacobi identity (3.1) in the sixth (=last) equality, and the zero curvature condition (3.10) in the
second, fourth and sixth equality.

O
7 An Explicit Solution v
Remarkably, the integral (5.30) can be performed.
Proposition 7.1 The odd quantity
vp = 1/1(?) + g - % (7.1)

is a solution to the differential eq. (5.29) for the difference v—vy, even if the line bundle connection
F is not flat.

Here, I/I(P), v and v are given by egs. (4.6), (1.8) and (1.9), respectively. Proposition 7.1 is proven
in Appendix B by repeated use of the Jacobi identity (3.3) and the closeness relation (3.4). Notice
that under the F' < p identification (3.11), the F-dependent Definitions (4.6) and (7.1) reduce to their
p counterparts (1.6) and (1.7),

vp = V,, 1/1(;0) = 1/[()0). (7.2)

Notation: v or v, with subscript “F” or “p” denotes one particular solution (7.1) or (1.6) to the
difference v—vy in eq. (5.29), respectively.

Proposition 7.2 The vy quantity (7.1) is invariant under general coordinate transformations, i.e. it
s a scalar, even if the line bundle connection F is not flat.

11



PROOF OF PROPOSITION 7.2: Under an arbitrary infinitesimal coordinate transformation sT'4 = X4,
one calculates [9]

1
o\ = —5Audivi X (7.3)
— — —

v = A div, X + (=1)°4 (8L EAP) (8504 XC) (7.4)

— — —
sv® = 3(—1)%a (3L EAB)(0404,XC) (7.5)

where A; and divy denote the expressions (1.1) and (10.14) for the odd Laplacian A,_; and the

divergence div,—; with p replaced by 1. One easily sees that while the three constituents I/g]), v

and v separately have non-trivial transformation properties, the linear combination v in eq. (7.1)
is indeed a scalar. Proposition 7.2 also follows from the identification of v as an odd scalar curvature,
cf. eq. (11.8) below.

O

The difference v — vy is only determined up to an odd integration constant because the defining relation
(5.29) is a differential relation. The explicit solution vy in (7.1) provides us with an opportunity to
fix this odd integration constant once and for all. Out of all the solutions to the difference v —vy, we
choose the v solution (7.1), i.e. we identify from now on

v = vptug . (7.6)

We do this for two reasons. Firstly, any odd constants inside the v expression (7.1) can only arise
implicitly through E and F', which means that if £ and F' do not carry any odd constants, then
the vy solution (7.1) will be free of odd constants as well. Similarly, the v part does not contain
odd constants because of the boundary condition (5.26). Secondly, the expression v is the only
solution that has an interpretation as an odd scalar curvature, cf. eq. (11.8) below. This completes
the reduction of a general second-order A operator to

A =Ap+v = Aptvptrvg — A+, for R — 0. (7.7)
8 The Ay operator

Let us briefly outline the connection to Khudaverdian’s Ay operator [10, 11, 12, 13], which takes
semidensities to semidensities. The A operator was defined in Ref. [9] as
1 2
v v
Ap = A+ —— —, 8.1
E 1T 21 (8.1)
where A, denotes the expression (1.1) for the odd Laplacian A,_; with p replaced by 1. Some of
the strengths of Definition (8.1) are that it works in any coordinate system and that it is mani-
festly independent of p or F. However, it is a rather lengthy calculation to demonstrate in a p-less
or F-less environment that Ay has the pertinent transformation property under general coordinate
transformations, and that it is nilpotent
AL =0, (8.2)

cf. Ref. [9]. Once we are given a density p, the situation simplifies considerably. Then, the A, operator
becomes just the operator A = A 4, conjugated with the square root of p:

1

Ap = \/EA% . (8.3)

12



PROOF OF EQ. (8.3): Let o denote an arbitrary semidensity. Then, it follows from the explicit v,
formula (1.6) that

ORI -

(5 =000 = (i) = (Bvp)

= VI + (VB D F e = VRA, T e = VRATD) . (34)

VP

It is remarkable that the /p-conjugated A operator \/ﬁA\/iﬁ does not depend on p at alll On the other

(Ago)

I
b
2
_l’_
|
|
|

+v,0
, o
VP

hand, it is obvious that the operator \/ﬁAﬁ is nilpotent and that it satisfies the required transfor-

mation law under general coordinate transformations, i.e. that it takes semidensities to semidensities.
This is because the A operator itself is a nilpotent operator and A takes scalar functions to scalar

functions. Let us also mention that

1
v, = (A1) = %

The right-hand side of eq. (8.5) served as a definition of the odd scalar v, in Ref. [9].

(Apvp) - (8.5)

More generally, the operators Ay and A = Ap+vp+vy are linked via

—1)¢a
Equation (8.6) may be viewed as a generalization of eq. (8.3) to non-flat F’s, or, equivalently, to
non-nilpotent A’s, cf. eq. (3.10). It might be worth emphasizing that Ay is nilpotent even in this
situation, since Ay only depends on F.

9 F-Independent Formalism

There exists [9, 15] a manifestly F-independent quantization scheme based on the A, operator. Since
we will demand that the quantization is covariant with respect to the antisymplectic phase space,
it will be necessary to use first-level formalism or one of its higher-level generalizations [2, 20]. See
Ref. [8] for a review of the multi-level formalism. It turns out to be most efficient to use the second-level
formalism in order not to deal directly with weak quantum master equations [21]. Let T4 denote all the
zeroth- and first-level fields and antifields, and let A* denote the second-level Lagrange multipliers for
the first-level gauge-fixing constraints. Assume also that there is no dependence on the corresponding
second-level antifields A},. The second-level partition function

z - / [dT][dN] e Ve +Xp) 9.1)

W

contains two Boltzmann semidensities: a gauge-generating semidensity ez "' E and a gauge-fixing semi-

density e%XE, where W, and X denote the corresponding quantum actions. The two Boltzmann

semidensities are both required to satisfy strong quantum master equations
ApeiWe = 0, Apei¥e = 0, (9.2)
or equivalently,

1 1
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where " @
v v

The caveat is that the quantum actions Wy and X are not scalars. They obey non-trivial transfor-
mation laws under general coordinate transformations, since they are logarithms of semidensities. It
is shown in Appendix A that the partition function (9.1) is independent of the gauge choice X .

If we are given a density p, we may introduce a nilpotent A operator (8.3) and Boltzmann scalars

eiW and e X by dressing appropriately with square roots of p:

VA = Ap B, Wi = Jper™W enXe = /perX (9.5)

Then A = A , v, and the two scalar actions W and X will satisfy the strong quantum master eq.
(1.4) from the Introduction, which in non-exponential form reads

1 , 1 .
S (W, W) = ihA W + hv, S (X, X) = ihAX + W, . (9.6)
The partition function (9.1) then reduces to the familiar W-X form:
Z = /p[dr] [d)] erWHX) (9.7)

Conversely, since the partition function (9.7) via the above identifications (9.5) can be written in the
manifestly p-independent form (9.1), one may state that in this sense the partition function (9.7) does
not depend on p. The point is that the well-known ambiguity in the choice of measure that exists in the
field-antifield formahsm has been fully transcribed into an ambiguity in the choice of the Boltzmann

"WE into a Boltzmann

scalar eV and a density p as done in eq. (9.5), the measure ambiguity sits inside the scalar erW

in p, as p actually drops out of Z.

sem1dens1ty enVE. Put differently, if one splits the Boltzmann semidensity e®
, not

More generally, imagine that we are given a non-nilpotent operator A = Ap+vp+vy with a non-flat
line bundle connection F' that satisfies the deformed nilpotency condition (5.1). We can still define
the partition function in this situation via the above quantization scheme (9.1) based on the nilpotent
A operator. Such an approach will of course be manifestly F-independent by construction.

10 Connection

We now introduce a connection V : TM x TM — TM. See Ref. [19, 22] for related discussions. The
left covariant derivative (V4X)? of a left vector field X4 is defined as [19]

R
(VaX)P = (04XP) + (~1)x ot Pox® e(X?) = ex+eq, (10.1)

The word “left” implies that X4 and (V4 X)? transform with left derivatives

al
or4

al

T A %) (VipX) = (VaX)P (o5 G ey, (10.2)

X/B —_ XA
(3ra ors

F/B) ’ (

under general coordinate transformations I'4 — I"B. Tt is convenient to introduce a reordered Christof-
fel symbol
IMpe = (—1)°4%T%¢ (10.3)
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to minimize the appearances of sign factors. On an antisymplectic manifold (M; E), it is furthermore
possible to define a Christoffel symbol with three lower indices

Tapc = Eapl'Ppe(-1)°5 . (10.4)
Let us also define
T L, .00 = T L B0 + B0l (— 1)) (10.5)
YABC = ABC T 3 A{BE*} = ABC T 3 AB0C + Eyc0p(—1)755¢) . .

vABC is not a tensor but it still has some useful properties, see egs. (10.8) and (10.11) below. One can
think of y4pc as parametrizing all the possible connections V on (M; E).

An antisymplectic connection I' 4P ¢ satisfies by definition [19]
—
0 = (VaB)P¢ = (LEPC) + (PaPpEPC — (-1)En et (B - 0)) (10.6)

so that the antisymplectic metric F4P is covariantly preserved. In terms of the two-form E4p, the
antisymplectic condition reads

0 = (VaE)pc = (a—i;EBc) — ((=1)*a®BT'gac — (—1)°8°c(B < C)) . (10.7)

Written in terms of the y4pc symbol, the antisymplectic condition (10.7) becomes a purely algebraic
equation, due to the closeness relation (3.4):

YABC = (_1)€A€B+€B€C+EC€A,YCBA . (108)

A torsion-free connection has the following symmetry in the lower indices:

PABC’ _ _(_1)(€B+1)(€C+1)PACB 7 (109)
Fapc = (=1)°B°cTacp , (10.10)
Yapc = (=1)°B°Cyacp . (10.11)

Note that (—1)%4°Bypac = yapc = (—1)B°cy40p is totally symmetric for an antisymplectic torsion-
free connection. (Similar results hold for even symplectic structures.)

A connection V can be used to define a divergence of a Bosonic vector field X4 as
—
str(VX) = (—1)4(VaX)?A = ((—1)%404 +TBp ) X4, ex = 0. (10.12)

On the other hand, the divergence is defined in terms of F' or p as

divpX = (=104 +F X", (10.13)
div,X = (D™ o x4y | (10.14)

See Ref. [23] for a mathematical exposition of divergence operators on supermanifolds. Under the
F < p identification (3.11), the last two Definitions (10.13) and (10.14) agree:

divpX = div,X . (10.15)
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In order to have a unique divergence operator (and hence a unique notion of volume), it is necessary
to impose the following compatibility condition between F4 and the Christoffel symbols I'4 go:

IBpy = (=1)°aFy, . (10.16)

We shall only consider antisymplectic, torsion-free, and F-compatible connections V, i.e. connections
that satisfy the three conditions (10.6), (10.9) and (10.16). The first and third condition ensure
the compatibility with E and F, respectively. The second (the torsion-free condition) guarantees
compatibility with the closeness relation (3.4). It can be demonstrated that connections satisfying
these three conditions exist locally for N > 1, where 2N denotes the number of antisymplectic variables

4, A=1,...,2N. (There are counterexamples for N =1 where V need not exist.) For connections
satisfying the three conditions, the Ay operator can be written on a manifestly covariant form
—1)%a —1)°s
Ap = (T)VAEABVB = %EBAVAVB . (10.17)

11 Curvature

The Riemann curvature tensor R4g% p is defined as the commutator of the V connection
(IVa, VBX)° = RappXP(—1)xCEcten) (11.1)
so that .
Rup’p = (4T5%p) + (—1)8%cT 4 “gIE zp — (—1)°4°B(A < B) . (11.2)
It is useful to define a reordered Riemann curvature tensor R4 pop as
Ripop = (—1)74Est ) Rpetp = (_1)€A€B(8—5>BFACD)+FABEFECD_(_1)6360(3 < C). (11.3)

It is interesting to consider the various contractions of the Riemann curvature tensor. There are two
possibilities. Firstly, there is the Ricci two-form

Rap = RapCo(—1)c = (BhFp) — (~1)4°5(A o B) | (11.4)

However, the Ricci two-form R 4p typically vanishes, cf. eq. (3.10), and even if it does not vanish, its
antisymmetry (3.8) means that R 4p cannot successfully be contracted with the antisymplectic metric
EAB t0 yield a non-zero scalar curvature, cf. eq. (2.5). Secondly, there is the Ricci tensor

— —
Rap = RYcap = (=1)°0(06 + Fo)T ap — (04 Fp)(—1)"s =T4“pIcp . (11.5)

Note that when the torsion tensor and Ricci two-form vanish, the Ricci tensor R4p possesses exactly
the same A+« B symmetry (2.5) as the antisymplectic metric EAB with upper indices

Rap = — (=1)EatDEstDRy, (11.6)

The odd scalar curvature R is therefore defined in antisymplectic geometry as the contraction of the
Ricci tensor Rap and the antisymplectic metric EB4,

R = RapEP4 = EAPRp, . (11.7)

Proposition 11.1 For an arbitrary, antisymplectic, torsion-free, and F-compatible connections V,
the scalar curvature R does only depend on E and F' through the odd scalar v,

R = —8up, (11.8)

even if the line bundle connection F is not flat.
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Proposition 11.1 is shown in Appendix C. In particular, one concludes that the scalar curvature R
does not depend on the connection T'4 g¢ used.

One can perform various consistency checks on the formalism. Here, let us just mention one. For an
antisymplectic connection V, one has

0 = [Va,VB]E? = RapCpEP — (1)t (C - D) | (11.9)
or, equivalently,
RC’ABFEFD - (_1)5A5B+(ac+l)(aD+1)+(5A+5B)(ac+5D)RDBAFEFC ) (11‘10)

Contracting the A < C and B < D indices in eq. (11.10) indeed produces the identity R = R. Had
the signs turn out differently, the odd scalar curvature (11.7) would have been stillborn, i.e. always
Z€ero.

12 Conclusions

In this paper, we have first of all analyzed a general non-degenerate, second-order A operator, and
found that nilpotency determines the A operator uniquely (after dismissing an odd constant). The
result is that A has to be Ap—i-up, where A o is the odd Laplacian, and v, is an odd scalar function
(=zeroth-order operator) that only depends on the density p and the antisymplectic structure E.
Secondly, we have shown that several constructions in antisymplectic geometry can be extended to a
non-flat line bundle connection F, which replaces p. We did this by breaking the nilpotency A? = %AR
by a general second-order operator Ay, which acts as a source for the F-curvature R. In this more
general case, the A operator takes the form Ap+vp+vyg, where A, and v, are generalizations of
the odd Laplacian Ap and the odd scalar v,, respectively. The vg term is an auxiliary curvature
background encoded in the A operator. Thirdly, we have identified the vy function with (minus
1/8 times) the odd scalar curvature R of an arbitrary antisymplectic, torsion-free, and F-compatible
connection.

One may summarize by saying that two notions of curvature play an important role in this paper: 1) a
line bundle curvature R 4p defined in eq. (3.7) and 2) an odd scalar curvature R defined in eq. (11.7).
The former provides a natural framework for several mathematical constructions, but it remains cur-
rently unclear if it would be useful in physics. On the other hand, the field-antifield formalism naturally
embraces the latter type of curvature both physically and mathematically. Concretely, we saw that
the odd scalar curvature R manifests itself via a zeroth-order term v in the A operator, which could
potentially be used in a physical application some day. Altogether, the odd scalar curvature R and
v represent an important milestone in our understanding of the symmetries and the supergeometric
structures behind the powerful field-antifield formalism.
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A Independence of Gauge-Fixing in the F-Independent Formalism

In this Appendix A, we prove in two different ways that the partition function (9.1) is independent of
gauge-fixing. Let us introduce the following shorthand notation

w = eiVe , z = ei¥e , (A.1)
for the two Boltzmann semidensities, so that the partition function (9.1) simply becomes

z = /[dF][dA] wa. (A.2)

The Boltzmann semidensities w and = are Ap-closed because of the two quantum master egs. (9.2).
Since the A operator is nilpotent, one may argue on general grounds that an arbitrary infinitesimal
variation of x should be Ap-exact, which may be written as

5z = [Ap, 0¥z = Ap(dT z) + 60 (Agz) (A.3)

if one assumes that z is invertible and satisfies the quantum master eq. (9.2). Phrased equivalently,
the variation 0.X of the quantum action is BRST-exact,

5Xp = (XE,5\I/)+§A1(5W) = oy, (00), (A.4)

where Ox, = (Xp, )+ %Al is a quantum BRST-operator. One may now proceed in at least two ways.
One axiomatic way [24] uses that the Ay operator (8.1) is symmetric,

AL = Ap, (A.5)

i.e. stabile under integration by part. Then, an infinitesimal variation (A.3) of the gauge-fixing Boltz-
mann semidensity x changes the partition function as

0Z

/[dF][dA] w bz — /[dF][dA] w [Ap, 0]z
_ / [dT][dN] [(Apw) 6T 2 +w 60 (Agz)] = 0, (A.6)

where the symmetry property (A.5) is used in the third equality and the two quantum master equations
(9.2) in the fourth (= last) equality. Notice how this proof requires very little knowledge of the detailed
form of Ap. Another proof [2, 5, 21] uses an intrinsic infinitesimal redefinition of the integration
variables,

7

2h

5T
r4 2 o A.
YTy =0, (AT

w

T4 =

1
(T4, Xp—Wg)oT + §(FA7 ov) =

to induce the allowed variation (A.3) of x. Now it is instructive to write the path integral integrand
as a volume form Q = wz[dl'][d\] with measure density wz. The Lie-derivative is

50 = (dive,dD)Q . (A.8)

In detail, the field-antifield redefinition (A.7) yields the following logarithmic variation of €:

—1)ea —7 _1\eq4 —
divy, ol = %ag(wx 5TA) — %aguﬂ(rf‘, pOW, w2V
1 ow 1 S Ne))



= %[ZE,(s\If]:E — Slnzx . (A9)

Here, a non-trivial property of the odd Laplacian (1.1) is used in the fourth equality, the two quantum
master equations (9.2) are used in the fifth and seventh equality, and the formula (A.3) for the allowed
variation of z is used in the eighth (=last) equality. If one reads the above eq. (A.9) in the opposite
direction, one sees that all allowed variations (A.3) of the gauge-fixing Boltzmann semidensity = can
be reproduced by an intrinsic field-antifield redefinition (A.7),

5Z = /[dP] AN w Sz — /Q Sz = /Q dive, T = /59 ~ 0. (A.10)

One concludes that the partition function Z = [ must be independent of the gauge-fixing = part
since an intrinsic redefinition of dummy integration variables cannot change the value of the path
integral.

B Proof of Proposition 7.1

In this Appendix B, we show that the v, expression (7.1) satisfies the differential eq. (5.29) for the
difference v —v5. We start by recalling that the A operator (2.2) is

Ap = A +V, (B.1)

where A, denotes the expression (1.1) for the odd Laplacian A,_; with p replaced by 1, and where
we, for convenience, have defined

Vo= (_;)eAFA(rA,-). (B.2)

Lemma B.1 The square of the A operator is

1
A} = AT+[ALVI+VE = A4+ SApr+ () | (B.3)

PROOF OF LEMMA B.1: One finds by straightforward calculations that

V2 = (=1)FatesFy (T4, Fp(TE, ) .
= (S0 aFpFa(T4, (D7,)) + (=1)74 50 Fa B9 (00 F) (17 -)
= EU P pa (A 0P)) 4 (1P Fodf + Rop(~1)F)(T7, )
- (_;)EA (PaBA0Fp, ) + (—1) 42 FAEAP R o (7, ) (B.4)
and
28,V = (=14, FA(FA) (~1)7aFa (T4 A ()

= DAAEI ) + (Fa ()4 Fady (I ) 4 (AR, 8
= CU oL mPCOL )T, ) 4 (Fadp)(0P. (04, ) + Fa(A,T, )
- (_12) = (O EPC[Fodly + Roa(-17%a])(I4, )

+5[Fad + (-1)7804 Fp + (~1)CatesRp (D7, (D4, ) + Fa(A T4, )

N[ —
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- %ECB(E?—%;FC, )+ (AT (Fe, ) +

(_1)53 (_1)(€A+1)(€C+1)

-1 Eqxteg —
L(359151%73(»1)(TA7 )

+

(afﬁlFB)((PBv FA)? ) - ECBRBAalC(PA7 ) + FA(A1PA7 )

—1)¢B — -1 Eqtec —
- ﬁ—él—(EBAagFB,)+(FAA1PA,)+—L—3————agEABRBC(FC,)
—1)¢a — -1 €A+€C—>
= C P+ T B PR ) (B.5)

where the Jacobi identity (3.1) has been applied in the third and fifth equality of egs. (B.4) and (B.5),
respectively.

O

(As an aside, we mention that Lemma B.1 can be used to prove Lemma 5.1 in Section 5.) When one
compares Lemma B.1 with the v differential eq. (5.29), one sees the first clue that the v, expression
(7.1) is a solution. More precisely, Lemma B.1 has extracted the Vg)) part for us. Next task is to

uncover the v term (1.8).

Lemma B.2 . N
8(AITY) = (W, 1) — (—1)°c (9 E“P) (0 0LEPH) . (B.6)

ProoOF OoF LEMMA B.2: Combine

(O B —2(8304) = [0, AJEPA = L(-1)7e(0hBOP) 0ok E) + (0,8, TC)0LE
(B.7)
and
@B = A1) < Gp(ALPI4) - (-1F005(07, AT
= §(V(1),1“A)+(86A1TB)(%ECA)—2(A%FA)- (B.8)
O

So far, we have reproduced the l/f:(u)) and the v(M) part of the v solution to the v differential eq. (5.29).
Finally, we should extract the v(?) term (1.9). The prefactor 1/24 in the vy formula (7.1) hints that
such a calculation is going be lengthy. Rewrite first Lemma B.2 as

—
8(ANB)Epy = (84w MW) — v, (B.9)
where
— — —
v = (=1)°p(8LEPE)(0L0LECB)Egs = viF+uiT, (B.10)
— — —
vil = (1) (0L EBC) (0L EPY ) (0:Epa) = —vil —vl/, (B.11)
— —  —
vill = (=170 (0L EPF)0R((0HEP)Epa)
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— — —
= ()DL BT ) (B Bpa) = VA 0k

(B.12)
vy = (=1)ef (aAEBC)(aDECF)(al EPP) | (B.13)
W= (1 BEF (L ECD><aDacEBA> — YT, (B.14)
N EF (9, EBD><aDacEBA> — (B.15)
W = (Sl (@0 Bop) EPF (9 ECP) (B.16)

Here, the Jacobi identity (3.3) is used in the second equality of eq. (B.14), and the closeness relation
(3.4) is used in the second equalities of egs. (B.11) and (B.15). Altogether egs. (B.10)—(B.16) yield

2
v = v = i)Y = UV 1Y = —Vév—gyXH. (B.17)

N
Ultimately, we would like to show that v/ is equal to (841(?)/3. The achievement in eq. (B.17) is
—

more modest: The free “A” index on the V;a expression has been moved to a derivative 8% in V;’;V and

v¥1. On the other hand, differentiation with respect to I'4 of the two expressions (1.9) and (1.10)
for the v(?) quantity (1.9) yields two more relations

—
T (LTI L (B.15)
where
— — —
I/XIH = (—1)%ccr (al alBECD)EDF(al EFB) (B.19)

VX = (- )€c(al EDF)(a’ ECB)(8BECD)
= —(=1)F 56(81 EDF)((‘)FEBC)ECG(E?BEG )EHD

= (=1)°s c(al EHD)EDF(aFEBC)ECG(al ECHy = IV X (B.20)
— — —
I/;)f = (—1)€B€G+(€B+€C)(€D+1)(854EHD)EBF(8%ECD)Ecg(8lBEGH)
— — —

— (—1)(€B+1)€D+€C(EB+EH+1)(854EHD)EBF(8%'EDC)(alBEHG)EGC’ — 0 . (B21)

Here, the Jacobi identity (3.1) is used in the fourth equality of eq. (B.20). Remarkably, the v term

vanishes due to an antisymmetry under the index permutation F'DC «— BHG. Altogether, I/[{‘X = V;QV
and
I v 2 v SV 2 v oo (2) o (2)
va = —va —gval = —va —gall —vy =) = S (07) (B.22)

Combining egs. (B.3), (B.9) and (B.22) shows that the v, expression (7.1) satisfies the v differential
eq. (5.29).

C Proof of Proposition 11.1

In this Appendix C, we prove that the odd scalar curvature R is minus eight times the odd scalar v..
The odd scalar curvature

R = RABEBA = R+ Rir— Rrr— Ryy (Cl)
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inherits four terms Ry, Ry, Rrrr and Ryy from the expression (11.5) for the Ricci tensor Rap. They
are defined as

R = (—1)€A(8_5)4FABC)ECB = Ry — Ryr, (C.2)
Rip = (“1AEATApoECB = — (~1fFy(@l + Fp) B (€3)
R = (—1)€BEBA(£FB), (C.4)
Ry = TA“pIPepEPY = — Ry — Ryy (C.5)
Ry = (S0 poE) = — (~1)80h (0l + Fi)EPA

= o) (C1adh (AP ) ()
Ry; = FABC(ECBE)_ZV (C.7)

Here, the antisymplectic and the torsion-free conditions (10.6) and (10.9) are used in the second
equality of eq. (C.5), and a contracted version of the antisymplectic condition (10.6)

—
(—1)°8(0p+Fp)EP 4 (—1)°aT4 o EYP = 0 (C.8)
is used in the second equalities of egs. (C.3) and (C.6). Inserting back in eq. (C.1), one finds that

R = — SVE;Q) —v(M = %RV[ , (C.9)

where l/g)) and (1) are given in egs. (4.6) and (1.8). Now it remains to eliminate Ry from eq. (C.9).
Note that Ry only depends on the torsion-free part of the connection I' g, so one does in principle
not need the torsion-free condition (10.9) from now on. One calculates that

1 1 — —
§RVI _ —5(—1)EA(€D+1)FBACECD(854EDF)EFB — (_1)5AFBACEC'D(alDEAF)EFB
—
= DpoEP(0LEP ) Eps = —v® — Ry, . (C.10)

Here, the closeness relation (3.4) is used in the second equality and the antisymplectic condition (10.6)
in the fourth equality. In other words,

Ryr = —gy@) . (C.11)

Combining egs. (C.9) and (C.11) yields the main result of Proposition 11.1:
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1 Introduction

The main purpose of this Letter is to report on new geometric insights into the field-antifield for-
malism. In general, the field-antifield formalism [1, 2, 3] is a recipe for constructing Feynman rules
for Lagrangian field theories with gauge symmetries. The field-antifield formalism is in principle able
to handle the most general gauge algebra, i.e. open gauge algebras of reducible type. The input is
usually a local relativistic field theory, formulated via a classical action principle in a geometric con-
figuration space. In the field-antifield scheme, the original field variables are extended with various
stages of ghosts, antighosts and Lagrange multipliers — all of which are then further extended with
corresponding antifields; the gauge symmetries are encoded in a nilpotent Fermionic BRST symmetry
[4, 5]; and the original action is deformed into a BRST-invariant master action, whose Hessian has
the maximal allowed rank. The full quantum master action

=1

is determined recursively order by order in % from a consistent set of quantum master equations

(5,5) = 0, (1.2)
(My,5) = i(ApS),

(M,) = i(B,M0) +v, — £ (M, My) (1.4)
(M7MS) = (A Mn 1 %Z MT’7Mn 7” 5 n>3. (15)

Here (-,-) is the antibracket (or anti-Poisson structure), A, is the odd Laplacian and v, is an odd
scalar, which become relevant in perturbation theory at loop order 0, 1, and 2, respectively. It has
only recently been realized that the field-antifield formalism can consistently accommodate a non-zero
v, term, thereby providing a more flexible framework for field-antifield quantization [6, 7, 8.

The classical master equation (1.2) is a generalization of Zinn-Justin’s equation [9], which allows to
set up consistent renormalization (if the field theory is renormalizable). If the theory is not anomalous
at the one-loop level, there will exist a local solution M; to the next equation (1.3), and so forth.
Although the field-antifield formalism in its basic form is only a formal scheme — i.e. particularly, it
assumes that results from finite dimensional analysis are directly applicable to field theory, which has
infinitely many degrees of freedom — it has nevertheless been successfully applied to a large variety
of physical models. It has mainly been used in a truncated form of the full set of quantum master eqs.
(1.2) = (1.5), where all the following quantities

(S,S), (Ap5)7 Vps My, My, Ms,..., (16)

are set identically equal to zero. One can for instance mention the AKSZ paradigm [10, 11] as a broad
example that uses the truncated field-antifield formalism (1.6) to quantize supersymmetric topological
field theories [12, 13, 14, 15]. Currently, very few scientific works describe solutions with non-zero
M,,’s, primarily due to the singular nature of the odd Laplacian A, in field theory (again because of
the infinitely many degrees of freedom). Nevertheless, it should be fruitful to study generic solutions of
the full quantum master equation. See the original paper [1] for an interesting solution with M; # 0.
Finally, it has in many cases been explicitly checked that the field-antifield formalism produces the
same result as the Hamiltonian formulation [16, 17, 18]. The formalism has also influenced work
in closed string field theory [19] and several branches of mathematics. The geometry behind the
field-antifield formalism was further clarified in Ref. [20, 21, 22, 23].



In this Letter we shall only explicitly consider the case of finitely many variables. Our main result
concerns the odd scalar v,, which is a certain function of the anti-Poisson structure EAB and the
density p, cf. eq. (6.1) below. It turns out that v/, has a geometric interpretation as (minus 1/8 times)
the odd scalar curvature R of any connection V that satisfies three conditions; namely that V is
1) anti-Poisson, 2) torsion-free and 3) p-compatible. This is a rather robust conclusion as we shall
prove in this Letter that it even holds for degenerate antibrackets. (Degenerate anti-Poisson structures
appear naturally from for instance the Dirac antibracket construction for antisymplectic second-class
constraints [7, 21, 24, 25].)

2 Anti-Poisson structure E45

An anti-Poisson structure is by definition a possibly degenerate (2,0) tensor field FEAB with upper
indices that is Grassmann-odd
e(EAP) = e, +ep+1, (2.1)
that is skewsymmetric
EAB — _ (_1)(5A+1)(5B+1)EBA ’ (2‘2)
and that satisfies the Jacobi identity
—
Z (=1)EatDEH) pAD (58 pBCY — ¢ | (2.3)

cycl. A,B,C
3 Compatible two-form FEp

In general, an anti-Poisson manifold could have singular points where the rank of E4Z jumps, and it

is necessary to impose a regularity criterion to proceed. We shall here assume that the anti-Poisson
structure EAP admits a compatible two-form field E4p, i.e. that there exists a two-form field Exp
with lower indices that is Grassmann-odd

e(Eap) = €4 +ep+1, (3.1)
that is skewsymmetric

Esp = —(—1)°4°BEBa , (3.2)
and that is compatible with the anti-Poisson structure in the sense that

EABERoECP = EAD (3.3)

EspEB°Ecp = Eap . (3.4)

This is a relatively mild requirement, which is always automatically satisfied for a Dirac antibracket
on antisymplectic manifolds with antisymplectic second-class constraints [7, 21, 24, 25]. Note that the
two-form E4p is neither unique nor necessarily closed. One can define a (1, 1) tensor field as

PAc = EAPEpe (3.5)

or equivalently,
P,¢ = E gEBC = (=1)%alctDpC, (3.6)

It then follows from either of the compatibility relations (3.3) and (3.4) that P4 is an idempotent

PAgPB. = PA¢. (3.7)



4 The Ay Operator

An anti-Poisson structure with a compatible two-form field E 4p gives rise to a Grassmann-odd, second-
order Ay operator that takes semidensities to semidensities. It is defined in arbitrary coordinates as
[7]
(1) (2) ®3) 4) ()
v v v v v
Ap =AM +——————F—+—F— +— 4.1

F TS TS T T T (4.1

where A; is the odd Laplacian

A = S0 pangt (4.2)

with p =1, and where

D= (= 1)€A(a€afEAB) (4.3)
V@ = (- 1)€A€C(8DEAB)EBC(8£ECD) (4.4)
VO = (—1)2(0 EBC)ECD(aZ B4, (4.5)
vWo= (1) EBc>ECD<af EBF>PA (4.6)
VO = (—1)a 50(85 EAB)EBC(agECF)P b

= (-1)EatD EBEAD(af EBC)(a Esr)P'p . (4.7)

It is shown in Ref. [7] that the Aj operator defined in eq. (4.1) does not depend on the choice of
local coordinates, it does not depend on the choice of compatible two-form field E4p, and it does
map semidensities into semidensities. Moreover, the Jacobi identity (2.3) precisely ensures that Ay is
nilpotent

A% = —[Ag,Ag] = 0. (4.8)

DO =

Earlier works on the A operator include Ref. [6, 25, 26, 27, 28, 29].

5 The A Operator

Classically, the field-antifield formalism is governed by the anti-Poisson structure E4B | or equivalently,
the antibracket

— —

(f.9) = (fONEP(0hg) = — (1) V(g 1) (5.1)

Quantum mechanically, the field-antifield recipe instructs one to choose an arbitrary path integral
measure p, and to use it to build a nilpotent, Grassmann-odd, second-order A operator that takes

scalar functions into scalar functions. It is natural to build the A operator by conjugating the Ap
operator (4.1) with appropriate square roots of the density p as follows:

1
A= —Ag/p. 5.2
/P BVP (5.2)
In this way the A operator trivially inherits the nilpotency property from the A operator,
1
A2 = —AL/p =0. (5.3)
b EVP

In physical applications the nilpotency (5.3) of A is important for the underlying BRST symmetry of
the theory.



6 The Odd Scalar v,

The odd scalar function v, is defined as

v E(Al):i(AE\/ﬁ):u(0>+(—————+—+—, (6.1)
P \/ﬁ p

(0)

D v@ 0B p@ p0) are given in eqs. (4.3)-(4.7), and the quantity v, is given as

where v/

V/()O) = %(Al\/ﬁ) (6.2)

The second-order A operator (5.2) decomposes as
A=A +v,, (6.3)
where A, is the odd Laplacian (4.2). The nilpotency of A implies that
Ai = (va')v (64)
(A, = 0. (6.5)

The possibility of a non-trivial v, has only recently been observed, cf. Ref. [6, 7, 8]. In the past, the
odd scalar term v, was not present due to a certain compatibility relation between E and p, which
was unnecessarily imposed, and which (using our new terminology) made v, vanish. In terms of the
quantum master equation _

AeiV = 0, (6.6)

the odd scalar v, enters at the two-loop order O(h?)

%(W, W) = ihA,W + Ky, (6.7)

which in turn leads to the set of egs. (1.2) — (1.5).

7 Connection

In the next two Sections 7 and 8 we will briefly state our sign conventions and definitions for the
covariant derivative and the curvature in the presence of Fermionic degrees of freedom. A more
complete treatment can be found in Ref. [8, 30]. Other references include Ref. [31]. Our convention
for the left covariant derivative (V4X)P of a left vector field X4 is [30]

(VaX)B = (Z?—f;XB) + (—1)5xEtec)r B o x| (XM = ex+ey. (7.1)
A connection I'4Z ¢ is called anti-Poisson if it preserves the anti-Poisson structure EAZ, i.e.
0 = (VAE)EC = (94E5C) + (PaPpEPC — (~1)Es Vet (B o ) (7.2)
It is useful to define a reordered Christoffel symbol I'4 5o as
IMpe = (=144 . (7.3)



A torsion-free connection I'4 ¢ has the following symmetry in the lower indices:
TMpe = — (~1)EsthEctpdg, (7.4)

A connection I'* g¢ is called p-compatible if
-

[Ppa = (Inpdy). (7.5)

There are in principle two definitions for the divergence div.X of a Bosonic vector field X with e, =0.
The first divergence definition depends on the density p

div, X = H%aﬁl(pr‘) , (7.6)

while the second definition depends on the connection V

divgX = str(VX) = (—1)%a(VaX)?4 = ((—1)€Aa?g+rBBA)XA. (7.7)

The p-compatibility condition (7.5) precisely ensures that the two definitions (7.6) and (7.7) coincide,
and hence that there is a unique notion of volume [32]. We shall only consider torsion-free connections
V that are anti-Poisson and p-compatible, i.e. connections that satisfy the above three conditions
(7.2), (7.4) and (7.5). Then the odd Laplacian A, can be written on a manifestly covariant form

—1) —1)¢
A, = %VAEABVB - (%EBAVAVB . (7.8)
8 Curvature
The Riemann curvature tensor is
—
Ripop = (—1)%4%8(35T7cp) + T ppTFop — (—1)°5%¢(B « O) . (8.1)

(Note that the ordering of indices on the Riemann curvature tensor is slightly non-standard to minimize
appearances of sign factors.) The Ricci tensor is

—1)éc — — —
Rup = RCcup = ( p) (85pTC 45)— (0% Inp 0R) -T2  pIPep = —(—1)EatVETURE, . (8.2)

9 (Odd Scalar Curvature

The odd scalar curvature R is defined as the Ricci tensor R4p contracted with the anti-Poisson tensor
EAB7

R = RupEP* = EAPRp, , e(R) = 1. (9.1)

We now assert that the odd scalar curvature

R = -8y, (9.2)

of an arbitrary connection V that is anti-Poisson, torsion-free and p-compatible, is equal to (minus
eight times) the odd scalar v,. In particular one sees that the odd scalar curvature R carries no
information about the connection V used, and it depends only on E and p. Equation (9.2) was proven

for the non-degenerated case in Ref. [8]. The degenerated case is proven in Appendix A.



ACKNOWLEDGEMENT: We would like to thank P.H. Damgaard for discussions. K.B. thanks the Lebe-
dev Physics Institute and the Niels Bohr Institute for warm hospitality. The work of I.A.B. is supported
by grants RFBR 05-01-00996, RFBR 05-02-17217 and LSS-4401.2006.2. The work of K.B. is supported
by the Ministry of Education of the Czech Republic under the project MSM 0021622409.

A Proof of the Main Eq. (9.2)

Equation (C.9) in Ref. [8] yields that the odd scalar curvature R can be written as
1
R = — 81/5)) — - §RI , (A.1)

where V,()O), vM) and R; are defined in eqs. (6.2), (4.3) and (A.2), respectively. Since the expression
(A.2) below for R; only depends on the torsion-free part of the connection, one does in principle not
need the torsion-free condition (7.4) from now on. The heart of the proof consists of the following ten
“one-line calculations”:

R = FABC(ECBé_z) = FABC((ECDEDFEFB)é_z) = 2R + R (A.2)
Ry = TABCPCD(EDBé—Zx) = — Ry —v@ | (A.3)
Ry = (—1)€A(Ec+1)FFABEBC(OZECD)EDF = 2R+ Ry, (A4)
Ry = FABCECD(C;{)EBF)EFA = Ryr— Rrv, (A.5)
Ry = (—1)€A€CPFABPBC(E?ZECD)PDF = Ry — v, (A.6)
Ry; = FABC(ECBE?_TD)PDA = 2Rvir + Rix , (A7)
Ry = (—1)(€A+1)(€C+1)EABTBCDEDF(a—f;EAG)PGC = Rrv — Ry, (A.8)
Ry = FABCPCD(EDB%“)PFA = — Ry —v¥, (A.9)
Rix = (—1)%<Ec+1>FGABEBCPAD(a—f;ECF)EFG = —Rx —v¥, (A.10)
Rx = (—1)€APFABEBC(3Z*EAD)EDF = — Ry —v® . (A.11)

Here we have used the upper compatibility relation (3.3) for the two-form E4p in the second equality
of egs. (A.2), (A.7), (A.8), (A.9) and (A.10); the lower compatibility relation (3.4) for the two-form
E 4p in the second equality of eq. (A.4); the anti-Poisson property (7.2) for the connection V in the
second equality of eqgs. (A.3), (A.6), (A.9), (A.10) and (A.11); and the Jacobi identity (2.3) in the
second equality of egs. (A.5) and (A.8). From these ten relations (A.2)—(A.11), the quantity R;;; can
be determined as follows:

—Riir = Ry = Ry —v® = (Ryv — Ryi) + (Rrv + Rvirr) = 2Ry

= Ry; =2Ryur+Rix = — 2Ry +vO) + (R +v® — W)
= 2R+ (® — W —200)) (A.12)
so that )
R = 5(_V(3) + W 4 2,0)) (A.13)

Next, R; can be expressed in terms of Rjj;:

1 1 1
5B = Ru+gRur = — (Rrv +v®) + sBir = R - v (A.14)

7



Inserting egs. (A.13) and (A.14) into eq. (A.1) yields the main eq. (9.2):

1 1
R = — 8V/£0) — - §R1 = — 81/[()0) —vW 4@ 4 g(u(s) — W20y = — 8v,. (A.15)
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1 Introduction

What do Riemannian and antisymplectic geometry have in common? The short answer is that out
of the 2 x 2 =4 classical classes of even and odd, Riemannian and symplectic geometries, they are
the only two possibilities that possess non—trivial Laplacians, scalar curvatures and Weitzenbock—type
identities, cf. Table 1. Our present investigation is partly spurred by the following remarkable fact.
On one hand, one has the nilpotent, Grassmann—odd A operator, which plays a fundamental role in
antisymplectic geometry, and which helps encode the BRST symmetry in the field—antifield formalism
[1, 2, 3]. It can be written as [4]

2A = 247, —% (antisymplectic) (1.0.1)

where A , 1s the odd Laplacian, and R is the odd scalar curvature of an arbitrary antisymplectic,

torsionfree and p—compatible connection VI =d+T. On the other hand, on a Riemannian spin
manifold, one has the Schrédinger—Lichnerowicz formula [5, 6]

D@ plo) — AE)‘;) —% (Riemannian) (1.0.2)

where D(?) is the Dirac operator, AE)‘;) is the spinor Laplacian, and R is the scalar Levi-Civita
curvature. The formula (1.0.1) has been multiplied with a factor of 2 to ease comparison with formula
(1.0.2) because of the standard practice to normalize odd Laplacians with an internal factor 1/2. In



both formulas (1.0.1) and (1.0.2), the coefficient in front of the zeroth—order scalar curvature term is
exactly the same, namely minus a quarter! Of course, there are crucial differences between eqs. (1.0.1)
and (1.0.2). The second—order operators in eq. (1.0.1) act on scalar functions, while the Dirac operator
D(@) and the Laplacian AE)C;) in eq. (1.0.2) act on spinors, as the index “o” is meant to indicate. (The
subscript p,=,/g refers to the canonical Riemannian density.)

Our investigation can roughly be divided in three parts. The first part (which is mainly covered in
Subsections 3.1-3.5, 3.9 and 4.1-4.4) is to define a Grassmann—even Riemannian analogue of the odd
A operator (1.0.1), that takes scalars in scalars:

R . .
A, - 7 (Riemannian) . (1.0.3)
Here A, is the Laplace—Beltrami operator and R is the Levi-Civita scalar curvature. The zeroth—

p
order tergm —R/4 in the even operator (1.0.3) is special in several ways (as compared to other choices
of the zeroth—-order term). For instance, the even operator (1.0.3) with this particular zeroth—order
term —R/4 is closely related to the quantum Hamiltonian H for a particle moving in the Riemannian
manifold [7, 8, 9, 10, 11, 12, 13, 14, 15, 16], cf. Subsection 3.10. Central to our investigation is the
fact that the zeroth—order term —R/4 also possesses a special mathematical property. To see this
property, one notes that it is possible to uniquely identify how all zeroth—order terms depend on
the canonical Riemannian density p,, due to a classification of scalar invariants, see Proposition 3.2.
Therefore it is possible to consistently replace all the appearances of p, with an arbitrary density
p. One may now show that the p-lifted version of the operator (1.0.3) is the unique operator such
that the \/p—conjugated operator is independent of p. That’s the special property. This has parallels
to antisymplectic geometry, where the odd A operator (1.0.1) shares a similar characterization. In
antisymplectic geometry, the ,/p—conjugated operator

Ap = /pA (antisymplectic) (1.0.4)

1
NG
is precisely Khudaverdian’s Ay operator [17, 18, 19, 20, 21, 22, 23]. The Ay operator (1.0.4) is
distinguished by being nilpotent and independent of p. In fact, when one tracks the equations in
detail, it is possible to see that the same coefficient —1/4 in front of the odd and even scalar curvature
terms in egs. (1.0.1) and (1.0.3) is not a coincidence, but indeed follows from the same underlying

principle of p—independence. Thus it establishes a bridge between the odd and even operators (1.0.1)
and (1.0.3).

We should also mention that the even operator (1.0.3) is often compared with the conformally covariant
Laplacian

(N -2)R
Pe (N —1)4
where N=dim(M) is the dimension of the Riemannian manifold M. The zeroth-order term —R/4
corresponds to N =oo0.

A (Riemannian) (1.0.5)

The second part (which is covered in Subsections 6.4-6.10) is to check within Riemannian geometry, if
there is a bridge between the even operator (1.0.3) that acts on scalar functions, and the square
of the Dirac operator (1.0.2) that acts on the spinor bundle S. There is a well-defined group—
theoretical procedure how to compare scalars and spinors. Firstly, the Dirac operator is extended
to a Dirac operator that acts on the bispinor bundle S ® ST. The Clebsch-Gordan decomposition
S®8T =1@..., in turn, contains a singlet representation, i.e., a scalar invariant, which is denoted as
||s)). Thus one just has to project the square of the bispinor Dirac operator to the singlet representation
to obtain an operator that acts on scalars. Somewhat surprisingly, the operator turns out to be just



the bare Laplace-Beltrami operator A, with no zeroth-order term at all, cf. Theorem 6.6. Roughly
speaking, after the projection to the smglet state ||s)), the —R/4 curvature term in the spinor sector S
is canceled by an opposite amount +R/4 in the transposed spinor sector ST. So we have to conclude
for the second part, that the above group—theoretical procedure yields no relation between the even
operator (1.0.3) that acts on scalar functions, and the square of the Dirac operator (1.0.2), despite
the fact that they both contain the same —R/4 term!

The third part develops the antisymplectic side. It is spurred by the following questions.

1. Do there exist antisymplectic Clifford algebras and spinors?

2. Does there exists a natural spinor generalization A(®) of the odd A operator (1.0.1), which takes
antisymplectic spinors to antisymplectic spinors?

3. Can the odd A(®) operator from question 2 be written as a square

A€ L D), p) (antisymplectic) (1.0.6)
(o)

of an antisymplectic Dirac operator D) =~4V 4 > where “4” is a Fermionic multiplication,
e(x) =1, and 44 are antisymplectic v matrices?

The answers, which will be derived in detail in Sections 4 and 7, are, by most standards, “no” to
question 3, and “yes, there exists a first—order formalism, but there is no second—order formalism”
to question 1 and 2. Here the first— and second—order formalism refer to the realizations of the Lie—
algebras of infinitesimal frame and coordinate changes in terms of first— and second—order differential
operators, respectively. The obstacle in eq. (1.0.6) lies in the definition of the x multiplication. We
shall, however, introduce a Fermionic nilpotent parameter 6 that can be though of as the inverse

1 but since such @ parameter by definition is not invertible, the * multiplication itself becomes
meaningless. The trick is therefore, roughly speaking, to multiply both side of eq. (1.0.6) with §=x"1,
cf. Theorem 4.4 and Theorem 7.1.

At the coarsest level, the main text is organized into 3 x 2 = 6 sections. The three Sections 2-4 are
devoted to general (=not necessarily spin) manifolds, while the next three Sections 5-7 deal exclusively
with spin manifolds. Sections 3 and 6 consider the Riemannian case, and Sections 4 and 7 consider
the antisymplectic case, while Sections 2 and 5 consider the general theory that is common for both
Riemannian and antisymplectic case. The general theory Sections 2 and 5 explain differential geometry,
such as, connections, torsion tensors, vielbeins, flat and curved exterior forms, etc., in the context of
supermanifolds, where sign factors are important. The Riemannian curvature tensor, the Ricci tensor
and the scalar curvature are considered in Subsections 2.4-2.6, 3.7-3.8 and 4.6—4.7. Finally, Section 8
has our conclusions.

1.1 General Remarks About Notation

Adjectives from supermathematics such as “graded”, “super”, etc., are implicitly implied. The sign
conventions are such that two exterior forms £ and 7, of Grassmann—parity € Ep and of form—degree
Pe, Py, commute in the following graded sense:

DAL = (“1)%etPePag Ay = (—1)% g Ay (1.1.1)

inside the exterior algebra. The pair (¢, p) acts as a 2-dimensional vector—valued Grassmann—parity

—— €
g = lp(nmd2)], (1.1.2)



Table 1: The 2 x 2 =4 classical geometries and their symmetries [18]. Only even Riemannian and
antisymplectic geometries have non—trivial Laplacians, scalar curvatures and Weitzenbock—type iden-
tities.

‘ H Even Geometry H 0Odd Geometry ‘
g:YAgAB\/YB g:YAgAB\/YB
Riemannian e(gap) =e€4+e€p €(gup) =cq4+ep+1
Covariant || gp, = —(—1)EatVETg, gpa = (—1)°4%Bg,p
Metric Symmetric Symmetric
No Closeness Relation No Closeness Relation
Inverse e(g"P) =¢e, +ep e(g"P)=e +eg+1
Riemannian gBA — (_1)€A€BQAB gBA — (_1)(€A+1)(€B+1)9AB
Contravariant Symmetric Skewsymmetric
Metric Even Laplacian No Laplacian
w:%C’AwAB/\C’B E:%C’AEAB/\C’B
Symplectic e(wyp) =€4 + €5 e(Eyp) =€4+eg+1
Covariant wpa = (—1)EatEp+y, o Epy=—(=1)¢4°sE,p
Two—Form Skewsymmetric Skewsymmetric
Closeness Relation Closeness Relation
Inverse e(B)=¢e, +ep e(EAB) =¢e,  +eg+1
Symplectic wBA — _(_1)€A€BwAB EBA — _(_1)(€A+1)(€B+1)EAB
Contravariant Skewsymmetric Symmetric
Tensor No Laplacian 0Odd Laplacian

as indicated in the second equality of eq. (1.1.1). The first component carries ordinary Grassmann—
parity €, while the second component carries form—parity, i.e., form degree modulo two. The exterior
wedge symbol “A” is often not written explicitly, as it is redundant information that can be deduced
from the Grassmann— and form-parity. The commutator [F, G| and anticommutator {F, G} of two
operators F' and G are

[F,G] = FG—(-1°rc¢tPrPcGF = FG — (-1 F%cGF , (1.1.3)
{(F,G}, = FG+ (—1°rc™PrPcGF = FG+ (-1)°FcGF . (1.1.4)
The commutator (1.1.3) fulfills the Jacobi identity
Y (=1)FFEH[F[G,H]] = 0. (1.1.5)
cycl. F,G,H
The transposed of a product of operators is:
(FQ)T = (—1)5rctPrraGTFT = (—1)5rfcGTFT . (1.1.6)

Covariant and exterior derivatives will always be from the left, while partial derivatives can be from
either left or right. We shall sometimes use round parenthesis “()” to indicate how far derivatives act,
see e.g., egs. (2.3.3), (3.3.2), (3.4.2) and (3.4.3) below.



2 General Theory

2.1 Connection V&) =d+T

Let there be given a manifold M with local coordinates z4 of Grassmann-parity e(z4) = ¢, (and
form-degree p(z4) = 0). Assume that M is endowed with a measure density p. Let T'(TM) denote
the set of sections in the tangent bundle T'M, i.e., the set of vector fields on M. Let M be endowed
with a tangent bundle connection V(") = d 4+ T = dz4 ® Vg) : T(TM) xT(TM) — T'(TM)

Y,

8 —

v = 5ox T 05 TPac = (2.1.1)

Here 07y = (—1)€A8fg are not usual partial derivatives. In particular, they do not act on the Christoffel

symbols I'® 4¢ in eq. (2.1.1). Rather they are a dual basis to the oneforms dz*:

—

dz4 (9%) = o4, e(dz?) = e, = e(8) . (2.1.2)

Phrased differently, the 0’; are merely bookkeeping devices, that transform as right partial derivatives
under general coordinate transformations. (To be able to distinguish them from true partial deriva-
tives, the differentiation variable 24 on a true partial derivative /024 is written explicitly.) For fixed
index “A” in eq. (2.1.1), the Christoffel symbol I'Z 4¢ is a matrix with respect to index “B” and index

“C”, and 0j I'B 4 dzC is the corresponding linear operator: TM — TM. (We shall often refer to a
linear operator by its matrix, and vice-versa.)

The form-parities p(dz?) =p(07) are either all 0 or all 1, depending on applications, whereas a
1-form dz? with no arrow “—” always carries odd form-parity p(dz?)=1 (and Grassmann-parity
e(dzt)=¢,).

2.2 Torsion

The torsion tensor T : T(TM) x T(TM) — I'(T'M) is defined as

1
7@ = §dZA Ay TWB 40 dzC = [V A 1]
pY
[dzAij +d2? Op TP ap d2P 2 0 d2°] = dz* NOp TP a0 d2¥ . (221)

where it is implicitly understood that there are no contractions with base manifold indices, in this
case index “A” and index “C”. As expected, the torsion tensor is just an antisymmetrization of the
Christoffel symbol I'? 4 with respect to the lower indices,

TOAe = Tpe + (—1)(€B+1)(€C+1)(B = C). (2.2.2)
In particular, the Christoffel symbol
Mo = —(=1)EstDEct) (B & ) (2.2.3)

is symmetric with respect to the lower indices when the connection is torsionfree.



2.3 Divergence

A connection V() can be used to define a divergence of a Bosonic vector field X4 as

o
str (VO X) = (—1)ea(vP x4 = (-5 +TPpa) X" ex = 0. (2.3.1)

On the other hand, the divergence is defined in terms of p as

. —1)%a 52
div, X = ( p) aZ—A(pXA). (2.3.2)

See Ref. [24] for a mathematical exposition of divergence operators on supermanifolds. The v
connection is called compatible with the measure density p if

—
¢

0
B —
In this case, the two definitions (2.3.1) and (2.3.2) of divergence agree, cf. Ref. [4].

2.4 The Riemann Curvature

We discuss in this Subsection 2.4 the Riemann curvature tensor on a supermanifold [25]. See Ref. [12]
and Ref. [26] for related discussions. The Riemann curvature RT) is defined as (half) the commutator
of the V() connection (2.1.1),

1
RO = v avh] = —Za:fndt @ [V, V)

1

2
1 —

= —§dzB/\dzA ® 95 RPapc d2Y (2.4.1)

where it is implicitly understood that there are no contractions with base manifold indices, in this
case index “A” and index “B”. (For a torsionfree connection such contractions vanish, and there is
no ambiguity.)

RDABC = dZD ([V(F),Vg)]({)}})
—

86
= (—1)ED€A(82—AFDBC) + TP 45 TEpe — (—1)°4°8(A < B) , (2.4.2)

Note that the order of indices in the Riemann curvature tensor R” 4pc is non-standard. This is to
minimize appearances of Grassmann sign factors. Alternatively, the Riemann curvature tensor may

be defined as
R(X,V)Z = (VY V1-Viy) 2 = YPXARA"c2 0 | (2.4.3)

where X = X A(‘)g, Yy =Y8 8% and Z = ané are left vector field of even Grassmann— and form-—
parity. The Riemann curvature tensor R p” ¢ reads in local coordinates

—
4
RABDC _ (_1)5D(6A+63)RDABC _ (82_AFBDC) + (_1)aBaDFADE FEBC o (_1)5A5B(A N B) ]
(2.4.4)



Here we have introduced a reordered Christoffel symbol
TaBc = (—1)%a%T8 4 . (2.4.5)
It is sometimes useful to reorder the indices in the Riemann curvature tensors as
Rapc? = ([Va,VB05)P = (=1)cEntVR P . (2.4.6)

Note that all expressions (2.4.2), (2.4.4) and (2.4.6) of Riemann curvature tensor are antisymmetric
under an (A < B) exchange of index “A” and “B”. The first Bianchi identity reads (in the torsionfree
case):

0= > (~1)%CRapc” . (2.4.7)
cycl. A,B,C

We have exceptionally used the convention p(9%)=0 in egs. (2.4.3) and (2.4.6).

2.5 The Ricci Tensor

The Ricci tensor is defined as

Rap = Rus . (2.5.1)
The Ricci tensor becomes symmetric
o o P
Rap = (T (f;z—c(pFCAB) - (E?i—A 1Hp£—;) —T4Pc T
= —(=1)EatEsT) (4  B) | (2.5.2)

when the V() connection is torsionfree T =0 and p-compatible (2.3.3).

2.6 The Ricci Two—Form

The Ricci two—form is defined as
Rap = Rap“c(—1)°c = —(—1)°4°8(A < B). (2.6.1)

The Ricci two—form vanishes
Rag = 0, (2.6.2)

when the V() connection is torsionfree T =0 and p-compatible (2.3.3).

2.7 Covariant Tensors

Let
Qun(M) = T (A™T"M) @ \/™(T"M)) (2.7.1)

be the vector space of (0, m+n)—tensors 7 Ay Ay, By Bn(z) that are antisymmetric with respect to the
first m indices A; ... A,,, and symmetric with respect to the last n indices By ... B,. As usual, it is
practical to introduce a coordinate—free notation

1
n(zCsY) = chm N NCM g a, By, (2) YV v Y P (2.7.2)



Here the variables Y4 are symmetric counterparts to the one—form basis C4 = dz4.

CANCE = —(-1)%a5CBANCA, e(CY) = ¢4, p(CY = 1,
Ay yB caepy By VA A A (2.7.3)

YAVYP = (=1)a*sYP VY4 e(Y?) = g4, p(Y?) = 0.

The covariant derivative can be realized on covariant tensors 7 € Q,,,(M) by a linear differential

operator

-
v - 9 B o 2.7.4
A = gaTaleT s, (2.7.4)
where - -
0 0
A I A A

are themselves linear differential operators. They are generators of the general linear (= gl) Lie—
algebra,
[T45,TCp] = 6§ TAp — (—1)Eaten)Ecten)sd 7C, | (2.7.6)

It is important for the implementation (2.7.4) to make sense that 1 carries no explicit indices, i.e., all
indices should be paired as indicated in eq. (2.7.2). The Lie-algebra (2.7.6) reflects infinitesimal
coordinate transformation, i.e., diffeomorphism invariance.

2.8 Coordinate Transformations

Consider for simplicity a one-form 7 = 1,(2)C4 € Q19(M). The covariant derivative reads

—
¢
(Vaneo = (5 a0¢) — 18 I'%ac . (2.8.1)
Under a coordinate transformation z4 — 2’4 one has
-
! /B o
na = gz W) ) (2.8.2)
o o
C/A _ ’AiCB_CBa_’A 283
- (Z aZB) - (aZBZ )7 ( i )
€ 4€ /Bb_r D g/Bb_r 52/D/B /Eb_r
(=1)°4%5 (2 az—D)F AC = (8ZAZ 6z0)+(8zAZ I'p7 ez 820), (2.8.4)
so that the covariant derivative transforms covariantly,
— —
o /1B ! c 0
(Van)p = (@Z )(Visn)e(z azD)' (2.8.5)

3 Riemannian Geometry

3.1 Metric

Let there be given a (pseudo) Riemannian metric, i.e., a covariant symmetric (0, 2) tensor field

g =Yg, VYE € QuM), (3.1.1)
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of Grassmann—parity

e(9ap) = cates, e(g) = 0, p(gag) = 0, (3.1.2)
and of symmetry
gpa = —(~1)EatEsT g, o (3.1.3)

We shall not need nor discuss positivity/reality /Hermiticity—conditions in this paper (except for the
application to a particle in a curved space, cf. Subsection 3.10). The symmetry (3.1.3) becomes more
transparent if one reorders the Riemannian metric as

g = YBvY45,,, (3.1.4)
where

gap = gap(=1)"5 . (3.1.5)
Then the symmetry (3.1.3) simply reads

gpa = (=1)°4"Bg,p . (3.1.6)

The Riemannian metric g, 5 is assumed to be non-degenerate, i.e., there exists an inverse contravariant
symmetric (2,0) tensor field g4Z such that

gap 9°¢ = 69 . (3.1.7)
The inverse g% has Grassmann-parity
e(g'B) = e +ep, (3.1.8)
and symmetry
g" = (<1)7atngtP (3.1.9)

The canonical density on a Riemannian manifold is

g = VG = y/sdet(gyp) - (3.1.10)

This should be compared with the antisymplectic case, where the density p is kept arbitrary, since
there is no canonical choice [25]. To ease comparison, we shall temporarily allow for arbitrary densities
p in the Riemannian case as well.

3.2 Laplacian A,

A Laplacian A ), which takes scalar functions to scalar functions, can be constructed from the inverse
metric g% and a (not necessarily canonical) density p,
o o
_ ()07 up 0
A, = P 5.4P9" 5.8 e(A,) =0, p(A,) = 0. (3.2.1)

A metric bracket (f, g) of two functions f= f(z) and g=g(z) can be defined via a double commutator
with the Laplacian, acting on the constant unit function 1,

(1.9) = 5By ol = 58,(70) = 5800~ 37(80) + 5198,
r 2
= g (g) = (1), f) (322

There are no closeness relations (resp. Jacobi identities) associated with the Riemannian g,; met-
ric (3.1.4) (resp. metric (-,-) bracket (3.2.2)) in contrast to symplectic situations. In fact, even if
such closeness relations and Jacobi identities were to be artificially enforced in one coordinate patch,
they would not transform covariantly under general coordinate transformations z4 — 2/B. See also
Subsection 3.1 in Ref. [27].

11



3.3 Two——cocycle v(p';p,g)

It is possible to introduce a Riemannian analogue of the two—cocycle of Khudaverdian and Voronov
[18, 21, 4]. The two—cocycle v(p’; p, g) is a function of a measure density p’ with respect to a reference

system (p, g),

vipip,g) = \/g(Ap %/) = uﬁ‘?)—u{ﬂo), (3.3.1)
where
O = \/Lﬁ(Al\/ﬁ) - —\/ﬁ(Ap\/Lﬁ) — (AyIny7) + (In V7, In 7) . (3.3.2)

Here A is the Laplacian (3.2.1) with p=1. The expression (3.3.1) acts as a scalar under general
coordinate transformations, and satisfies the following two—cocycle condition:

v(p1;p2,9) + v(p2;ip3, g) +v(ps;p1,9) = 0. (3.3.3)

In fact, it is a two—coboundary, because we shall prove in the next Subsection 3.4, that there exists a
scalar v,, such that

v(p'sp.9) = vy —v,. (3.3.4)

3.4 Scalar v,

A Grassmann-—even function v, can be constructed from the metric g and a (not necessarily canonical)
density p as

DI () B A A A (3.4.1)

where V,(,O) is given by eq. (3.3.2), and

(€D I— 1)¢a _8é a9 1)¢B 3.4.2
v T (_ ) (8ZAg aZB)(_ ) ’ ( - )
2 C B _A 52
v i (-1 (9, (P 2) (g 9m0)
o o
0
_ e +)(ep+1 AB CcD
= —(=1)EatDpt )(Z?z—Dg )9pc (g Z?z—A) , (3.4.3)
v = (~1Fa(gap. ") - (3.4.4)

Here (-,-) is the metric bracket (3.2.2).

Lemma 3.1 The even quantity v, is a scalar, i.e., it does not depend on the coordinate system.

PROOF OF LEMMA 3.1: Under an arbitrary infinitesimal coordinate transformation 6z4 = X4, one
calculates (by using methods similar to the antisymplectic case [22])

v = —%Aldile, (3.4.5)
Y4 Y4 Y4
o ot o
1 _ . € AB C
s = 28,divi X + (—1) (5 0"") (5553 X) . (3.4.6)
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@ = 9(—1)( o 748 o XY +2(=1)4g4p5(9"¢ a—ZXA) (3.4.7)
02¢ 028 924 AB T 02¢ ’ o
3 BC 52 A
o = —4(=1)g4p(9 ’Z?z—CX ) - (3.4.8)

(0)

One easily sees that while the four constituents v, ", v @ and v separately have non—trivial

transformation properties, the linear combination v, in eq. (3.4.1) is indeed a scalar.

O

Spurred by what happens in the antisymplectic case [4], we would like to classify which zeroth—order
term v one could add to the Laplacian (3.2.1). The following Proposition 3.2 is designed to answer
this question.

Proposition 3.2 (Classification of 2—order differential invariants) If a function v=v(z) has
the following properties:

1. The function v is a scalar.

2. v(z) is a polynomial of the metric g,5(2), the density p(z), their inverses, and z—derivatives
thereof in the point z.

3. v is invariant under constant rescaling of the density p — Ap, where X\ is a z—independent pa-
rameter.

. v scales as v — \v under constant Weyl scaling ¢ — \gP
4 (0 g9 g

rameter.

, where X\ is a z—independent pa-

5. Fach term in v contains precisely two z—derivatives.

Then v is of the form

p . p
v=av,+f Vp, T (In—,In—) , (3.4.9)

0
g g
where o, B and v are three arbitrary z—independent parameters.

Remarks: Conditions 1-5 are imposed, because the Laplacian (3.2.1) has these properties. Note that
if one collects the p—dependence into a function of In p and its z—derivatives, the conditions 2 and 3
both exclude undifferentiated In p-dependence (because In p is not a finite polynomial in p and p~!,
and because Inp—1Inp+In A is not invariant, respectively). So scalars like v,In(p/p,) are excluded

from our considerations.

SKETCHED PROOF OF PROPOSITION 3.2: The first idea of the proof is to replace condition 1 with
a weaker condition

1'. The function v is invariant under affine coordinate transformations z* — 2'B = AB 424 + \B,

Secondly, recall that every polynomial is a finite linear combinations of monomials. One can argue
that if v(2) is a polynomial that satisfy condition 1’ plus conditions 2-5 of Proposition 3.2, then each
of its constituent monomials (that contributes nontrivially) must by themselves satisfy condition 1’
plus conditions 2-5. Thus one can limit the search (for a linear basis) to monomials. It follows from

13



lengthy but straightforward combinatorial arguments that a basis for the polynomials v that satisfy
condition 1’ plus conditions 2-5 is:

I/éo) , Vg) ;v @ @8 @) I/S’) , Vg) , V£6) , Vﬁ? ) Vy) , (3.4.10)
where V£O), v 1@ 1B) were defined above, and
— —
@ . e 0" ap cp 0" c
vo= (=) A(@Q )9Bc(g &—D)(—l) D, (3.4.11)
— —
6 = (pear 2 gany 9 3.4.12
vy = (-1 (E?z—Ag )(&Z—Bnp)’ (3.4.12)
V[()G) = (Inp,Inp), (3.4.13)
V[()7) = (Inp,Inp,) . (3.4.14)
Thirdly, under an arbitrary infinitesimal coordinate transformation 6z = X4, one calculates
o o
0 0
4 AB .
5]/( ) = 2(—1)614(@79 )(aZ—Bdlle) _
ot o a"
AB c DE
+2g (&—B@X )9cp(9 aZ—E)(—l)eE ; (3.4.15)
o o
v = (Inp,div,X) — (—1)%(8— AB)(a—dl X)
P P 9247 9,81
R R
a° 0
AB C
+g (823 82AX )(820 Inp) , (3.4.16)
51/[()6) = —2(Inp,div;X) , (3.4.17)
sV = —(In(pyp), div, X) . (3.4.18)

It is easy to check that the only linear combinations of the basis elements (3.4.10) that satisfy condition
1, are given by formula (3.4.9).

O

3.5 A And Ag

The Riemannian analogue A/ of Khudaverdian’s Ay operator [17, 18, 19, 20, 21, 22, 23] is defined as

A, = A+ (3.5.1)

We will prove below that the A, operator (3.5.1) takes semidensities to semidensities. It is obviously
manifestly independent of p. Next, we define a Riemannian analogue of the Grassmann—odd nilpotent
A operator in antisymplectic geometry [4]. The even A operator, which takes scalar functions to
scalar functions, is defined for arbitrary p as

A=A+, (3.5.2)

This A operator (3.5.2) is well-defined, because of Lemma 3.1. One may prove (by using methods
similar to the antisymplectic case [22, 4]), that the two operators A and A o are related via a similarity—

transformation with ,/p,

A, = \/ﬁA\/Lﬁ . (3.5.3)
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PROOF OF EQ. (3.5.3): Let o denote an arbitrary argument for the A  operator. (The argument o
is a semidensity, but we shall not use this fact.) Then, it follows from the explicit v, formula (3.4.1)
that

(Bg0) = (8y0) + (T = = = = = (840) = (AP S H 10

) +v,0 = \/;_)(A\/iﬁ). (3.5.4)

O

Eq. (3.5.3) shows that the A, operator (3.5.1) takes semidensities to semidensities. The A operator
(3.5.2) has, in turn, the remarkable property that the ,/p—conjugated operator \/ﬁA% is independent
of p. This is strikingly similar to what happens in the antisymplectic case, cf. Subsection 4.4. It is
interesting to investigate how unique this property is? Consider a primed operator

A= Atv=A7A+v,+v, (3.5.5)

where v is a most general zeroth—order term. (We will in this paper not consider the possibility of
changing second— and first—order parts of Laplace operators, i.e., we will only consider changes to the
zeroth—order term for simplicity.) It is easy to see from egs. (3.5.3) and (3.5.5) that the corresponding
J/p-conjugated operator /pA’ \/iﬁ is independent of p if and only if the shift term v is p—-independent.
On the other hand, by invoking Proposition 3.2, one sees that v is p—independent if and only if v = ﬁupg
is proportional to Vp, - So an operator of the form A’ = A + ﬁl/pg, for arbitrary coefficient (3, is the
most general operator with this property. This is the minimal answer one could possibly have hoped
for, since a p-independence argument will never be able to detect the presence of a p—independent
shift term like Bupg.

3.6 Levi-Civita Connection

A connection VI is called metric, if it preserves the metric g,

.
0 = (Voo = (3oaise) — (45T pac + (0B o) . (361)

Here we have lowered the Christoffel symbol with the metric
Tupc = gaplPpe(—1)% . (3.6.2)

The metric condition (3.6.1) reads in terms of the contravariant inverse metric

N
4

0
0= (VDB = (82_AQBC)+(FABDQDC+(_1)aBac(B<_>C)) _ (3.6.3)

The Levi-Civita connection is the unique connection V) that is both torsionfree T =0 and metric
(3.6.1). The Levi-Civita formula for the lowered Christoffel symbol in terms of derivatives of the
metric reads

— — —
¢ ¢ 86

€4€ ~ € +e)e 0"
2Mcap = (1)°4 c(aZ—AQCB) + (—1)atec) B(az—BQCA) — (aZ—CQAB) . (3.6.4)

A density p is compatible (2.3.3) with the Levi—Civita Christoffel symbol (3.6.4) if and only if p is
proportional to the canonical density (3.1.10).
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3.7 The Riemann Curvature

For a metric connection VI we prefer to work with a (0,4) Riemann tensor (as opposed to a (1,3)
tensor) by lowering the upper index with the metric (3.1.1). In terms of Christoffel symbols it is
easiest to work with expression (2.4.2):

Rpapc = gppR”apc(—1)%c
—
86
= (D az—AFDBC—i‘(—1)EE(EA+ED+1)+ECPEADFEBC

—(=1)"2°8(A < B) . (3.7.1)

In the second equality of eq. (3.7.1) is used the metric condition (3.6.1). If the metric condition (3.6.1)
is used one more time on the first term in eq. (3.7.1), one derives the following skewsymmetry

Rpapc = —(-1)€atep)Cotep)tecen(C « D) . (3.7.2)
This skewsymmetry becomes clearer if one instead starts from expression (2.4.6) and define

Rapcp = Rapc®gep = (—1)pEa™6TC)Rp 4pc . (3.7.3)

Then the skewsymmetry (3.7.2) simply translates into a skewsymmetry between the third and fourth
index:

Rapcp = —(=1)%¢*p(C < D) . (3.7.4)

We note that the torsionfree condition has not been used so far in this Section 3.7. The first Bianchi
identity (2.4.7) reads (in the torsionfree case):

0= Y (-1)4cRapcp - (3.7.5)
cycl. A,B,C

The (A < B) antisymmetry, the (C' < D) antisymmetry (3.7.4) and the first Bianchi identity (3.7.5)
imply that Riemann curvature tensor R4p cp is symmetric with respect to an (AB < CD) exchange
of two pairs of indices:

Rapcp = (—1)Eates)Coten)(AB  OD) . (3.7.6)

This, in turn, implies that there is a version of the first Bianchi identity (3.7.5), where one sums
cyclically over the three last indices:

0 = Z (—=1)*B°PRuB,cD - (3.7.7)
cycl. B,C,D

It is interesting to compare Riemann tensors in the Riemannian case with the antisymplectic case.
In both cases, the (A <+ B) antisymmetry and the Bianchi identity (3.7.5) hold, but the (C' < D)
antisymmetry (3.7.4) turns in the antisymplectic case into an (C' <> D) symmetry (4.6.4), and there
is no antisymplectic analogue of the (AB < CD) exchange symmetry (3.7.6), cf. Subsection 4.6.

3.8 Scalar Curvature

The scalar curvature is defined as

R = (=1)°8gP4R,5 = (—1)°aR,z¢"" . (3.8.1)
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Proposition 3.3 The Levi—-Civita scalar curvature R is proportional to the scalar v

R = _4Vpg . (3.8.2)
SKETCHED PROOF OF PROPOSITION 3.3: Straightforward calculations shows that
R = —4u}}g)> — W 4 (=1)Fag*B TP T, (3.8.3)
where
-
AB 1 D _ 1C A c 9" S
2(-1)°ag*” IT'p”c Tpa = —(=1)%a*sT e (g 8—A) = V()+T- (3.8.4)
z

O

As a corollary of Proposition 3.3 one gets that the v, scalar (3.4.1) for arbitrary p is given by the
formula
Pg 14 R
- . = J2(A L R 3.8.5
v, = v(pipg,9) + v, B (A, pg) 1 (3.8.5)

3.9 The A Operator At p=p,

When one restricts to p = p,, the A operator (3.5.2) reduces to the Laplace—Beltrami operator minus
a quarter of the Levi—-Civita scalar curvature:

R
Alpep = D, 4w, = A, =7 (3.9.1)

This is the even operator (1.0.3) already mentioned in the Introduction. But the important question
is: Does the zeroth—order term Vp, =—R/4 in the operator (3.9.1) have a property that distinguish it
from all the other zeroth-order terms? Yes, in the following sense:

1. Firstly, consider the most general p—independent operator of the form
Apg +v, (3.9.2)

where A Py is the Laplace—Beltrami operator and v is a general zeroth—order term. (Here it is

important that we only allow p-independent v’s from the very beginning.)

2. Secondly, apply Proposition 3.2 to classify the possible zeroth—order terms v. In detail, one
sees that v = ﬁl/pg is proportional to Vp, for some proportionality factor 5. Hence the operator
(3.9.2) is actually

Apg + ﬁypg . (3.9.3)

3. Thirdly, replace the canonical density p, — p by an arbitrary density p. In other words, replace
the p—independent operator (3.9.3) with the corresponding p—dependent operator

A=A, + By, . (3.9.4)

More rigorously, one should consider an algebra homomorphism s : A, — A,/ from the algebra
A, of differential operators, that only depend on the metric g, to the algebra A o of differ-
entlal operators, that depend on both the density p and the metric g. The s homomorphism
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should satisfy mo s =1d Ays where 7 : Ap,g — Ag denotes the restriction map | =0, and “o” de-
notes composition. Clearly such a procedure is in general highly ambiguous, but in the present
situation, where we are only interested in the p—extension of just two operators, namely the
second—order operator A Py and the zeroth—order operator Vs there is a preferred candidate for

. . . . S S .
the s homomorphism in this sector, i.e., A by ™ A, and v, + v,, respectively.
g

p?

4. Fourthly, apply the ,/p-independence argument of Subsection 3.5. It follows that the ,/p—
conjugated A’ operator \/pA’ ﬁ becomes independent of p if and only if 5=1. (In the antisym-
plectic case A’ is also nilpotent if and only if 3=1.) Thus we conclude that the coefficient S=1,
and hence the even A operator (3.5.2) is singled out.

5. Fifthly, restrict to p = p,. Hence one arrives at the preferred operator (3.9.1).

Needless to say, that the above argument depends crucially on the order of the above five steps. In
particular, if step 3 is performed before step 1 and 2, i.e., if one considers the most general p—dependent
zeroth—order term v from the very beginning, the § coefficient in front of the zeroth—order term Vp,
would remain arbitrary.

3.10 Particle In Curved Space

In this Subsection 3.10 we indicate how the A operator (3.5.2) is related to quantization of a particle
in a curved Riemannian target space [7, 8, 9, 10, 11, 12, 13, 14, 15, 16] with a measure density p not
necessarily equal to the canonical density (3.1.10). The classical Hamiltonian action S ; is

. 1
Scl = /dt (pAZA— Cl) , Hcl = §pApBgBA+V7 {ZAapB}PB — 6@7 (3101)

where p 4, denote the momenta for the 24 variables. We shall for simplicity not consider reparametriza-
tions of the time variable ¢. Moreover, we assume that the Riemannian metric g,5=g,5(2), the
density p=p(z), the potential V=V (z) and general coordinate transformations z4 — 2’8 = fB(2) do
not depend explicitly on time ¢. The naive Hamiltonian operator H p 18 [7,9, 10, 11]

H,-V(z) = %AA gB(2) Py = %p(z) pa p(2) ¢ B (2) pg (_;2:)3 (3.10.2)
= Lpa+ Do) ) (- - 2L 5] (3103
= %ﬁA g*P(2) pp(=1)°5 + %ZV,(,O)(E:) (3.10.4)
- % (parns™ ()" + h; <y[()0>(2) + %) . (3.10.5)

as

(=1 N N AU |
— Pa \/P(2) = Py = y/p(2) D) — . (3.10.6)
p(2) (%)
The non—zero canonical equal-time commutator relations read
~[p5, 2% = 2% pp] = [849p] = inop1 . (3.10.7)
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The hat “A” in eq. (3.10.5) denotes the corresponding Weyl-ordered operator. We mention for com-
pleteness a temporal pointfsplitting operation “T” defined as [12]

T (Fl( ) Fn ) = n' Z lim Fw(l)(tw(l)) ce Fﬂ(n) (tw(n)) 5 (3108)
TESH tl,...,tn—>t

t7r(1) > ... > tﬂ(n)

where €, denotes the Grassmann sign factor arising from permuting

For most practical purposes, the temporal point—splitting “I” is the same as Weyl ordering “A”. In
particular, Weyl-ordering “A” and temporal point—splitting “I"” yield the same two—loop quantum
correction:

(pappa® ()" ) 52

“[ha 1P 92 = —=—vM(2) . (3.10.10)

. ABa\ A e
— —1 B =
Pa g (Z) pB( ) 4[ 4

T (pappg”(2))

Note that Weyl-ordering “A” and temporal point—splitting “I™ are not covariant operations.

Now what should be the quantum Hamiltonian H for the operator formalism? Obviously, one must
(among other things) demand that

1. H is a scalar invariant.
2. H is Hermitean.
3. H has dimension of energy.
4. H reduces to the classical Hamiltonian H o n the classical limit h — 0.
The naive Hamiltonian operator (3.10.2) satisfies all these conditions 1-4. It is a scalar invariant, since

the momentum operators transform by definition under coordinate transformations z4 — 2/B = fB(z)
as

N/A ae AA

Pp = (afB(z) ) P4 (3.10.11)
A P (3.10.12)
Pp = DPa 8](-3(2) ) AU,

A1 _ A é_r A 8

pPp = (pA (Z afB(Z)))/\ {pA7 afB( )}-i- : (31013)

Note however that conditions 1-4 do not specify the quantum corrections to the quantum Hamiltonian
H. For instance, one could add any multiple of A%v ,(2) to H without affecting conditions 1-4. Now
recall that every choice of H in the operator formalism corresponds to a choice of action functional in
the path integral. One may fix the ambiguity by additionally demanding the following:

5. The operator formalism with the Hamiltonian operator H should correspond to a Hamiltonian
path integral formulation where the path integral action is the pure classical action S, with no
quantum corrections, i.e.,

z(t zf

. 1)= .
(zf|exp [—%ﬁAt] |zi) = (zf,tr|zi, ti) / [dz][dp] exp [hScl[z,p]} . (3.10.14)
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The reader may wonder why we invoke the path integral formulation. The point is that, on one hand,
there is no unique way of telling what part of an operator should be considered as quantum corrections,
while on the other hand, there is a well-defined quantum part of an action functional, namely all the
terms of order O(h). The phase space path integral in quantum mechanics does not need to be
renormalized (unlike configuration space path integrals or quantum field theories), so it is consistent
to demand that the bare quantum corrections of the action functional vanish. Condition 5 determines
in principle the Hamiltonian operator H to all orders in h, but we shall in this paper truncate H at
two—loop order, i.e., ignore possible higher—order quantum corrections of order (9(7'13) for simplicity.
According to standard heuristic arguments, it follows from condition 5 that the quantum Hamiltonian

H ~ T(H,) (3.10.15)

is equal to the time-ordered classical Hamiltonian T'(H,). However, time-ordering “I" is not a
geometrically well-defined operation, at least not if one uses the temporal point—splitting (3.10.8). It
should only be trusted modulo terms that contains single-derivatives of the metric [12]. In detail, the
time-ordered classical Hamiltonian T'(H) is given by the following non-covariant expression

. K2 o v3)
T(Hy) = H,— = <y,g0>(z)+T : (3.10.16)
cf. egs. (3.10.5) and (3.10.10). The combination
(1) 2) 3) —1)¢
0 v’ _ v v (1) up+ D _ rC
v + T T Wt g T Tt 9 st e I pa (3.10.17)

is the v, scalar (3.4.1) plus non—covariant terms that contain single-derivatives of the metric, cf. eq.
(3.8.3). Equations (3.10.15), (3.10.16) and (3.10.17) therefore strongly suggest that the full quantum

Hamiltonian H is

. . h2 h? ®3)(z

H = H,—5v,(2) = T(Hy) - 3¢ <u(2>(2)+”—(z) : (3.10.18)
where we are neglecting possible quantum corrections of order (9(713). The operator (3.10.18) satisfies
condition 1-5. For instance, it is a scalar invariant because of Lemma 3.1. We shall provide further
details concerning condition 5 in eq. (3.10.39) below. The preferred operator (3.10.18) also has an
extra feature:

6. The three operators

A . 1 - 1 -

H, = \/p(2) H — H or — H \/p(2) (3.10.19)
p(Z) p(2)
are independent of p, if one declares that the left, middle, or right momentum operators ﬁéA, Das
or p'y are independent of p, respectively.

We are now ready to relate the A operator (3.5.2) to a particle in a curved space. The main point is
that the Hamiltonian (3.10.18) becomes A=A ,+v, from eq. (3.5.2) if we identify

—

. N h ot

B4 o A 5 o —o (3.10.20)
. K2 N K2 K2
H -V o -2A,, H-V o —ZA, H -V o —ZA, (3.10.21)



In detail, let |2,t), := |2,t)/\/p(2) denote the instantaneous eigenstate QA(t)]z,t>p = zA]z,t>p, and let
the eigenstate |z,t) be the corresponding semidensity state with normalization [dVz |z,t)(z,t| =1
and Grassmann—parity € (|z,t)) =0. As a check, note that the formula (3.10.14) is covariant since it is
implicitly understood that the path integral contains one more momentum integration [/ [dp(t2;—1)
than coordinate integration H?:_ll [dz(tg;) for any temporal discretization

=t <ty <...<top—1<top =tyf. (3.10.22)

The momentum operators ﬁéA, D4, or p’y act on the eigenstates as follows:

h o h o

W, A

Az tpat) = oA Azt (z,tlpa(t) = ;(Zaﬂaz—A ; (3.10.23)
- . o R , "

pA(t)’Z7t>p = Zh’27t>p8z—A s pA(t)‘Z,t> = Zh‘Z,t>8z—A . (31024)

Therefore, the Hamiltonians H s H,and H , translate into the Laplace operators A ,; A, and A

2

ot (B0 = VD) = A, (o], (3.10.25)
2

et (A = V() = —%Ap<z,t|, (3.10.26)
2

(t] (Hy(0) = V(D) = —%Ag = (3.10.27)

cf. egs. (3.2.1), (3.5.2) and (3.5.3), respectively. The time—evolution of states and operators are
governed by

A L d - L d
Azt H(t) = zha RER (z,t|H(t) = zhE(z,ﬂ , (3.10.28)
. hd - hod
H(t)|z7t>p = ?E|Z7t>p ) H(t)|zvt> = ?a|z7t> ’ (31029)
h <i - 3) Pt = [B(t), H () (3.10.30)
\ar T or e ! o

where F(t)=F((t),p(t),t) is an arbitrary operator that may depend explicitly on time ¢. We should
mention that semidensity states appear in geometric quantization [28].

Let us now calculate the left—hand side of eq. (3.10.14), i.e., the transition element <zf]e_ﬁf{]z,-> in the
operator formalism using expression (3.10.18) as the Hamiltonian [13]. Here we define

1 1
At = ty—t; = At = —. 3.10.31
f (28] /3 h Y /7 hAt ( )
It is better to change coordinates (z{; zf) — (22; Az?) from the start-point 2z and the endpoint zf
to the midpoint 22 and the displacement Az*, where

4 _ A
m T 2
In fact, we will suppress the subscript “m” since it is implicitly understood from now on that all

quantities are to be evaluated at the midpoint. We are going to rewrite all operators in terms of
symbols [29]. The Weyl symbol Hy, for the quantum Hamiltonian (3.10.18) reads

z , Azt = zf — 1. (3.10.32)

i

. h2 ) »3)
Hy = (H)y = Hy+ 1 y(>+T : (3.10.33)
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cf. eq. (3.10.18). Two Weyl symbols F' and G are multiplied together via the Groenewold/Moyal x*
product. It can be graphically represented as:

FxG = Fexp[—]G = FG+(F»—>G)+%(F = G)+O0(%),  (3.10.34)
%(FHG) — (FeG)—(F—G) = {F.Glpp, (3.10.35)
=l o= 8pA(_1) Ao (3.10.36)

We will also need the zp—ordered and the pz—ordered symbols. They can be expressed in terms of the
Weyl symbol (-)y; as

. YRR
(zf\F\p> th 0° 0O
F, o, = 0 — exp|l-—— | F
I (2¢|p) 2 0py 024 |
A PV
Az ih 9 o
: YRR
(p|F|z;) ih 0" 0
F = = —_—
Pz plz0) PN op, 04| W

ih fox _AzA) o
2 0py 2 7924

= exp |( Fy . (3.10.38)

The transition element (or propagator) in the operator formalism now becomes

_BF _13F _137 _ 147 _1a7
erle ™2y = [a¥p (zrle™ ) ple™ 312y = [ (aglp) (plzi) (e7390), , (7 397),.,
dNp LA, _137 _1a7 dNp . A, 3R
/(2777’1)1\7 erPat (e M)y w (e720)y, = /(27Th)N eRPat (e My
N .
/ (2d oy eRrasse
™

2 3
x@+%mW:Hm+gwwwmwﬂmnow%

2 (3)
= (27TZhAt)_%pg e%'YAZAgABAZBe_ﬁV (1 — M <]/(2) + V_>

16 2
h2ﬁ2
t—- ((Hcl = Hy)—(Hy = Hy)
h253
o ((Hcl — Hy— Hy)+(Hy«— Hy— Hy) —2(Hy — Hy — Hc1)>
+ O(—>47 hs)) —
Ao
P=7 onz )
= (2mihAt) 2pg< BV <1 %R) + h% “3V(A, e 2Y) +O((AZ)2,713)>
2 —
= (2mihAL) "2 p e 2PV <1 + % A +O((A2)%13) | =28V (3.10.39)




In the first equality of eq. (3.10.39) we summed over a complete set of momentum states |p), so that
it becomes possible to replace operators by symbols. The zp—ordered and the pz—ordered symbols
(3.10.37) and (3.10.38) were used in the second and third equality. We performed integration by part
of p, in the third equality. In the sixth equality, we replaced all non-Gaussian appearances of the
momenta p, by derivatives with respect to the displacement Az, and performed the p 4 integration.
After the integration over p 4, the terms downstairs in the seventh expression (that are either quadratic
or cubic in H ) read

(Ha = Ha) ~ 52 +0((82), (3.10.40)

(H

cl

S Ha) ~ 9555 (V— —lng) - 25 YL 0((A2)?), (3.10.41)

028 024 203
1 (—1)%a 0" af 1
— — ~ — 2 AB b
(Hcl Hcl Hcl) ﬁgy + ﬁ (8ZAg )8ZB (V 2ﬁ lng)
+0((A2)%) (3.10.42)
1 ) 1 o o 1
CH. o~ —[(,0_¥Z AB _ 2
(Hcl Hcl Hcl) 62 <V 9 ) + ﬁg 8ZB 8Z (V 2ﬁ lng)
+0((Az2)?) , (3.10.43)
1 1 1
— H, — ~ - — ) ) 10.
(Hy — Hy— Hy) (V 33lng. V—5n g) 77V +0(89) . (31044

All the individual contributions of egs. (3.10.40)—(3.10.44) have been collected in the eighth and ninth
expression of eq. (3.10.39). The eighth expression is the well-known covariant formula for the path
integral, i.e., the right—-hand side of eq. (3.10.14). In the phase space path integral, the R/24 term
arises from the integration over quantum fluctuations [12]. In the ninth (and last) expression of
eq. (3.10.39), the R/24 term conspires with the Beltrami-Laplace operator to produce yet another
appearance of the A operator (3.5.2).

3.11 First—Order S4Z Matrices

After considering quantization of a particle on a curved space in Subsection 3.10, we shall continue
with the investigation of Riemannian manifolds. We will assume for the remainder of the Riemannian
Sections 3 and 6 that the density p = p, is equal to the canonical density (3.1.10).

Because of the presence of the metric tensor g2, the symmetry of the general linear (= gl) Lie—algebra
(2.7.6) reduces to an orthogonal Lie-subalgebra. Its generators SéB read

— —
8( 66
AB A BC A BC
537 = O 9 5ee tY 0 gy F () (A B, (3.11.1)
e(S2P) = ey +ep,  p(S2P) =0, (3.11.2)
S4c = S2P gpa(—1)c . (3.11.3)

The SAB matrices are called first—order matrices, because they are first—order differential operators
in the CA and Y4 variables. The S48 matrices satisfy an orthogonal Lie-algebra:

[SéB,SgD] _ (_1)€A(EB+EC) (gBC' SéD + SfC’ gAD) T (—1)€A€B(A PN B) ’ (3‘11‘4)
[SéB7SgD] _ (_1)8A(5B+ec) (gBC Sj_lD _ Sfc gAD) F (~1)°4°8(A & B) . (3.11.5)
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Note that the egs. (3.11.4) and (3.11.5) remain invariant under a c-number shift
S4B §AB = §4B 4 g8 (3.11.6)

where « is a parameter.

3.12 T'* Matrices

The standard Dirac operator is only defined on a spin manifold, it depends on the vielbein, and
we shall describe it in Subsections 6.4-6.6. But first we shall introduce a poor man’s version of I'4
matrices and the so—called Hodge—Dirac operator in the next Subsections 3.12-3.15. This construction
will work for a general Riemannian manifold, which is not necessarily a spin manifold.

The I'* matrices can be defined via a Berezin-Fradkin operator representation [30, 31]
o
ap_0
oCcB’
(M) = ey, p(I*) = 1 (mod 2) . (3.12.2)
where ) is a Bosonic parameter with e(A\)=0=p(\), which is introduced to bring our presentation

of the Riemannian case in closer analogy with the antisymplectic case, see Subsection 4.9. One may
interpret \ as a Planck constant. The I'4 matrices satisfy a Clifford algebra

4,18 = 2x¢g481 . (3.12.3)

r{ =t = ¢4+ P4, PA =y (3.12.1)

The I'* matrices form a fundamental representation of the an orthogonal Lie-algebra (3.11.4):
[S48.1¢) = 14, ¢%° F (-1)°4° (4« B) . (3.12.4)

) in the T45 representation (2.7.4) with a I'? matrix, one

If one commutes a metric connection VE4T
gets
v rB) = —1,48: 1° . (3.12.5)

The minus sign on the right-hand side of eq. (3.12.5) can be explained as follows: The contravariant
flat T4 matrices are passive bookkeeping devices that ultimately should be contracted with an active
covariant tensor field 7. It is this implicitly written 1, that we are really differentiating. Thus there
should be a minus sign.

The Vg) realization (2.7.4) can be identically rewritten into the following Si matrix realization

BN
s b 1
VY = - 23T e SEP (-1 (3.12.6)
0z 24
i.e., VEAXT) = fo), where
1
Ff,Bc(—l)ac = 5(_1)€A€BFBAC + (_1)5360(3 = C). (3_12.7)
The Levi-Civita I‘i pc connection reads:
pY
1,0
PX,BC = 5(87‘930) )
«—
_ 1, . o"
PA,BC = 5(9‘4382—0) + (_1)(EB+1)(€C+1)(B PN C) . (3128)

Note that both the SAP and the SfB matrices are needed in the matrix realization (3.12.6).
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3.13 (C Versus Y

The S48 matrices (3.11.1) treat the C*4 and the Y4 variables on complete equal footing, whereas the
I'* matrices (6.4.1) contain only the C’s. Just from demanding that the I'4 matrices carry definite
Grassmann— and form—parity, such C' < Y symmetry breaking seems unavoidable. Further analysis of
the Riemannian case reveals that it is only possible to write a Berezin—Fradkin operator representation
(6.4.1) of the Clifford algebra (6.4.3) using the C* variables. (The C4 variables are also preferred in the
antisymplectic case as well, see Subsection 4.B below.) One may ponder if there are situations where
the Y variables are useful instead? Yes. The democracy between C and Y gets restored in a bigger
framework that allows for both even and odd, Riemannian and symplectic manifolds, cf. Table 1.
For instance, the Y4 variables are the only ones suitable for writing down a Berezin-Fradkin-like
representation

Y4
~ 0
FA . ]’A /\(UAB

¥ (M) = ¢, p(T4) = 0, (3.13.1)

of the Heisenberg algebra
T4, T8 = 220P1 = —(—-1)°4°8(A & B) (3.13.2)

in even symplectic geometry [32, 33, 34]. (The Y4 variables are also preferred in the odd Riemannian
case [25, 35, 36].)

Returning to the even Riemannian case, we will for simplicity only consider the C# variables from
now on, i.e., we shall from now on put the Y4 variables to zero Y4 — 0 everywhere, in particular
inside the T4 5 matrices (2.7.5) and the S4% matrices (3.11.1).

3.14 Hodge * Operation

One may formally define a Hodge * operation on exterior forms n = n(z; C) € Q¢p(M) as a fiberwise
Fourier transformation

dNC, [ Wall
(#)(2;C) = /7 AN (1Y (3.14.1)
where we have introduced the shorthand notation

C'ANC = C gup NCE . (3.14.2)

The Hodge * operation is an involution %> ~ Id. Note that the Hodge dual *n in general is a distri-
bution.

In detail, the Hodge * operation is built out of two operations: Firstly, a fiberwise Fourier transform
L (A(@M)) = QM) 5 1 5 x=Fy € T(\(TM)) (3.14.3)
that takes exterior forms n=n(z; C) to multivectors

1
T = 7w(z;B) = —'WAI"'A’”(,Z) Bﬁm /\---/\Bg1 , (3.14.4)
m!

where BY=(—1)°aB’, and

BYANB: = —(—1)Fa%eBi A BY e(BY) = ¢4, pBY = 1. (3.14.5)
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The Fourier transform F itself only depends on the density p:

N .
FnaB) = [TE et o) (3.14.6)
Secondly, a flat map
I(TM) 5 X & n=X" € T(T*M), (3.14.7)

that takes vectors X:XABQ to co—vectors 77:77AC'A. The Riemannian flat map b is XZ = XBgp.4,
or equivalently, in terms of basis elements,

BY = g.CP. (3.14.8)

Altogether, the Hodge * operation can be written as

(#n)(2:C) = (Fn)(z; B) b on (3.14.9)
A=9aB

In contrast to the Riemannian case, there is no good way to construct an antisymplectic Hodge
operation. This is because the antisymplectic flat map Bﬁ‘ =FE, 5C B carries the opposite Grassmann—
parity £(BY) = e, + 1, cf. Subsection 4.1.

Proposition 3.4 The Hodge adjoint de Rham operator, also known as the Hodge codifferential, is:

1 9¢ ot

)de ~ 6= (—1)%A ;Wp_(@E]BC

)cCPB(—-1)s | PA

— —
1 0 1,0

= (=1 ;aZ—AP—g(aZ—AQBC

)S¢E(—1)°s | PA. (3.14.10)

PrRooOF OF PROPOSITION 3.4:

N —2 N
(an)(a.0) = [T ehoneer T [TE ey, o
(_1)EA/dNC" o i, o

ch//
) 024 + ﬁ(GzA

C A Cl) / ; C,Ae%(C”_C)ACIT](ZJ, Cl/)

— —
7: dNC” ae 8é dNC/ 4 "_ /

- _(_1)€Aﬁ/ o | (Gadn D) / S PR @Oz e

— —

—1)%a [ O ot
( p) 5.4~ (520N P) pPn(z,0) . (3.14.11)
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3.15 Hodge-Dirac Operator D) = d+ \§

We shall for the remainder of Section 3 assume that the connection is the Levi—Civita connection.

Central for our discussion are the T4 generators (2.7.5). They act on exterior forms 7 € Qe (M),
i.e., functions n=1n(z; C) of z and C. (Recall that the Y4 variables are put to zero Y4 — 0.)

The Dirac operator D) in the T 5 representation (2.7.4) is a I'4 matrix (3.12.1) times the covariant
derivative (2.7.4)

p@ = 7AVD = AV APV = a6, (3.15.1)
ey =0, p(DOT) =1 (mod?2). (3.15.2)
The component of the Dirac operator to zeroth order in A,
o o o
(1) o Ae a9 B 0 O a0
D )\ZO_CVA = C 94 T'a CC_@CB _CazA =d, (3.15.3)

is just the exterior de Rham derivative d, because the connection is torsionfree. The component of
the Dirac operator to first order in A,

N
66
5 DM = PV = [PV (—)avi P
p
_ PAACPC+(_1)5A 867_(_1)(€A+1)€B+€CFBAC CCPB PA
Py Py
1 0 0 (3.14.10)
= 0% | gy~ (aame)COPP e | P PR 5 a5

is the Hodge adjoint de Rham operator. Equations (3.15.3) and (3.15.4) prove the last equality in eq.
(3.15.1).

The Laplacian Ag) in the T4 p representation (2.7.4) is

AE)Z;) — (_1)5AVA9ABv(BT) — (_1)8Avg)gAng) +FAAC gC'B vg)
—1)°a _(r T
_ (ijg)pggABvQ . (3.15.5)

Theorem 3.5 (Weitzenbock’s formula for exterior forms) The difference between the square of

the Dirac operator D) and the Laplacian Ag) in the T4 representation (2.7.4) is
A
DM pI) )\Ag) = —ZS_BA Rag.cp SPY(—1)%ctep (3.15.6)

= —\CA Rup PP+ %CBCA Rap.cp PPPC(—1)ctep . (3.15.7)

Remarks: The square DT) D) = \(d§ + §d) is known as the form Laplacian. The Laplacian Ag) is
equal to the Bochner Laplacian.
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PROOF OF THEOREM 3.5: The square is a sum of three terms

DM p™ — %[D(T),D(T)] = I+ I1T+1IT. (3.15.8)
The first term is )
I = 5[rJ-“f,rA]vf)vg) = MPA VIV (3.15.9)
The second term is
= A B LY _pAp, B pC gl - _(C1)ferBo, 14 1 v
—
T —1)ea 9! T
= —(=1)fcArBgy g2 VD = M=y (nggAB)vg% (3.15.10)

Pg
Together, the first two terms I + 1 form the Laplace operator (3.15.5):
I+11 = AAg) : (3.15.11)

The third term yields the curvature terms:

1 1 1
11 = —srPrAVE V) = S0P RapPe T = —30PT Rapep PO (=17t

- —i (OBOA +A(SBA 4¢P + AZPBPA) Rapcp SPC(~1)cten
— —%CBCA RAB,C'D CCPD(_l)(€C+1)(€D+1) _ %
A2
2
A
= =582 Rapep SZO(=1) et 0 = —ACPPA Rapep CPPO(-1)% et
— —)\CB RBA CDQDA PC(_l)(EA+1)(EC+1)+ED + )\CB RBA DC CDPCPA(_1)EA+(€C+1)(ED+1)
_)\03 RBACA PC(_1)(€A+1)(€C+1) +)\0DcB RBA,DC' PCPA(_l)sA(ED—l-l)—i-EC

= —\CB Rpc P + %CBCD Rpp.ac PEPA(~1)fatec (3.15.12)

SBA Rapcop SPC(—1)%ctep

PBPA RAB,CD PCCD(_1)(€C+1)(€D+1)

Here the first Bianchi identity (3.7.5) was used to cancel terms proportional to zeroth and second
order in .

3.A Appendix: Is There A Second—Order Formalism?

For the standard Dirac operator, which will be discussed in Subsections 6.4-6.6, it is natural to
replace the first-order 5% matrices (6.3.1) with the second-order 0% matrices (6.6.1). Therefore, it is
natural to speculate if it is possible to replace the first-order S{ matrices (3.11.1) with the following
second—order matrices:

S4B = %FAFB T (—1)°4%5(A o B) | (3.A.1)
E(Z‘éB) = e,4+ep, p(Z‘éB) =0. (3.A.2)
(The names first— and second-order refer to the number of C4-derivatives.) On one hand, the matrices
sAp — Lypapsy _ Loags  lgan  Apaps (3.A.3)
4N 2\ 2 2
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yield precisely the same non—Abelian Lie-algebra (3.11.4) and fundamental representation (3.12.4) as

the SAB matrices. Moreover, the S4B matrices rotate the ©A8 matrices
(248, 89P) = (—1)Falntec) (¢BC 54D 4 B¢ gAP) — (—1)%4%5(A © B) . (3.A.4)
However, the commutator of X478 and SED does not close,
[EéB’SED] _ (_1)€A(€B+€C) (gBC iAD _»BC gAD) o (—1)€A€B(A JEN B) ’ (3.A.5)
where the tilde generators
SAB L a~B  loap | Apaps
)y = —ﬁC Cc” + §S+ + §P P (3.A.6)

have no (A < B) symmetry or antisymmetry. On the other hand, the matrices
1
y4B .= A B

3123) 1

(529 591 (3.A.7)
are proportional to the identity operator, and thus behave very differently from the non—Abelian S fB
matrices.

The problem with a substitution S48 — EQB is that the S fB matrices appear in the matrix realization
(3.12.6). On one hand, the $AB representation (3.A.1) is not suitable, because it couples pathologically
to the non—vanishing SfB sector, and, on the other hand, the ZfB matrices are Abelian, and therefore
pathological by themselves. Hence, it is doubtful if the substitution SéB — E?:B makes any sense at
all. In any case, we shall dismiss the second-order ZQB matrices (3.A.1) from now on.

4 Antisymplectic Geometry

4.1 Metric

Let there be given an antisymplectic metric, i.e., a closed two—form

1 1
E = 5(JA E,zNCB = ~5Fan CEANCA € Qu(M) (4.1.1)
of Grassmann—parity
E(EAB) = €4 +€B +1 ) E(E) =1 ) p(EAB) =0 ) (412)
and with antisymmetry
Epy = —(—1)4°BE, 5 . (4.1.3)
The closeness condition
dE = 0 (4.1.4)
reads in components
—
aZ
Z (_1)EAEC(&Z—AE30) = 0. (4.1.5)
cycl. A,B,C

The antisymplectic metric F4p is assumed to be non—degenerate, i.e., there exists an inverse con-
travariant (2,0) tensor field EAP such that

E,z EBY = 469 . (4.1.6)
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The inverse E4P has Grassmann-parity
e(EABY = e, +eg+1, (4.1.7)

and symmetry

EBA — _(_1)EatDEpt) pAB (4.1.8)

The closeness condition (4.1.4) has no Riemannian analogue. It is the integrability condition for the
local existence of Darboux coordinates.

4.2 Odd Laplacian A,

The odd Laplacian A, which takes scalar functions in scalar functions, is defined as

(D8 0 an D

2A ) = —
p 94" 0287

p

e(A,) =1, p(A,) = 0. (4.2.1)

Note the factor of 2 in the odd Laplacian (4.2.1) as compared with the Riemannian case (3.2.1). It is
similar in nature to the factor of 2 in difference between egs. (3.1.1) and (4.1.1). Both are introduced
to avoid factors of 2 in Darboux coordinates.

The antibracket (f,g) of two functions f= f(z) and g=g(z) can be defined via a double commutator
with the odd Laplacian, acting on the constant unit function 1,

(£.9) = (DA, fl.gdl = (~DTA,(fg) — (~1)7(A,)g — F(A,9) + (~1)% fg(A,1)
T 2
= () B pe) = () ) (4.2.2)
The antibracket (4.2.2) satisfies a Jacobi identity,
S (=)ETIEI(f (g) = 0, (4.2.3)
cycl. f,g,h

because of the closeness condition (4.1.4).

4.3 0Odd Scalar v,

A Grassmann-odd function v, can be constructed from the antisymplectic metric £ and an arbitrary
density p as

(CONE)
L 0 1% 1%
I/p = Vé)—l_?_ﬂ’ (431)
where
1
A CYOR (4.3.2)
O ap O
1 . 5 AB €
v = (=D (5 B 5 5) (1) (4.3.3)
2 52 C B _A
v = —(=1)8 (5 7 Bpo) (=7, (27, 27))

87‘

£ 4€ 8£ A C
= (=1)%a D(E?z—DE P)Epc(E DazA

Here A, is the odd Laplacian (4.2.1) with p =1, and (+,-) is the antibracket (4.2.2).

). (4.3.4)
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Lemma 4.1 The odd quantity v, is a scalar, i.e., it does not depend on the coordinate system.

The proof of Lemma 4.1 is given in Ref. [22]. Below follows an antisymplectic version of Proposition 3.2.

Proposition 4.2 (Classification of 2—order differential invariants) If a function v=v(z) has
the following properties:

1. The function v is a scalar.

2. v(z) is a polynomial of the metric E ,5(%), the density p(z), their inverses, and z-derivatives
thereof in the point z.

3. v is invariant under constant rescaling of the density p — Ap, where X\ is a z—independent pa-
rameter.

4. v scales as v — \v under constant Weyl scaling EAP — NEAB | where X is a z—independent
parameter.

5. Fach term in v contains precisely two z—derivatives.

Then v is proportional to the odd scalar v,

(4.3.5)

where « is z—independent proportionality constant.

The proof of Proposition 4.2 is similar to the proof of Proposition 3.2.

44 A And Ag

Khudaverdian’s Ay operator [17, 18, 19, 20, 21, 22, 23], which takes semidensities to semidensities, is
defined using arbitrary coordinates as

Ap = A1+?_ﬂ . (4.4.1)

It is obviously manifestly independent of p. That it takes semidensities to semidensities will become

clear because of eq. (4.4.3) below. The Jacobi identity (4.2.3) precisely encodes the nilpotency of Aj.

The Grassmann—odd nilpotent A operator, which takes scalar functions to scalar functions, can be
defined as defined as

A=A +v,. (4.4.2)

In fact, every Grassmann—odd, nilpotent, second—order operator is of the form (4.4.2) up to a Grassmann—
odd constant [4]. We shall dismiss Grassmann—odd constants since they do not satisfy all the five
assumptions of Proposition 4.2. The A operator and the A operator are related via ,/p—conjugation
22, 4]

Ap = /pA (4.4.3)

L
7

The proof is almost identical to the corresponding Riemannian calculation (3.5.4).
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Recall how the zeroth—order term is determined in the Riemannian case, where no nilpotency principle
was available, cf. Subsections 3.5 and 3.9. There we applied a p independence test. Could one do a
similar analysis in the antisymplectic case? Yes. In detail, consider an operator

A= A+v=A7A+v,+v, (4.4.4)

where v is a most general zeroth—order term. It is easy to see from eqgs. (4.4.3) and (4.4.4) that the
corresponding /p—conjugated operator /pA’ % is independent of p if and only if the shift term v is
p-independent. From Proposition 4.2, one then concludes that v = 0 has to be zero, i.e., the form of
the A operator (4.4.2) can be uniquely reproduced from a p-independence test and knowledge about
possible scalar structures.

4.5 Antisymplectic Connection

A connection VI is called antisymplectic, if it preserves the antisymplectic metric F,
—
() 0° e _
0 = (Vi'E)pe = (5 aFpc) — (1) 4%l pa0 — (-1)75°¢(B < C)) . (4.5.1)
Here we have lowered the Christoffel symbol with the metric

Tupe = EapTPpo(—1)°s . (4.5.2)

We should stress that there is not a unique choice of an antisymplectic, torsionfree, and p—compatible
connection V(1) 4.e., a connection that satisfies egs. (4.5.1), (2.2.3) and (2.3.3). On the other hand, it
can be demonstrated that such connections V() exist locally for N > 2, where N = dim(M) denotes
the dimension of the manifold M. (There are counterexamples for N =2 where V{I) need not exist.)
The mere existence of an antisymplectic and torsionfree connection V) implies that the two—form E
is closed (4.1.4), if we hadn’t already assumed it in the first place. (Curiously, while it is impossible
to impose closeness relations in Riemannian geometry, the closeness relations are almost impossible
to avoid in geometric structures defined by two—forms.) The antisymplectic condition (4.5.1) reads in
terms of the contravariant (inverse) metric

—
8(
0 = (VIE)?BC = (@EBC)—I—(FABDEDC—(—1)(€B+1)(€C+1)(B<—>C’)) . (4.5.3)

4.6 The Riemann Curvature

For an antisymplectic connection V)| we prefer to work with a (0,4) Riemann tensor (as opposed to
a (1,3) tensor) by lowering the upper index with the metric (4.1.1). In terms of Christoffel symbols it
is easiest to work with expression (2.4.2):

Rpapc = EppRYapc
Py
= (_1)€A(€D+1) (_1)63667FDBC+(_1)€F(€A+€D)FFADFFBC
—(—1)°4°8(A < B) . (4.6.1)

In the second equality of eq. (4.6.1) is used the antisymplectic condition (4.5.1). If the antisymplectic
condition (4.5.1) is used one more time on the first term in eq. (4.6.1), one derives the following
symmetry

Rpapc = (—1)Eates)Ceten)tecen(C o D) (4.6.2)
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This symmetry becomes clearer if one instead starts from expression (2.4.6) and defines
Rapcep = Rapc"Epp = —(-1)FaTstCatestc) b RY yp0 . (4.6.3)
Then the symmetry (4.6.2) simply translates into a symmetry between the third and fourth index:
Rapcp = (—1)°¢°p(C < D) . (4.6.4)
The Ricci 2-form is then
Rap = Rap®c(-1)°¢ = RapcpEPY(—1)c . (4.6.5)

We note that the torsionfree condition has not been used so far in this Section 4.6. The first Bianchi
identity (2.4.7) reads (in the torsionfree case):

0= > (~1)%%CRapcep . (4.6.6)
cycl. A,B,C

4.7 0dd Scalar Curvature

The odd scalar curvature is defined as
R = EPAR,; = R,zEB". (4.7.1)

Proposition 4.3 For an arbitrary, antisymplectic, torsionfree, and p—compatible connections V', the
scalar curvature R does only depend on E and p through the odd v, scalar [4]

R = —8v,. (4.7.2)

The proof of Proposition 4.3 is given in Ref. [4]. It is extended to degenerate anti—Poisson structures
in Ref. [23, 37]. In particular, one concludes that the odd scalar curvature R does not depend on
the connection used, and the odd A operator (4.4.2) reduces to the odd A operator (1.0.1) in the
Introduction.

Altogether, we have now established a link between the zeroth—order terms in the even and odd A
operators (1.0.3) and (1.0.1):

Riemannian zeroth order term Antisymplectic zeroth order term
R

The left (resp. right) equality is due to Proposition 3.3 (resp. 4.3). Both zeroth—order terms are
characterized by the same p—independence test described in Subsections 3.9 and 4.4 (up to a subtlety on
how to switch back and forth between p—dependent and p-independent formalism in the Riemannian
case). It is no coincidence that the same coefficient minus—a—quarter appears on both sides of the
correspondence (after the odd A operator has been multiplied with an appropriate factor 2). At
the mathematical level, this is basically because the zeroth—order terms are determined by the V£O)
building blocks alone, where the inverse metrics g4 and EAB enter in a similar manner, and only
linearly. For expressions that do not depend on the metric tensors gap and Esp, and only have
an linear dependence of the inverse metrics g% and E4Z, respectively, one does not see the effects
that distinguish Riemannian and antisymplectic geometry, such as e.g., opposite Grassmann—parity,
closeness relations and the Jacobi identities.
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4.8 First—Order S48 Matrices

Because of the presence of the antisymplectic tensor EAZ, the symmetry of the general linear (=9l)
Lie-algebra (2.7.6) reduces to an antisymplectic Lie-subalgebra. Its generators SﬁB read

—
¢
S4B = cA(=1)sPP F (—1)EatVET) (4 o B) | PA = EABag—B, (4.8.1)
e(S2P) = eqtep+1,  p(SEP) =0, (4.8.2)
Sio = S48 Epa(—1)c . (4.8.3)
The Sj_‘B matrices satisfy an antisymplectic Lie—algebra:
[SﬁB’SgD] _ (_1)€A(€B+€C+1)+€B (EBC SfD _ Sfc EAD)
F(—=1)EatDEsT) (4 & B) | (4.8.4)
[S£B7S:€D] _ (_1)5A(5B+ac+l)+63 (EBC §AD 4 gBC EAD)
F(—1)EatDEH) (4 & B) | (4.8.5)
Note that the egs. (4.8.4) and (4.8.5) remain invariant under a c-number shift
SiB  §AB = §4B L ngAPT (4.8.6)

where « is a parameter.

4.9 T4 Matrices

Guided by the analysis of Appendix 4.B, we now define antisymplectic I'4 matrices via the following
Berezin—Fradkin operator representation [30, 31]

) =14 = CA4(=1)%40P* = C4— P49, (M) = ¢4, p(I4) = 1 (mod 2) ,

(4.9.1)

where 6 is a nilpotent Fermionic parameter with ¢(6)=1 and p(@)=0. The T'4 matrices satisfy a
Clifford-like algebra

4, 78] = 2(-1)F40EAP1 . (4.9.2)

The I'* matrices form a fundamental representation of the antisymplectic Lie-algebra (4.8.4):
(S48, 1 = 14y(—1)"8EBC 7 (—1)EatDEsT) (4 o B) | (4.9.3)

If one commutes an antisymplectic connection VEL‘T) in the T4p representation (2.7.4) with a T'B
matrix, one gets

v rB) = —1,48: ¢ . (4.9.4)

34



4.10 Dirac Operator D) = d + 65
We shall for the remainder of Section 4 assume that the connection is antisymplectic, torsionfree and
p—compatible.

The Dirac operator DT in the T4 5 representation (2.7.4) is a I'* matrix (4.9.1) times the covariant
derivative (2.7.4)

DD = 1AV = aye5, D) =0, pDOD) =1 (mod?2). (4.10.1)

Unlike the Riemannian case of Subsection 3.15, the component § of the Dirac operator to first order
in @ does not have an interpretation as a Hodge codifferential, since there is no antisymplectic Hodge
x operation. Even worse, it depends explicitly on the Christoffel symbols:

0 = (F1FaPAVY) = (1P VD) 4+ (—1)rav D pA
—
86

= TP+ (-1)% 5,4 T (1) Tpac cep? | pA
z

R
1 0

= (=1)°a ;az—AHFABC cepB | pA. (4.10.2)

Nevertheless, there exists a close antisymplectic analogue of Weitzenbock’s formula (3.15.7), cf. eq.

(4.10.5) below. The odd Laplacian AE,T) in the T4 5 representation (2.7.4) is

(1)

; v ppABy) (4.10.3)

oA = (—1)7aV,EAPV) =

Theorem 4.4 (Antisymplectic Weitzenbdck type formula for exterior forms) The difference
between the square of the Dirac operator D'T) and twice the odd Laplacian Ag) in the T4 represen-
tation s

DODT _ 9pAlD) = §<_1>EB+€cs_BA Rapcp $P° (4.10.4)

= —0CA Rap PE+ chcA Rapcp PPPY(—1)c . (4.10.5)

PROOF OF THEOREM 4.4: The square is a sum of three terms

DI pI) — %[D(T),D(T)] = [+ II+1IIT. (4.10.6)

The first term is 1

T T T T
I = §[FB,PA]VE4)V§9) = (-1)°s0EPA vV (4.10.7)
The second term is
o= TAVO, e U2V _pap, s, o Vi = —(-1ferfo, 0t ¢ v
—1)¢ 4

= —(=1)6TPc BAC VD) = gl p) A(i—ApEAB)vg). (4.10.8)
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Together, the first two terms I + I form the odd Laplacian (4.10.3):

I+11 = 20A0 (4.10.9)

The third term yields the curvature terms:

1 1 1
IIT = —§FBFA[VE4T),Vg)] = SPPT4 Rap”c TD = _TPT* Rapep SP(-1)

1
= 2 (CPCA 4 (“1)Fp0(SP4 + BPY) Rap.op SEC(-1)%

= |

= —CcBcA Rapcp CCPD(—l)EceD + Z(—1)53+605€A Rap.cp Sfc

NGRS S\
—~

—1)°5cSB4 Rogop SPC = (=1)7a™50CPP* Rapcp CPPC
_ )(

( 1 EA+1)(EC+1)6CB RBA,C’DEDA PC —HCB RBA,DC CDPCPA(_l)aA-i-ECED
—(—1)(€A+1)(€C+1)9CB RBAC'A PC—I-HCDCB RBA,DC PCPA(_l)sA(€D+1)

= —4CkB Rpc P¢ + gCBCD RDB,AC PCPA(—l)EA . (4.10.10)

Here the first Bianchi identity (4.6.6) was used one time in the #—independent sector.

4.A Appendix: Is There A Second—Order Formalism?

There are no deformations of the first-order S4” matrices (4.8.1). The general second-order defor-
mation of the S48 matrices (4.8.1) reads

w48 = 58y aE4B1 4 pPAPPY (4.A.1)

where « and (3 are two parameters. The second—order ZﬁB matrices satisfy precisely the same an-
tisymplectic Lie-algebra (4.8.4) as the SfB matrices. Moreover, the SfB matrices rotate the EﬁB
matrices,

[E?_B,SED] _ (_1)€A(€B+€C+1)+€B (EBC E_iA_D o EEC EAD) o (_1)(€A+1)(€B+1)(A PN B) ] (4,A.2)

The ZﬁB matrices interact with the I'C and the S¢P matrices as follows

BAE. T = Tlig(-1) 2 EP — (~)CatDestl(a — B (4.A.3)
[EiBysgD] _ (_1)EA(EB+€C+1)+€B EBC $AD | $BC EAD)
—(=1)EatDEET) (A o B)Y | (4.A.4)

where the generators 3
»AB .= 548 4 3pApPBy (4.A.5)

have no (A < B) symmetry or antisymmetry. According to eq. (4.A.3), one must choose the parameter
8 = 0 to be zero, in order to ensure that the EﬁB matrices rotates the I' matrices in the correct way.
One concludes that a consistent antisymplectic second—order formulation does not exist, regardless of
whether the pathological S48 sector decouples or not, and we shall abandon the subject. See also
comment in the Conclusions.
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4.B Appendix: What Is An Antisymplectic Clifford Algebra?

In this Appendix 4.B, we shall motivate the definition (4.9.2) of an antisymplectic Clifford algebra
given in Subsection 4.9. Intuitively, one would probably assume that an antisymplectic Clifford algebra
should be

T4 %8 — (—1)EatDEt (A o B) £ 2EABT (4.B.1)

where the “x” denotes a Fermionic multiplication, (x) = 1, cf. question 3 in the Introduction. We
will now expose some of the weaknesses of the proposal (4.B.1). (A question mark “?” on top of an
equality sign “=” indicates that a formula may be ultimately wrong.) It follows from eq. (1.0.6) that
the form degree of the x multiplication must vanish, p(x) = 0. Let us assume that the x multiplication
is invertible and commute with the I'* matrices,

?

DA% — (=1)FMard = 144 = 0. (4.B.2)

Then one can bring the Clifford algebra (4.B.1) on a Riemannian form,
4T85 4 (—1)%4%8(A & B) = 24471, (4.B.3)
where the Riemannian metric g% is a product of x~! and the antisymplectic metric FAB,
g2 = (=1)°Ta) 1 pAB — (_1)°4°8(A < B) , e(g"B) = e tep . (4.B.4)
The Riemannian structure (4.B.4) is non—commutative,
[gAB,gCP] = —2(—1)stec 2 BABECD 4 (4.B.5)

since [x71,%«71] = 2x72 £ 0, and hence the metric (4.B.4) is not a classical Riemannian metric. We
would like to interpret the left-hand side of eq. (4.B.3) as a commutator [['4, T'5], cf. definition (1.1.3).
This implies that the Grassmann— and form-—parity of the I'4 matrices are

(M) = ¢4, p(TY) = 1 (mod?2) . (4.B.6)

The only natural candidate for a Berezin—Fradkin operator representation [30, 31] is

—
14

r4 = CA+gAB£—B = APyt e(CY = ¢4, p(CY = 1, (4B.7)

where the C# variables commute with the x» multiplication, [C4,+] = 0, and they carry the same
Grassmann— and form-parities as the I'4 matrices. The P4 derivatives are defined in eq. (4.8.1).
However, the Berezin—Fradkin operator representation (4.B.7) does not satisfy the Clifford algebra
(4.B.3) due to the non—commutative metric (4.B.5). The representation does also violate the commu-
tation relation (4.B.2). There appear extra terms on the respective right—hand sides,

T4+ = —2472p4 (4.B.8)
A, 18] = 29181 — 2472 PAPB(-1)°5 . (4.B.9)

The original antisymplectic Clifford algebra (4.B.1) looks even more complicated:
1
§I‘A * DB — (—1)EatVEstD(A o B) = §4B _ pAB1 4 pApB 1 (4.B.10)

One idea would be to try to correct the Clifford algebra (4.B.9) by adding higher—order terms O(x~?)
to the Berezin—Fradkin operator representation (4.B.7), but unfortunately there is no obvious way
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to do that. Another idea is to take the limit ! — 0 in some appropriate way at the end of the
calculations. The approach that we shall pursuit in this paper is to take # = x~! as a fundamental
object, i.e., forgetting that it originally was an inverse of x, and then assume that it is nilpotent
62 = x~2 = 0. Then the I'* matrices and the @ variable commute [T'4, ] = 0, the Riemannian metric
(4.B.4) becomes an ordinary commutative structure, and the Clifford algebra (4.B.3) is restored. The
price is that the Fermionic x multiplication (4.B.1), which ironically was our initial clue, does not
exist.

5 General Spin Theory

5.1 Spin Manifold

Let W be a vector space of the same dimension as the manifold M. Let the vectors (=points) in
W have coordinates w® of Grassmann—parity e(w®) = ¢, (and form—degree p(w®) = 0). It is assumed
that the flat index “a” (denoted with a small roman letter) of the vector space W runs over the same
index—set as the curved index “A” (denoted with a capital roman letter) of the manifold M. In a slight
misuse of notation, let TW := M x W (resp. T*W := M x W*) denote the trivial vector bundle over

M with the vector space W (resp. dual vector space W*) as fiber. Let 9], and dw® denote dual bases in

W and W*, respectively, of Grassmann—parity ¢(dw®)=¢e,=¢(0}). The form—parities p(dw®)=p(d};)
are either all 0 or all 1, depending on applications, whereas a 1-form dw® with no arrow “—” always
carries odd form-parity p(dw®)=1 (and Grassmann-parity e(dw®)=¢,).

Let us assume that M is a spin manifold, i.e., that there exists a bijective bundle map

e = O e*pdt: T(TM) —T(TW), (5.1.1)
el = 9 Ay du®: T(TW) — T(TM) . (5.1.2)

The intertwining tensor field e®4 is known as a vielbein. (There are topological obstructions for
the existence of a global vielbein. However, it would be out of scope to describe global notions for
supermanifolds here, such as, orientability and Stiefel-Whitney classes. The interesting topic of index
theorems for Dirac operators will for similar reasons be omitted in this paper.)

Note that the superdeterminant sdet(e®4) # 0 of the vielbein transforms as a density under general
coordinate transformations. In general, the vielbein e® 4 is called compatible with the measure density
p, if

p ~ sdet(e®4) (5.1.3)
is proportional to the vielbein superdeterminant sdet(e®4) with a z—independent proportionality fac-
tor. In this case, the notion of volume is unique (up to an overall rescaling).

5.2 Spin Connection V& =d +w

A connection V& =d+w : T(TM) x I(TW) — I'(TW) in the bundle TW is known as a spin
connection, where
Y
w 9 b e

The total connection V = d + I' + w contains both a Christoffel symbol I'Z 4, which acts on curved
indices, and a spin connection w® 4., which acts on flat indices. We will always demand that the total
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connection V preserves the vielbein
—
b o b b_ 1B b
0 = (Vye'o) = (@e o) — (—1)°a%e’ g TP g0 +wa’c € . (5.2.2)

This condition (5.2.2) fixes uniquely the spin connection as

Wac = Tlac— fouc, (5.2.3)
wale == Tale— falc = (—1)F2%uy, (5.2.4)
wle = Tole—fabe = (€M)a® wale , (5.2.5)
Wae = Tlo— flac = (=1)%%w,l , (5.2.6)
where
IPae = e'p TPy e, (5.2.7)
Tale = (—1)Fa%T0y, (5.2.8)
Tl = (Mo Tl (5.2.9)
[ = (<1750, (5.2.10)
v
fale = (5ge"p)e’, (5.2.11)
fPac = (=1)Fa%fal (5.2.12)
fbe = (eN)a™ falc, (5.2.13)
flac = (=1)%ef," (5.2.14)
Here the transposed vielbein is
(€M)a® o= (~1)EatDoaery . (5.2.15)

The condition (5.2.2) implies in many cases that one can transfer concepts/objects back and forth
between T'M and TW by simply multiplying with appropriate factors of the vielbein. Firstly, the
spin connection VE:)) : T'(TW) - T'(TW) can in a certain sense be thought of as the connection
Vg) : I(TM) — I'(T'M) conjugated with the vielbein e: T'(TM) — I'(TW), i.e., roughly speaking
a product of three matrices,

—

- af — N
evg)e_l — a{: ebB dZB (&Z_A _’_8;) PDAE dZE) 86 eCC dwc
52 b 56) D - b — . (5.2.2) (w)
= goa t(FD)P ' p(gzete) dw® +0; ac dw® "=7 V7. (5.2.16)

Secondly, the torsion tensors TP 4 for the V() connection is equal to the torsion tensor 75 4o
for the V(1) connection up to a vielbein factor:

TWags = ey TWAR . (5.2.17)
This follows from
o
1 —_—
Tw = §dzA ANOf TP 40 dzC = [VW 2 el = [dzAaa? +dz? O Wb aq dw? ) O e dzC]
—
Y4

o (5.22)

0
= dz* A 9y | (—1)°a% 5.4 o+ wbae 0 | dz dz A a; e’ T840 dz¢
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1
= 5dz“‘ AN e TMPB 40 d2C . (5.2.18)
In particular, the two connections V) and V) are torsionfree at the same time.

Thirdly, if the Vg) connection and the vielbein e® 4 are both compatible with the density p, cf. egs.
(2.3.3) and (5.1.3), then the spin connection VEX}) becomes traceless,

waly(~1)% ©22 ¢ (5.2.19)

Fourthly, the two Riemann curvature tensor RT) and R“) are related, see next Subsection 5.3. Fifthly,

the two connections V(I and V) respect an additional structure, such as a Riemannian (resp. an
antisymplectic) structure at the same time, cf. Subsection 6.1 (resp. Subsection 7.1).

5.3 Spin Curvature

The spin curvature R“) is defined as (half) the commutator of the V() connection (5.2.1),

R@) = %[v@’) AAVICUEE —%dzB/\dzA ® VY, v
1 —
= —EdzB/\dzA ® 9y RW,p, duw® (5.3.1)
RWA, b — gy ([V(W)yvg)]ag)
—
aZ
= (—1)€daA(aZ_AdeC) +wge wpe — (—1)°4°5(A — B) . (5.3.2)

The two types of Riemann curvature tensors RT) and R“) are equal up to conjugation with vielbein

factors
RW . = elp ROP ypc e, (5.3.3)

basically because curvature is a commutator of connections,

—

¢ 0 ROPapc d=C ¢t = oV, et OV vl vl
= 05 R, p, du® . (5.3.4)
5.4 Covariant Tensors with Flat Indices
Let
Qun(W) 1= T (A™T W)@ \/™(T*W)) (5.4.1)

be the vector space of (0,m~+n)—tensors 7y, ...q,,b,--b, (#) that are antisymmetric with respect to the
first m indices aj ... a,,, and symmetric with respect to the last n indices by ...b,. As usual, it is
practical to introduce a coordinate—free notation

1
Nz6y) = A A N0, (2) © T AVERRAVETL (5.4.2)

Here the variables y* are symmetric counterparts to the one—form basis ¢* = dw*®.

NS = —(=1)%fscb At e(e®) = ¢4, p(c*) = 1,
a b €qEr b a a a (5'4'3)
yr vy = (=1)%efyt vy, ey = e, p*) = 0.



The covariant derivative can be realized on covariant tensors 7 € Qp, (W) by a linear differential
operator

o
t 0 c
where
;7
0
t% = =+ Y= 5.4.5

are generators of the Lie—algebra gl(WW), which reflects infinitesimal change of frame/basis in W, cf.
eq. (2.7.6). The relation with the ng) realization (2.7.4) is

Vi (s e nCPeoY) = (VinEay)| (5:4.6)
& =ebpCt
y° = YT
because of condition (5.2.2), where n=mn(z;c;y) € Qee (W) is a flat covariant tensor. The relationship
(5.4.6) between the V™) and the V® realizations, where one puts ¢® = e?gCP and y¢ = €Y, is of
course just a particular case of the more general correspondence (5.2.16) between the V() and the
V@) connections.

5.5 Local Gauge Transformations

Consider for simplicity a flat one—form n = n,(z)c* € Q19(W). The covariant derivative reads

—
8(
(Vane = (52m) =M &’ ac (5.5.1)
Under a local gauge transformation
na = 1 A, o=, (5.5.2)

where the group element A% =A%(z) is z—dependent, the spin connection w 4. obeys the well-known
affine transformation law for gauge potentials,

—

66
Ay w g = (1) (5 A%) + wuq A%, (5.5.3)

so that the covariant derivative transforms covariantly,
(Van)a = (Van')y A% . (5.5.4)

6 Riemannian Spin Geometry

6.1 Spin Geometry

Assume that the vector space W is endowed with a constant Riemannian metric
0
9O =yt g vyt € QW) , (6.1.1)
called the flat metric. It has Grassmann—parity

e(9s) = eatey eg®) =0, p(gy) =0, (6.1.2)



and symmetry
0 0
gy = —(~1)EtDEF 0 (6.1.3)
Furthermore, assume that the vielbein e 4 intertwines between the curved g,z metric and the flat

(0)

g, metric:
0
gaB = (ET)Aa gl(lb) s . (6.1.4)

As a consequence, the canonical Riemannian density (3.1.10) is compatible with the vielbein, i.e., it
is proportional to the vielbein superdeterminant,

py = y/sdet(gap) = sdet(gc(g)) sdet(e®y4) ~ sdet(e®4), (6.1.5)
cf. eq. (5.1.3). A spin connection V@) is called metric, if it preserves the flat metric,
0 = —v%)gég) = WA — (_1)(Eb+l)(€c+l)wA,cb , (616)

i.e., the lowered w4 p. symbol should be skewsymmetric in the flat indices. Here we have lowered the
WA pe symbol with the flat metric

Wage = (—1)Fa%wya0(—1)% wone(—1)% = gDudy, . (6.1.7)

In particular, the two connections V&) and V) are metric at the same time, as a consequence of
the correspondence (5.2.2) and (6.1.4). Note that we shall from now on put the y® variables to zero
y® — 0 everywhere, in analogy with the Y% variables of Subsection 3.13.

6.2 Levi-Civita Spin Connection

The Levi-Civita spin connection V) is by definition the unique spin connection that corresponds
to the Levi-Civita connection V() via the identifications (5.2.2) and (6.1.4). It is both torsionfree
T =0 and preserves the metric (6.1.6). The Levi-Civita formula for the spin connection in terms of
the vielbein reads

—2whge = (—1)%% foppe + (1) T f 0+ forag (6.2.1)
where
frae = 99 flac(—1)% whae = g Pwlae(—1)% | (6.2.2)
and where foppq = fabe — (—1)%% faep, cf. eqs. (5.2.11)(5.2.14).

6.3 First—Order s Matrices

Because of the presence of the flat metric g%’), the symmetry of the general linear Lie-algebra gl(W)

reduces to an orthogonal Lie-subalgebra o(W). Its generators s“ij read

N
86
S?Fb = p® F (=1)%%(a < b) , p* = g%’)@, (6.3.1)
(6) = eute,  p®) = 0, (632)
0
s%e = s“ij g%()c)(—l)eC . (6.3.3)

42



The transposed operator of a differential operator that depend on the flat ¢*—variables is now defined to
imitate integration by part. (This becomes important in Lemma 6.4 below.) Explicitly, the transposed
fundamental operators are

17 =1, (T = ¢, ()T = —p*. (6.3.4)
Therefore the transposed s‘}Fb matrices read
(s = —s (s = 29001 -5 (6.3.5)

The Vg) realization (5.4.4) can be identically rewritten into the following s% matrix realization

Y. Y
s o1 ) o1 )
Vg) = 82—‘4 - §(A)A7bc S_b(—l)eb = az—A - §WAbc S_p (636)

i.e., VS) = VS) for a metric spin connection. One gets a projection onto the s* matrices (rather
than the s‘}rb matrices), because a metric spin connection w4 . is antisymmetric, cf. eq. (6.1.6). Note
that in the s representation — not only the connection (6.3.6) — but also the curvature — carries
a minus—a—half normalization:

s s 1 c
[V;),V;)] = _§RABdc 54 - (6.3.7)

This can be explained as follows: The minus sign is caused by that the s representation acts on
covariant tensors (as opposed to contravariant tensors), and the factor % because the t%, generator

(5.4.5) becomes $s?, after the metric symmetrization.

The 5% matrices satisfy an o(W) Lie-algebra:
(59, 8) = (=1)7EF=) (g 574 5% g ) F (—1)Fe%(a > b) . (6.3.8)

6.4 ~* Matrices And Clifford Algebras

The flat v* matrices can be defined via a Berezin—Fradkin operator representation [30, 31]
N = At = A+ AT, e(v*) = g4, p(7*) = 1 (mod 2) . (6.4.1)
The transposed v* matrices correspond to a change in the parameter A < —A:
(YOT = = Np® = 74, (6.4.2)
The ~* matrices satisfy a Clifford algebra
e, 4% = 2)\g“b)1 . (6.4.3)

The v* matrices commute with the transposed (v°)” matrices

()] = 0. (6.4.4)
Let V be the vector space
V := span ¢® & span p® = spany® @ span (v4)T | (6.4.5)
and let
TV) = év@’m = (spanl) @ V & VV & VeVeV @... (6.4.6)
m=0
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be the corresponding tensor algebra. Let I(V') be the two—sided ideal generated by

9, P9 -9, "9, (6.4.7)

or equivalently, the two—sided ideal generated by
S =291, 2O, MO+ 2971 (6.4.8)
Then the Heisenberg algebra, or equivalently, the Clifford algebra C1(V) is isomorphic to the quotient
C(V) = T(V)/I(V) . (6.4.9)

Each element of C1(V') is a differential operator in the c¢®~variables, and may be Wick/normal-ordered
in a unique way, so that all the c—derivatives (the p’s) stands to the right of all the ¢’s. This is also
known as cp—ordering.

There is another important description of the Clifford algebra Cl(V) as a tensor product of two
(mutually commutative) Clifford algebras

ClI(V) = Cl(y) ® Cl(y) , (6.4.10)
where
Cl(y) = €D span ™9™ 9" = T(y)/1(7) , (6.4.11)
m=0
Cl(’yT) _ é span (,Ya1)T(,Ya2)T .. (,Yam)T o~ T(’YT)/I(’YT) . (6.4.12)
m=0

Since the v matrices commute with the transposed v/ matrices, it is possible to unshuffle an arbitrary
element in CI(V) into a yy”ordered form, i.e., so that all the v matrices stand to the left of all the
+T matrices. For instance, the yy” —ordered form of the v* and the (y%)T matrices are

7= el
" = 100", (6.4.13)

respectively. For more complicated expressions, the 47 —ordered form will in general not be unique,
since e.g., the v matrices do not commute among themselves. Nevertheless, the yy! —ordering bears
some resemblance with, e.g., the method of holomorphic and antiholomorphic blocks in conformal field
theory.

The v* matrices form a fundamental representation of the o(1¥') Lie-algebra (6.3.8):
[S?Fb,vc] = 7 9?8) F(—1)%%(a < b) . (6.4.14)
As a consequence, if one commutes a metric spin connection (6.3.6) with a flat v* matrix, one gets
[VS),vb] = —wsbe . (6.4.15)

A curved 7* matrix is now defined as a flat ¥* matrix dressed with the inverse vielbein in the obvious
way:
A A Ty A A
7=t =" (€ )", () =ea,  ply

(Similar straightforward rules applies to other objects when switching between flat and curved indices.)

A) = 1 (mod 2) . (6.4.16)
If one commutes a metric spin connection (6.3.6) with a curved 7‘4 matrix, one gets

[VS)VYB] = —T48:+%, (6.4.17)
cf. egs. (5.2.4) and (6.4.15). The result (6.4.17) can be summarized as saying that the total connection

V =d+T +w commutes with the v4 matrices: [V 4,7?] = 0.
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6.5 Dirac Operator D®)

For a general discussion of Dirac operators, see e.g., Ref. [38]. We shall for the remainder of the
Section 6 assume that the connection is the Levi—Civita connection.

Central for our discussion are the s% matrices (6.3.1). They act on flat exterior forms 1 € Qq0(W),
i.e., functions n=n(z;c) of the z4 and ¢* variables.

The Dirac operator D) in the s% representation (6.3.6) is a v matrix (6.4.16) times a covariant
derivative (6.3.6)

D) = AAVE D)) =0,  p(D®) = 1 (mod 2) . (6.5.1)

The Laplace operator AE;Z) in the s? representation (6.3.6) is

Agsg) — (_1)€AvAgABv(§) — (_1)€AVE§)QABV(§)+PAAC gCB V(Bf)
_1 fa S S
— (—)V;’pgg”vg). (6.5.2)
g

Theorem 6.1 (cp—ordered Weitzenbock formula for flat exterior forms) The difference between

the square of the Dirac operator D) and the Laplace operator Ags)

. in the 5% representation (6.5.6)
is

DO D) /\AE;Z) = —gsfm Rapcp sP€(—1)Fctep (6.5.3)
A
= -\ Rup pB + §chA Rap.cp prC(—1)€C+€D . (6.5.4)

PROOF OF THEOREM 6.1: Almost identical to the proof of Theorem 3.5 because of eq. (5.3.3).

a
6.6 Second—Order 0% Matrices

We now replace the first—order s‘q”tb matrices (6.3.1) with second—order matrices:
ab>\ — ab ._ 1 a.b 1)€aCs b) = ab 1 6.6.1
ox(A) = oF = S7VF (1)@ ob) = 0P 1, (6.6.1)
e(J?Fb) = €,+¢, p(aib) =0, (6.6.2)

0

0%e = 0'ng gl()c)(—l)ac . (6.6.3)

(The names first— and second-order refer to the number of c®—derivatives.) The transposed o&b
matrices read

1

(@) = 507N F (D@ o b) = FoP(-N) = 10 (6F)". (6.6.4)
In the last expression of egs. (6.6.1) and (6.6.4) we wrote the J?Fb and the (o&b)T matrices on a

vyT~ordered form. In particular, the afjcb matrices decouple completely from the (aaij)T matrices,

[Uib,(aid)T] =0, [Uib,(a_fcd)T] =0. (6.6.5)
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On one hand, the matrices

1 1 1 A
ab __ a b — a b ~ oab A a b
» = 4)\{7 Y by Ce +2s_+2pp (6.6.6)

Q

satisfy precisely the same non—Abelian o(W) Lie-algebra (6.3.8) and fundamental representation
(6.4.14) as the s% matrices. On the other hand, the matrices

a 1. . 643 1 ,

are proportional to the identity operator, and thus Abelian.
The s% matrices can be expressed in terms of the ¢® matrices and their transposed,
s = 0% 4+ 0®(-)) = o®e1-1@ ("), (6.6.8)

as a consequence of eq. (6.6.6). In contrast, the S‘j_b matrices can not be expressed in terms of the 0%’

matrices and their transposed.

The first—order VS) realization (6.3.6) can be identically rewritten into the following second-order

ool matrix realization

— —
¢ ¢
(coT) 9 1 cb ch\T _ 0 1 b c c \T
Ve = a0 E 110 (0)T) () = o e (05, @118 (05)7) |
(6.6.9)
T
i.e., VS) =V = VE&M ) for a metric spin connection. In contrast, the first—order fo) realization

(3.12.6) does in general not have a second-order formulation for a metric connection, even if the
manifold is a spin manifold, cf. Appendix 3.A. This is despite the fact that the first—order realizations
fo) and VS) are closely related via condition (5.2.2),

VEL;S)T](Z, ebBCB) —_ (VS)"?)('Z7C) , (6610)

cb=ebpCB

where n=n(z;c;y) €Qeo(W) is a flat exterior form. Here the SéB and S?Fb matrices act by adjoint
action on the C¢ and ¢¢ variables as

[S48,0C) = CAgPCF (“1f (A B),  [sP.¢] = gl F(~D)%(a o), (6.6.11)

cf. egs. (3.11.1) and (6.3.1), respectively. The crucial difference is that the fo) realization (3.12.6)
contains a non-trivial S} sector, while the VS) realization (6.3.6) has no sy sector. This has its root
in the fact that the flat metric condition (6.1.6) is an algebraic condition, while the curved metric
condition (3.6.1) is a differential condition. (Curiously, it is just opposite for the torsionfree conditions:
the curved torsionfree condition is an algebraic condition, while the flat torsionfree condition is a

differential condition, cf. egs. (2.2.2) and (5.2.18).)

6.7 Lichnerowicz’ Formula

It is convenient to define a totally symmetrized combination of three v* matrices as

19285 % Z (—1)Fman®n() %@ %) (6.7.1)
' TES3
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where (—1)°ma is the sign factor that arises when one does a m—permutation of three supercommuting
objects with the same Grassmann— and form—parity as the v* matrices, say, the ¢’s

1A N = (—1)Fmac™) A '@ A @) (6.7.2)
cf. (5.4.3). The symmetrized v*° matrix can be reduced with the help of the Clifford relation (6.4.3)
as

Y = Ay = Agl) 7+ (=1 Agls A" — " AgS) - (6.7.3)

Theorem 6.2 (7y'—ordered Lichnerowicz’ formula [6]) The square of the Dirac operator Deo")
in the ool representation (6.6.1) is

A
Do) ploe — SR+ 2054 Rapcp @ (6P9) T (—1)%ctep | (6.7.4)

PROOF OF THEOREM 6.2: One derives that the square of the Dirac operator D@") ig the Laplacian
T
AE)‘ZU ) plus a curvature term, by proceeding along the lines of the proof of Theorem 3.5:

1 1 ool ool
D(UUT)D(O'O'T) — §[D(UUT)’D(0'O'T)] — )\AS;O'T)_ifYBfYA[V% )7V(B )] . (675)

When one yy! ~decomposes the curvature term, it splits in two parts:

1 ool ool 1 c C
—ifnyyA[v(A ) viee)) = 17 Raste (cfa@1-1® (o)) = I+, (6.7.6)
where N
117 = 50?‘ Rap.cp @ (62T (—1)%ctep | (6.7.7)
and
1
HI = =297 Rapop o29(=1)%™ 0 = =Py Rapop P90 (= 1)
1
— 8_)\(_1)(5A+EB)EC,YB,YA,YC' RAB,C’D ’yD(—l)ED
6.7.3) 1
(6.7.3) = (,YCBA 140 AgBA — 2\gOB AA | (—1)5a%m)\gCA 7B) Rap.cp vP(—1)
1 1
_ _ZQCB 'VA RAB,CD ,}/D(_l)aD _ Z(_1)(6A-|-EB)(5D-‘:-1)RABDB ’7A'7D(_1)ED
1 A A
= —fpa AP (1) = —4pa g*P(-1)°p = - (6.7.8)
Here the first Bianchi identity (3.7.5) was used one time.
O
6.8 Clifford Representations
The spinor representations S and ST can be defined as Fock spaces
S = Cl(y))0) = @ span ¢ ¢ ... c40) , p*l0) = 0, (6.8.1)
m=0
ST = ci(yhHehy = @Span p@p® ... p@m|0T) | 0"y = 0. (6.8.2)

m=0
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The constraints p®|0)=0 (resp. ¢*|07)=0) are consistent, because the p®’s (resp. the ¢%’s) commute.
The representation (6.8.1) and (6.8.2) are of course just two possibilities out of infinitely many equiv-
alent choices of Fock space representations. A different class of vacua |1) and [17) are defined via

o) = 0, (e®TnTy = o0. (6.8.3)

They both represent the singlet/trivial representation of the orthogonal Lie—group O(W). Again, the
constraints (6.8.3) for the vacua are consistent, since the 0% (resp. the (¢%°)7) matrices form Lie-
algebras. All the above constraints are examples of first—class constraints. More generally, assume
that |Q) and |QT) are two arbitrary consistent vacua (that are not necessarily related). Let V and VT

denote the corresponding vector spaces
V= Cl(v)|Q) , VI = ciyhety . (6.8.4)

The Clifford algebra C1(V) = Cl(y) ® Cl(y7) is defined to act on the tensor product ¥V @ VT via a
T ~ordered form, i.e., the v matrices act on the first factor ¥ and the transposed (y%)” matrices
act on the second factor VI. In detail, if [v) € V and |[vT) € VT are two (not necessarily related)
states, then

(o) @ 7)) = (’Y“!UZ)@’!})T% (6.8.5)
()T (wy @ ")) = ()T @ (y)TT) (6.8.6)

By definition, V is a Clifford bundle, while VT is a dual/contragredient Clifford bundle.

A Lie-algebra element = € so(W) is of the form

1 1 1
vo= Sy = Sats, = Sa (0P, @1-18(")") (6.8.7)
where
2y = (=D)EDED (G o) 2% = g Ty - (6.8.8)

A yyT-ordered form of a generic special orthogonal Lie-group element g=e* € SO(W) is

1 1 1
exp [ix“bsb_a] = exp [535“50114 ® exp [—ixcd(UC_lC)T (6.8.9)

In this way the vector space V! becomes a dual/contragredient representation of the special orthogonal
Lie-group SO(W), hence the name.

6.9 Intertwining Operator

Consider the intertwining operator
s = /dNe ?a?" @ )" (6.9.1)

where 6, are integration variables with Grassmann—parity €(6,) =¢, and form—parity p(¢,) = 1 (mod 2).

Lemma 6.3 The intertwining operator s is invariant under the adjoint action e*se™* =s of the special

orthogonal Lie—group SO(W). Equivalently, the intertwining operator s commute with the so(W') Lie—
algebra generators [s%°, 5] =0.
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Proor oF LEMMA 6.3: The adjoint action rotates the v* matrices,

1 1
€xXp {afﬂcdad—c} 7" exp {—iﬂjefo{e} = (em)ab'yb )
1
exp | 5a%al0t )] ()T exp | 3ty L)T| = (et (6:9:2)
where ) ) )
(€)% == op +x% + Exacxcb + gznaczncdxdb + Z:E“czz:cdxdezneb +.... (6.9.3)

Hence one may change integration variables §, — 0; = 6,(e*)%, in the integral (6.9.1). The Jacobian
vanishes for special orthogonal transformations

Insdet(e®)?, = (—1)%ex?, = (—1)%9%’):% =0. (6.9.4)
O

Lemma 6.4 The corresponding intertwining state
1)) = s.(Q) ® Q7)) = /dN9 a7 10) @ 0N |QT) (6.9.5)

is invariant under the action of the special orthogonal Lie—group SO(W). FEquivalently, the so(W)
Lie-algebra generators s® annihilate the intertwining state s®||s))=0.

PrROOF OF LEMMA 6.4:

a 1 1
lls) = [0 T exp | (D] 19) 0 B0 exp |- (-1, ()T (T 19T)
1 a 1
= [ exp | (-1 e 4I0) @ exp [ 1 (-1)5e ()T (T 40T
= lls), (6.9.6)
where we have introduced (a kind of) Fourier transformed « matrices
— —
~a 66 ab ~a\T 8£ ab
T 5 + 9(0)0% > ()" = a0 + 9(0)0% > (6.9.7)
which satisfy
F exp [07°] = exp [07°] ", ~(3) exp [6,(")7] = exp [6,60M7] (T (698)
In the last equality of eq. (6.9.6), we performed integration by part, which turns 4 into (%), and
vice—versa.
O

The algebra bundle (6.4.9) of differential operators in the c®—variables, or equivalently polynomials in
v and ~7, is isomorphic to the bispinor bundle S ® ST. The bundle isomorphism is

Cl(V) = Cl(y)®Cl(YF) 2 F & F|s)) € S®8T = End(S) . (6.9.9)

The bispinor bundle S ® ST = End(S) is, in turn, isomorphic (as vector bundles) to the bundle
of endomorphisms: & — S. Let us also mention that the Weyl symbol = operator isomorphism

A*(V) = Cl(V) from the exterior algebra (A *(V);x*), equipped with the Groenewold/Moyal * prod-
uct, to the Heisenberg algebra (Cl(V');0), is known as the Chevalley isomorphism in the context of
Clifford algebras.
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6.10 Schrodinger—Lichnerowicz’ Formula

We will be interested in how the Dirac operator acts on a Clifford bundle V ® [17) 22 V and a tensor
Clifford bundle V @ V7.

Theorem 6.5 (Schrédinger—Lichnerowicz’ formula [5, 6]) On a Clifford bundle V ® [17) =V,
)

the square of the Dirac operator D) s equal to the Laplacian Ag minus a quarter of the scalar

curvature R,

D@ pl) — )\Ag)—%R. (6.10.1)

PrROOF OF THEOREM 6.5: This is a Corollary to Lichnerowicz’ formula (6.7.4).

O
The Schrédinger—Lichnerowicz’ formula (6.10.1) corresponds to naively substituting the first—order
matrices s — 0% in the V() realization (6.3.6) with the second-order matrices 0®. The analysis in

Subsections 6.6 and 6.8 shows in detail why this replacement is geometrically sound and in fact very
natural.

Theorem 6.6 The square of the Dirac operator D@) on a tensor Clifford bundle V @ VT becomes
equal to the Laplace—Beltrami operator Apg when it is projected on the singlet representation ||s)),

D(MT)D(MT)f||S>> - A(Apgf)||8>>7 (6.10.2)

where f=f(z) is an arbitrary scalar function.

PROOF OF THEOREM 6.6: This is a Corollary to the Weitzenbock formula (6.5.3).

O
7 Antisymplectic Spin Geometry
7.1 Spin Geometry
Assume that the vector space W is endowed with a constant antisymplectic metric
1 1
B0 = ¢ EQ A = —§EC(£) ENE € (W), (7.1.1)
called the flat metric. It has Grassmann—parity
e(EY) = eo+ep+1, e(E®) = 1, p(EYY) =0, (7.1.2)
and symmetry
By = —(-1)%%Ey) . (7.1.3)

Furthermore, assume that the vielbein e®4 intertwines between the curved F,p metric and the flat
Eé?)) metric:
0
Eup = ()4 EY ety . (7.1.4)

a
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A spin connection V) is called antisymplectic, if it preserves the flat metric,
_ _v(w)E(O) _ — (—1)%Ce 715
0 = A e = WAbe ( ) WA, ch 5 ( 1. )

i.e., the lowered w4 p. symbol should be symmetric in the flat indices. Here we have lowered the w4 .
symbol with the flat metric

Wage = (—1)Fa%wyu, woae = B w4o(—1)% . (7.1.6)

In particular, the two connections V() and V) are antisymplectic at the same time, as a consequence
of the correspondence (5.2.2) and (7.1.4).

7.2 First—Order s Matrices

Because of the presence of the flat metric E%’), the symmetry of the general linear Lie-algebra gl(WW)

reduces to an antisymplectic Lie—subalgebra. Its generators Sf}Eb read

—
aﬁ
s@ = (=1 F (-1)EHVEA (@ o b) p" = Epypg (7.2.1)
e(s¥) = e, +e5+1,  psP) =0, (7.2.2)
st = s BO (1) . (7.2.3)

The VS) realization (5.4.4) can be identically rewritten into the following s® matrix realization

~ P
ot 1 a1
v = 1 T 5wase TN = o = cwale 5, (7.2.4)

i.e., VEZ;) = VS) for an antisymplectic spin connection. One gets a projection onto the sff’ matrices

(rather than the s%° matrices), because an antisymplectic spin connection w Abe 1S symmetric, cf. eq.
(7.1.5).

The s‘}rb matrices satisfy an antisymplectic Lie—algebra:

(52,55 = (~1)@terie (B st — s B ) F (-)E G @ o). (7.25)
7.3 ~* Matrices

The flat v* matrices can be defined via a Berezin—Fradkin operator representation [30, 31]
vg = 7" = A+ (=1)%0p" = < —po, e(y) = ¢, p(7*) = 1 (mod2). (7.3.1)
The ~+* matrices satisfy a Clifford—like algebra
7" = 2(=1)6E}1 . (7.3.2)
The v* matrices form a fundamental representation of the antisymplectic Lie-algebra (7.2.5):

[Sib,’yc] — fyie(_l)stg’g) == (_1)(6a+1)(€b+1)(a - b) . (7.3.3)
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As a consequence, if one commutes an antisymplectic spin connection (7.2.4) with a flat v* matrix,
one gets

VA = —wabe e (7.3.4)
Similarly, if one commutes an antisymplectic spin connection (7.2.4) with a curved ~4 matrices, one
gets

V9,48 = —TaBc O, (7.3.5)
cf. egs. (5.2.4) and (7.3.4).

7.4 Dirac Operator D®)

We shall for the remainder of Section 7 assume that the connection is antisymplectic, torsionfree and
p—compatible.

The Dirac operator D) in the s% representation (7.2.4) is a 44 matrix (7.3.1) times a covariant
derivative (7.2.4)

DB = AV DBy =0,  p(D®) = 1 (mod 2) . (7.4.1)
The odd Laplacian AE)S) in the s representation (7.2.4) is
S —1)° s s
2AE)8) — (_1)5AVAEABV(B) — ( ) Avg)pEABV(B) ) (7.4.2)

Theorem 7.1 (Antisymplectic Weitzenbock type formula for flat exterior forms) The dif-

ference between the square of the Dirac operator D) and twice the odd Laplacian Af)s) in the s%®
representation (7.2.4) is
0
DWDE — 20Al) = Z(—1)€B+€cs£”‘ Rapcp s2¢ (7.4.3)
0
= —0c”* Rup pB + =cBeA RaB.cp prC(—l)EC . (7.4.4)

2

PROOF OF THEOREM 7.1: Almost identical to the proof of Theorem 4.4 because of eq. (5.3.3).

7.A Appendix: Shifted s'* Matrices

We have already seen in Appendix 4.A that there are no consistent antisymplectic second—order
deformations of the s¢ b matrices. The only remaining deformation is a ¢-number shift,

SfP = s+ aEQ, (T.A.1)

sty = shy +a(=1)%01, (7.A.2)

with a parameter «, cf. eq. (4.8.6). These shlfted s’fr”b matrices satisfy the same Lie-algebra (7.2. 51))
a

and fundamental representation (7.3.3) as the s¢- b matrices. Moreover, the shift does not affect the s
representation (7.2.4) of the spin connection, because of tracefree condition (5.2.19). Similarly, the
curvature

S S 1 c
9.9 = ~Lraat s "

is unaffected, since the shift—term is proportional to the Ricci two—form R 45 =0, which is zero. Thus
we conclude that the c-number shift sj”_b — s’j_’b has no effects at all on the construction.
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8 Conclusions

The main objective of the paper is to gain knowledge about the deepest and most profound geometric
levels of the field—antifield formalism [1, 2, 3]. It is imperative to better understand the geometric
meaning of the odd scalar curvature R, which sits as a zeroth—order term in the odd A operator (1.0.1),
and which descends to the quantum master equation Aexp[%W] = 0 as a two—loop contribution:

. R
(W, W) = 2ihA,W — h2z : (8.0.1)

We have in this paper investigated the hypothesis that the zeroth—order term —R/4 of (twice) the odd
A operator (1.0.1) is related to the zeroth—order term —R/4 in the Schrédinger—Lichnerowicz formula
(6.10.1). We have so far been unable to give a closed argument that such relationship exists. In fact,
Theorem 6.6 indicates that there is no relation, as explained in the Introduction. Some of the main
results of the paper are the following.

e We have classified scalar invariants of suitable dimensions that depend on the density p and the
metric, cf. Proposition 3.2 and Proposition 4.2.

e We have identified (via a p-independence argument) a Riemannian counterpart (3.9.1) of the
antisymplectic A operator (1.0.1), that takes scalars to scalars, and we have, in terms of formulas,
traced the minus—a—quarter coefficient in front of R from the Riemannian to the antisymplectic
side, cf. Subsection 4.7.

e We have tied the Riemannian A operator (3.5.2) to the quantum Hamiltonian H for a particle
moving in a curved Riemannian space, cf. Subsection 3.10.

e We have derived the Laplace-Beltrami operator A Py by projecting the square of the bispinor

(0o™)

Dirac operator D to a singlet state ||s)), cf. Theorem 6.6.

e We have found a first-order formalism for antisymplectic spinors and proved two Weitzenbock—
type identities (Theorem 4.4 and Theorem 7.1) that are in exact one-to-one correspondence
with their Riemannian siblings (Theorem 3.5 and Theorem 6.1).

However, there is in our approach no antisymplectic analogue of the Riemannian second—order for-
malism and the Schrédinger—Lichnerowicz formula (6.10.1). A bit oversimplified, this is because the
canonical choice for antisymplectic second—order Ef:B matrices is

$4B L iFA*PB:F(—l)(EA“)(EBH)(A<—>B), e(X4B) = eqdep+l, p(E{B) =0, (8.0.2)
where “x” is a Fermionic multiplication, e(x) = 1. This choice (8.0.2) meet all the requirements of
Grassmann—parity and symmetry, and is a direct analogue of the Riemannian second—order Ef:B ma-
trices (3.A.1). Unfortunately, such x multiplication does not admit a Berezin—Fradkin representation
of the I'* matrices, cf. Appendix 4.B. We instead introduced a Fermionic nilpotent parameter 6,
which may formally be identified with the inverse x~!, and which serves as a Fermionic analogue
of the “Planck constant” A\ from the Riemannian case. Then the x multiplication itself should be
identified with the inverse #~!, which is an ill-defined quantity, and hence the above formula (8.0.2)
for the Ef:B matrices does not make sense. Note however that the nilpotent € parameter breaks the
non—degeneracy of the Clifford algebra (4.9.2).

93



ACKNOWLEDGEMENT: We would like to thank Poul Henrik Damgaard, the Niels Bohr Institute and
the Niels Bohr International Academy for warm hospitality. I.A.B. would also like to thank Michal
Lenc and the Masaryk University for warm hospitality. The work of I.A.B. and K.B. is supported by
the Ministry of Education of the Czech Republic under the project MSM 0021622409. The work of
I.A.B. is supported by grants RFBR 08-01-00737, RFBR 08-02-01118 and LSS-1615.2008.2.

References

[1] I.A. Batalin and G.A. Vilkovisky, Phys. Lett. 102B (1981) 27.

[2] I.A. Batalin and G.A. Vilkovisky, Phys. Rev. D28 (1983) 2567 [E: D30 (1984) 508].

[3] I.A. Batalin and G.A. Vilkovisky, Nucl. Phys. B234 (1984) 106.

[4] L.A. Batalin and K. Bering, J. Math. Phys. 49 (2008) 033515, arXiv:0708.0400.

[5] E. Schrodinger, Sitzungsber. Preuss. Akad. Wissen. Phys.—Math. 11 (1932) 105.

[6] A. Lichnerowicz, C. R. Acad. Sci. Paris Sér. A257 (1963) 7.

[7] B.S. DeWitt, Rev. Mod. Phys. 29 (1957) 377.

[8] B.S. DeWitt, in Relativity, Group and Topology, Les Houches 1963, Eds. B.S. DeWitt and
C. DeWitt, Gordon Breach, New York, 1964; Relativity, Group and Topology II, Les Houches
1983, Eds. B.S. DeWitt and R. Stora, North Holland, Amsterdam, 1984.

[9] F.A. Berezin, Theor. Math. Phys. 6 (1971) 194.

[10] M. Mizrahi, J. Math. Phys. 16 (1975) 2201.

[11] J.-L. Gervais and A. Jevicki, Nucl. Phys. B110 (1976) 93.

[12] B.S. DeWitt, Supermanifolds, 2nd Eds, Cambridge University Press, 1992.

[13] B. Peeters and P. van Nieuwenhuizen, in the proceedings of HEP Europhysics conference, Mar-
seille, (1993) 98, arXiv:hep-th/9312147.

[14] J. de Boer, B. Peeters, K. Skenderis and P. van Nieuwenhuizen, Nucl. Phys. B446 (1995) 211,
arXiv:hep-th/9504097.

[15] F. Bastianelli, K. Schalm and P. van Nieuwenhuizen, Phys. Rev. D58 (1998) 044002, arXiv:hep-
th/9801105.

[16] F. Bastianelli, Path integrals in curved space and the worldline formalism, in the proceedings of
8th international conference on path integrals: from quantum information to cosmology, Prague,
Czech Republic, 6-10 June 2005, arXiv:hep-th/0508205.

[17] O.M. Khudaverdian, arXiv:math.DG/9909117.

[18] O.M. Khudaverdian and Th. Voronov, Lett. Math. Phys. 62 (2002) 127,
arXivimath.DG/0205202.

[19] O.M. Khudaverdian, Contemp. Math. 315 (2002) 199, arXiv:math.DG/0212354.

[20] O.M. Khudaverdian, Commun. Math. Phys. 247 (2004) 353, arXiv:math.DG/0012256.

54



[21] I.A. Batalin, K. Bering and P.H. Damgaard, Nucl. Phys. B739 (2006) 389, arXiv:hep-
th/0512131.

[22] K. Bering, J. Math. Phys. 47 (2006) 123513, arXiv:hep-th/0604117.
[23] K. Bering, J. Math. Phys. 49 (2008) 043516, arXiv:0705.3440.

[24] Y. Kosmann—Schwarzbach and J. Monterde, Ann. Inst. Fourier (Grenoble) 52 (2002) 419,
arXiv:math.QA /0002209.

[25] K. Bering, arXiv:physics/9711010.
[26] B. Geyer and P.M. Lavrov, Int. J. Mod. Phys. A19 (2004) 3195, arXiv:hep-th/0306218.

[27] O.M. Khudaverdian and Th. Voronov, Amer. Math. Soc. Transl. 2-212 (2004) 179,
arXiv:math.DG/0212311.

[28] N.M.J. Woodhouse, Geometric Quantization, 2nd Ed, Clarendon Press, Oxford, 1992.
[29] I.A. Batalin and E.S. Fradkin, Ann. Inst. Henri Poincare Phys. Theor. 49 (1988) 145.
[30] F.A. Berezin, see footnote in Ref. [31].

[31] E.S. Fradkin, Nucl. Phys. 76 (1966) 588.

[32] B. Kostant, Symposia Mathematica XIV (1974) 139.

[33] M. Reuter, Int. J. Mod. Phys. A13 (1998) 3835, arXiv:hep-th/9804036.

[34] K. Bering, SIGMA 5 (2009) 036, arXiv:0803.4201.

[35] P.M. Lavrov and O.V. Radchenko, arXiv:0708.4270.

[36] M. Asorey and P.M. Lavrov, arXiv:0803.1591.

[37] I.A. Batalin and K. Bering, Phys. Lett. B663 (2008) 132, arXiv:0712.3699.

[38] N. Berline, E. Getzler and M. Vergne, Heat Kernels and Dirac Operators, Springer, Berlin, 1992.

95



